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Abstract. In this article, multivariate Padé approximation and variational iteration method proposed

by He is adopted for solving linear and nonlinear fractional partial differential equations. The fractional

derivatives are described in the Caputo sense. Numerical illustrations that include nonlinear time-

fractional hyperbolic equation and linear fractional Klein-Gordon equation are investigated to show

efficiency of multivariate Padé approximation. Comparison of the results obtained by the variational

iteration method with those obtained by multivariate Padé approximation reveals that the present

methods are very effective and convenient.
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1. Introduction

Fractional order partial differential equations, as generalizations of classical integer order

partial differential equations, are increasingly used to model problems in fluid flow, finance,

physical and biological processes and systems [4, 10, 11, 18, 19, 28–30, 43–45]. Conse-

quently, considerable attention has been given to the solution of fractional ordinary differen-

tial equations, integral equations and fractional partial differential equations. Since most frac-

tional differential equations do not have exact analytic solutions, approximation and numeri-

cal techniques, therefore, are used extensively. Recently, the Adomian decomposition method

[2, 3, 31, 32, 34–36, 46, 48, 49] and variational iteration [14, 16, 17, 20–24, 33, 37, 40]

method have been used for solving a wide range of problems.
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Many approximation and numerical techniques have been used to solve fractional dif-

ferential equations. The variational iteration method is relatively new approach to provide

an analytical approximation to linear and nonlinear problems and it is particularly valuable

as tool for scientists and applied mathematicians, because it provides immediate and visible

symbolic terms of analytic solutions, as well as numerical approximate solutions to fractional

differential equations. In the literature, the unvariate Padé approximation has been used to

obtain approximate solutions of fractional order [38, 39]. So the objective of the present pa-

per is to show the application of the multivariate Padé approximation to provide approximate

solutions for initial value problems of linear and nonlinear partial differential equations of

fractional order and to make comparison with variational iteration method.

2. Basic Definitions

For the concept of fractional derivative we will adopt Caputo’s definition which is a mod-

ification of the Riemann–Liouville definition and has the advantage of dealing properly with

initial value problems in which the initial conditions are given in terms of the field variables

and their integer order which is the case in most physical processes.

Definition 1. A real function f (x), x > 0, is said to be in the space Cµ, µ ∈ R if there exists a

real number p(> µ), such that f (x) = x p f1(x), where f1(x) ∈ C[0,∞), and it is said to be in

the space Cm
µ iff f (m) ∈ Cµ, m ∈ N.

Definition 2. The Riemann–Liouville fractional integral operator of order α ≥ 0, of a function

f ∈ Cµ, µ≥ −1 is defined as

Jα f (x) =
1

Γ(α)

∫ x

0

(x − t)α−1 f (t)d t , α > 0, x > 0

J0 f (x) = f (x).

(1)

Properties of the operator Jα can be found in [28, 43, 44]. For f ∈ Cµ, µ ≥ −1, α,β ≥ 0

and γ >−1 :

1. JαJβ f (x) = Jα+β f (x),

2. JαJβ f (x) = JαJβ f (x),

3. Jαxγ =
Γ(γ+1)

Γ(α+γ+1)
xα+γ.

The Riemann–Liouville derivative has certain disadvantages when trying to model real-world

phenomena with fractional differential equations. Therefore, a modified fractional differential

operator Dα∗ proposed by Caputo in his work on the theory of viscoelasticity will be introduced

[4].

Definition 3. The fractional derivative of f (x) in the Caputo sense is defined as

Dα∗ f (x) = Jm−αDm f (x) =
1

Γ(m−α)

∫ x

0

(x − t)m−α−1 f m(t)d t, (2)
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for m− 1< α≤ m, m ∈ N, x > 0, f ∈ Cm
−1 .

Definition 4. For m to be the smallest integer that exceeds α, the Caputo time-fractional deriva-

tive operator of order α > 0 is defined as

Dαt u(x , t) =
∂ αu(x , t)

∂ tα
=

(

1

Γ(m−α)

∫ t

0
(t −τ)m−α−1 ∂

mu(x ,τ)

∂ τm dτ m− 1< α < m
∂ mu(x ,t)

∂ tm α= m ∈ N
(3)

Lemma 1. If m− 1< α≤ m, m ∈ N, and f ∈ Cm
µ , µ≥−1 then

Dα∗ Jα f (x) = f (x) (4)

JαDα∗ f (x) = f (x)−
m−1
∑

k=0

f k(0+)
xk

k!
, x > 0 (5)

3. Multivariate Padé Approximation

The principles and theory of the multivariate Padé approximation and its applicability

for various of differential equations are given in [1, 5–9, 12, 13, 47, 50, 51]. Consider the

bivariate function f (x , y) with Taylor series development

f (x , y) =

∞
∑

i, j=0

ci j x
i y j (6)

around the origin. We know that a solution of unvariate Padé approximation problem for

f (x) =

∞
∑

i=0

ci x
i (7)

is given by

p(x) =

�

�

�

�

�

�

�

�

�

∑m

i=0 ci x
i x
∑m−1

i=0 ci x
i · · · xn
∑m−n

i=0 ci x
i

cm+1 cm · · · cm+1−n
...

...
. . .

...

cm+n cm+n−1 · · · cm

�

�

�

�

�

�

�

�

�

(8)

and

q(x) =

�

�

�

�

�

�

�

�

�

1 x · · · xn

cm+1 cm · · · cm+1−n
...

...
. . .

...

cm+n cm+n−1 · · · cm

�

�

�

�

�

�

�

�

�

(9)

Let us now multiply jth row in p(x) and q(x) by x j+m−1 ( j = 2, . . . , n+1) and afterwards

divide jth column in p(x) and q(x) by x j−1( j = 2, . . . , n+ 1). This results in a multiplication
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of numerator and denominator by xmn. Having done so, we get

p(x)

q(x)
=

�

�

�

�

�

�

�

�

�

∑m

i=0 ci x
i
∑m−1

i=0 ci x
i · · ·
∑m−n

i=0 ci x
i

cm+1 xm+1 cm xm · · · cm+1−n xm+1−n

...
...

. . .
...

cm+n xm+n cm+n−1 xm+n−1 · · · cm xm

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

1 1 · · · 1

cm+1 xm+1 cm xm · · · cm+1−n xm+1−n

...
...

. . .
...

cm+n xm+n cm+n−1 xm+n−1 · · · cm xm

�

�

�

�

�

�

�

�

�

(10)

if (D = det Dm,n 6= 0).

This quotient of determinants can also immediately be written down for a bivariate func-

tion f (x , y). The sum
∑k

i=0 ci x
i shall be replaced kth partial sum of the Taylor series develop-

ment of f (x , y) and the expression ck xk by an expression that contains all the terms of degree

k in (x , y). Here a bivariate term ci j x
i y j is said to be of degree i + j. If we define

p(x , y) =

�

�

�

�

�

�

�

�

�

�

∑m

i+ j=0 ci j x
i y j
∑m−1

i+ j=0 ci j x
i y j · · ·
∑m−n

i+ j=0 ci j x
i y j

∑

i+ j=m+1 ci j x
i y j
∑

i+ j=m ci j x
i y j · · ·
∑

i+ j=m+1−n ci j x
i y j

...
...

. . .
...

∑

i+ j=m+n ci j x
i y j
∑

i+ j=m+n−1 ci j x
i y j · · ·
∑

i+ j=m ci j x
i y j

�

�

�

�

�

�

�

�

�

�

(11)

and

q(x , y) =

�

�

�

�

�

�

�

�

�

1 1 · · · 1
∑

i+ j=m+1 ci j x
i y j
∑

i+ j=m ci j x
i y j · · ·
∑

i+ j=m+1−n ci j x
i y j

...
...

. . .
...

∑

i+ j=m+n ci j x
i y j
∑

i+ j=m+n−1 ci j x
i y j · · ·
∑

i+ j=m ci j x
i y j

�

�

�

�

�

�

�

�

�

(12)

Then it is easy to see that p(x , y) and q(x , y) are of the form

p(x , y) =

mn+m
∑

i+ j=mn

ai j x
i y j

q(x , y) =

mn+n
∑

i+ j=mn

bi j x
i y j

(13)

We know that p(x , y) and q(x , y) are called Padé equations [8]. So the multivariate Padé

approximant of order (m, n) for f (x , y) is defined as

rm,n(x , y) =
p(x , y)

q(x , y)
. (14)
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4. Variational Iteration Method

The principles of the variational iteration method are given in [14–26]. Ji-Huan He ap-

plied the variational iteration method to obtain analytical solution for the fractional differen-

tial equation
∂ αu

∂ tα
= f (x , t), u(a) = b, 1< α < 2. (15)

The application of the variational iteration method has been extended in [42] to solve the

time fractional differential equation:

∂ αu

∂ tα
u(x , t) = R [x]u(x , t) + q(x , t), t > 0, x ∈ R, (16)

where R [x] is a differential operator in x , subject to the initial and boundary conditions

u(x , 0) = f (x), 0< α≤ 1,

u(x , t)→0 as |x | →∞, t > 0,
(17)

and

u(x , 0) = f (x),
∂ u(x , 0)

∂ t
= g(x), 1< α≤ 2,

u(x , t)→0 as |x | →∞, t > 0,

(18)

where f (x), g(x) and q(x , t) all are continuous functions and α, m−1< α≤ m is a parameter

describing the order of the time-fractional derivative in the Caputo sense. According to the

variational iteration method, the correction functional for Eq. (16) has been constructed in

[42] as:

uk+1(x , t) =uk(x , t) + J
β
t

�

λ

�

∂ α

∂ tα
uk(x , t)− R [x] ũk(x , t)− q(x , t)

��

=uk(x , t) +
1

Γ(β)

∫ t

0

(t −τ)β−1λ(τ)

�

∂ α

∂ tα
uk(x ,τ)− R [x] ũk(x ,τ)− q(x ,τ)

�

dτ.

(19)

where J
β
t is the Riemann-Liouville fractional integral operator of order β = α− f loor(α) that

is β = α+ 1−m, with respect to the variable t and λ is a general Lagrange multiplier, which

can be identified optimally via variational theory [27]. To identify approximately Lagrange

multiplier, some approximation has been made in [42]. The correction functional (19) can be

approximately expressed as follows

uk+1(x , t) = uk(x , t) +

∫ t

0

�

λ(τ)

�

∂ m

∂ τm
uk(x ,τ)− R [x] ũk(x ,τ)− q(x ,τ)

��

dτ. (20)
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Here restricted variations are applied to the nonlinear term R [x]u, in this case the multiplier

can be easily determined. Making the above functional stationary, noticing that δũk = 0,

δuk+1(x , t) = δuk(x , t) +δ

∫ t

0

�

λ(τ)

�

∂ m

∂ τm
uk(x ,τ)− q(x ,τ)

��

dτ, (21)

yields the following multipliers

λ =−1, for m= 1 (22)

λ = τ− t, for m= 2 (23)

Therefore, for m= 1 (0< α≤ 1), λ =−1 is substituted into the functional (19) to obtain the

following iteration formula:

uk+1(x , t) = uk(x , t)− Jαt

�

∂ α

∂ tα
uk(x , t)− R [x]uk(x , t)− q(x , t)

�

. (24)

For m= 2, (1< α≤ 2), λ = τ− t is substituted into the functional (19) to get

uk+1(x , t) =uk(x , t) +
1

Γ(α− 1)

∫ t

0

(t −τ)α−2(τ− t)

×
�

∂ α

∂ tα
uk(x ,τ)− R [x]uk(x ,τ)− q(x ,τ)

�

dτ

=uk(x , t)−
α− 1

Γ(α)

∫ t

0

(t −τ)α−1(τ− t)

×
�

∂ α

∂ tα
uk(x ,τ)− R [x]uk(x ,τ)− q(x ,τ)

�

dτ. (25)

So, the following iteration formula is obtained in [42]

uk+1(x , t) = uk(x , t)− (α− 1)Jαt

�

∂ α

∂ tα
uk(x , t)− R [x]uk(x , t)− q(x , t)

�

. (26)

The initial approximation (trial function) u0 can be freely chosen if it satisfies the initial

and boundary conditions of the problem. However the success of the method depends on the

proper selection of the initial approximation u0. Finally, the solution u(x , t) = lim
k→∞

uk(x , t) is

approximated by the N th term uN (x , t).

4.1. Nonlinear Time-fractional Partial Differential Equation

The following nonlinear time-fractional partial differential equation is considered in [41]

Dα∗tu(x , t) = f (u,ux ,ux x) + g(x , t), m− 1< α≤ m, (27)
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where Dα∗tu(x , t) = ∂ α

∂ tα
, is the Caputo fractional derivative of order α, m ∈ N, f is a nonlinear

function and gis the source function. The initial and boundary conditions associated with

(27) are of the from

u(x , 0) =h(x), 0< α≤ 1,

u(x , t)→0 as |x | →∞, t > 0,
(28)

and

u(x , 0) =h(x),
∂ u(x , 0)

∂ t
= k(x), 1< α≤ 2,

u(x , t)→0 as |x | →∞, t > 0.

(29)

The correction functional for Eq. (27) has been approximately expressed in [41] as follows:

uk+1(x , t) = uk(x , t) +

∫ t

0

λ(ξ)

�

∂ m

∂ ξm
uk(x ,ξ)− f (ũk, (ũk)x , (ũk)x x)− g(x ,ξ)

�

dξ, (30)

where λ is a general Lagrange multiplier [27], which can be identified optimally via varia-

tional theory [14, 22–24, 27], here ũk, (ũk)x , (ũk)x x are considered as restricted variations,

i.e.,δũn = 0. Making the above functional stationary,

δuk+1(x , t) = δuk(x , t) +δ

∫ t

0

λ(ξ)

�

∂ m

∂ ξm
uk(x ,ξ)− g(x ,ξ)

�

dξ, (31)

yields the following Lagrange multipliers

λ =−1 for m= 1,

λ = ξ− t, for m= 2.

Therefore, for m= 1, the following iteration formula has been obtained in [41]:

uk+1(x , t) = uk(x , t) +

∫ t

0

�

∂ α

∂ ξα
uk(x ,ξ)− f (uk, (uk)x , (uk)x x)− g(x ,ξ)

�

dξ. (32)

In this case, it can be begun with the initial approximation

u0(x , t) = h(x). (33)

For m= 2, the following iteration formula is obtained [41]:

uk+1(x , t) = uk(x , t) +

∫ t

0

(ξ− t)

�

∂ α

∂ ξα
uk(x ,ξ)− f (uk, (uk)x , (uk)x x)− g(x ,ξ)

�

dξ. (34)

In this case, it can be begun with the initial approximation

u0(x , t) = h(x) + tk(x). (35)

The correction functional (30) will give several approximations, and therefore the exact solu-

tion is obtained as

u(x , t) = lim
k→∞

uk(x , t) (36)
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5. Numerical Experiments

In this section two methods, VIM and MPA, shall be illustrated by two examples. All the

numerical results are calculated by using the software Maple12.

Example 1. Consider the one-dimensional linear inhomogeneous fractional Klein-Gordon equa-

tion [42]
∂ αu

∂ tα
−
∂ 2u

∂ x2
+ u= 6x3 t + (x3− 6x)t3, t > 0, x ∈ R, 1< α≤ 2, (37)

subject to the initial conditions

u(x , 0) = 0, ut(x , 0) = 0. (38)

According to the variational iteration method and to Eq. (26), the iteration formula for Eq. (37)

is given by

uk+1(x , t) = uk(x , t)− (α− 1)Jαt

�

∂ αu

∂ tα
−
∂ 2u

∂ x2
+ u− 6x3 t − (x3− 6x)t3

�

. (39)

By the above variational iteration formula, if it is begun with u0 = 0, so following approximations

has been obtained in [42]

u1(x , t) = (α− 1)

�

6x3
tα+1

Γ(α+ 2)
+ (x3− 6x)

6tα+3

Γ(α+ 4)

�

,

u2(x , t) =6x3
tα+1

Γ(α+ 2)
+ 6(x3− 6x)

tα+3

Γ(α+ 4)

− (α− 1)2

�

6(x3− 6x)
t2α+1

Γ(2α+ 2)
+ 6(x3− 12x)

t2α+3

Γ(2α+ 4)

�

+ . . . . (40)

the variational iteration method gives the solution for the classical Klein-Gordon Eq. (37) (when

α= 2 ) which is given by

u(x , t) =x3 t3+ (x3− 6x)
6t5

Γ(6)
+ 36x

t5

Γ(6)
− 36x

6t7

Γ(8)
− 6x3

t5

Γ(6)
− (x3− 6x)

6t7

Γ(8)
+ . . .

(41)

=x3 t3− 0.001190476190x3 t7− 0.01428571428x t7 (42)

the exact solution of (37), for the special case α= 2 is given in [42]

u(x , t) = x3 t3 (43)



V. Turut, N. Güzel / Eur. J. Pure Appl. Math, 6 (2013), 147-171 155

Now let us calculate the approximate solution of Eq. (42) for m = 8 and n = 2 by using

Multivariate Padé approximation. To obtain Multivariate Padé equations of Eq. (42) for m = 8

and n= 2, we use Eqs. (11) and (12). By using Eqs. (11) and (12) we obtain,

p(x , t) =

�

�

�

�

�

�

x3 t3− 0.01428571428x t7 x3 t3 x3 t3

0 −0.01428571428x t7 0

−0.001190476190x3 t7 0 −0.01428571428x t7

�

�

�

�

�

�

(44)

=− 0.00001700680271(x4− 12.00000000x2+ 0.1714285714t4)x3 t17 (45)

and

q(x , t) =

�

�

�

�

�

�

1 1 1

0 −0.01428571428x t7 0

−0.001190476190x3 t7 0 −0.01428571428x t7

�

�

�

�

�

�

(46)

=− 0.00001700680271(−12.00000000+ x2)x2 t14 (47)

So the Multivariate Padé approximation of order (8,2) for eq. (42), that is,

[8,2](x ,t) =
(x4− 12.00000000x2+ 0.1714285714t4)x t3

−12.00000000+ x2
(48)

the variational iteration method gives the solution for the classical Klein-Gordon Eq. (37) (when

α= 1.5) which is given by

u(x , t) =1.805406668x3 t2.5+ 0.1146289948(x3− 6x)t4.5

− 0.06250000000(x3− 6x)t4.0− 0.002083333334(x3− 12x)t6.0

=1.805406668x3 t2.5+ 0.1146289948x3 t4.5− 0.6877739688x t4.5

− 0.06250000000x3 t4.0+ 0.3750000000x t4.0− 0.002083333334x3 t6.0

+ 0.02500000001x t6.0 (49)

For simplicity, let t1/2 = a; then

u(x , a) =1.805406668x3a5+ 0.1146289948x3a9− 0.6877739688xa9− 0.06250000000x3a8

+ 0.3750000000xa8− 0.002083333334x3a12+ 0.02500000001xa12 (50)

and let

K =1.805406668x3a5+ 0.1146289948x3a9− 0.6877739688xa9− 0.06250000000x3a8

+ 0.3750000000xa8+ 0.02500000001xa12

L =1.805406668x3a5+ 0.1146289948x3a9− 0.6877739688xa9

− 0.06250000000x3a8+ 0.3750000000xa8
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M = 1.805406668x3a5− 0.6877739688xa9− 0.06250000000x3a8+ 0.3750000000xa8

Then, using the Eqs. (11) and (12) to calculate the multivariate Padé equations for Eq. (50) we

get

p(x , a) =

�

�

�

�

�

�

K L M

0 0.02500000001xa12 0.1146289948x3a9

−0.002083333334x3a12 0 0.02500000001xa12

�

�

�

�

�

�

(51)

=− 0.00005208333337(−1.805406668x4a5− 0.6877739692x4a9

+ 0.06250000000x4a8+ 0.3750000000x2a8− 21.66488002x2a5

+ 8.253287626a9− 4.500000000a8− 0.3000000001a12)x3a24 (52)

and

q(x , a) =

�

�

�

�

�

�

1 1 1

0 0.02500000001xa12 0.1146289948x3a9

−0.002083333334x3a12 0 0.02500000001xa12

�

�

�

�

�

�

(53)

=− 0.00005208333337(−12.00000000− x2+
4.585159790

a3
)x2a24 (54)

recalling that t1/2 = a, we get multivariate Padé approximation of order(13,2) for Eq. (49),

that is;

[13,2](x ,t) =(−1.805406668x4 t5/2− 0.6877739692x4 t9/2+ 0.06250000000x4 t4

+ 0.3750000000x2 t4− 21.66488002x2 t5/2+ 8.253287626t9/2− 4.500000000t4

− 0.3000000001t6)x/(−12.00000000− x2+
4.585159790

t1.5
) (55)

the variational iteration method gives the solution for the classical Klein-Gordon Eq. (37) (when

α= 1.75 ) which is given by

u(x , t) =1.356548886x3 t2.75+ 0.07615713042(x3− 6x)t4.75

− 0.06447880955(x3− 6x)t4.5− 0.001803603064(x3− 12x)t6.5 (56)

=1.356548886x3 t2.75+ 0.07615713042x3 t4.75− 0.4569427825x t4.75

− 0.06447880955x3 t4.5+ 0.3868728573x t4.5− 0.001803603064x3 t6.5

+ 0.02164323677x t6.5 (57)

For simplicity, let t1/4 = a; then

u(x , a) =1.356548886x3a11+ 0.07615713042x3a19− 0.4569427825xa19

− 0.06447880955x3a18+ 0.3868728573xa18− 0.001803603064x3a26

+ 0.02164323677xa26 (58)
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and let

N =1.356548886x3a11+ 0.07615713042x3a19− 0.4569427825xa19

− 0.06447880955x3a18+ 0.3868728573xa18+ 0.02164323677xa26

P =1.356548886x3a11+ 0.07615713042x3a19− 0.4569427825xa19

− 0.06447880955x3a18+ 0.3868728573xa18

R=1.356548886x3a11+ 0.07615713042x3a19− 0.4569427825xa19

− 0.06447880955x3a18+ 0.3868728573xa18

Then, using the Eqs. (11) and (12) to calculate the multivariate Padé equations for Eq. (58) we

get

p(x , a) =

�

�

�

�

�

�

N P R

0 0.02164323677xa26 0

−0.001803603064x3a26 0 0.02164323677xa26

�

�

�

�

�

�

(59)

=0.00003903580815(1.356548886x4+ 0.07615713042x4a8

+ 0.4569427825x2a8− 0.06447880955x4a7− 0.3868728573x2a7

+ 16.27858663x2− 5.483313390a8+ 4.642474288a7+ 0.2597188412a15)x3a63

(60)

and

q(x , a) =

�

�

�

�

�

�

1 1 1

0 0.02164323677xa26 0

−0.001803603064x3a26 0 0.02164323677xa26

�

�

�

�

�

�

(61)

=0.00003903580815(12.00000000+ x2)x2a52 (62)

recalling that t1/4 = a, we get multivariate Padé approximation of order (27,2) for Eq. (57),

that is;

[27,2](x ,t) =((1.356548886x4+ 0.07615713042x4 t2+ 0.4569427825x2 t2

− 0.06447880955x4 t7/4− 0.3868728573x2 t7/4+ 16.27858663x2

− 5.483313390t2+ 4.642474288t7/4+ 0.2597188412t15/4)x t11/4

/(12.00000000+ x2) (63)

Example 2. Consider the nonlinear time-fractional hyperbolic equation [41]

Dα∗tu(x , t) =
∂

∂ x

�

u(x , t)
∂ u(x , t)

∂ x

�

, t > 0, x ∈ R, 1< α≤ 2, (64)
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subject to the initial condition

u(x , 0) = x2, ut(x , 0) =−2x2. (65)

According to the formula (34), the iteration formula for Eq. (64) is given by

uk+1(x , t) = uk(x , t) +

∫ t

0

(ξ− t)

�

∂ α

∂ ξα
uk(x ,ξ)− f (uk, (uk)x , (uk)x x)− g(x ,ξ)

�

dξ. (66)

By the above iteration formula, if we begin with u0 = x2 − 2t x2, following approximations has

been obtained in [41]

u0(x , t) = x2(1− 2t)

u1(x , t) = x2(1− 2t + 3t2− 4t3+ 2t4),

u2(x , t) =x2(1− 2t + 6t2− 8t3+ 7t4− 6t5+
174

30
t6−

192

42
t7+

168

56
t8−

96

72
t9+

24

90
t10)

+ x2(
−6

Γ(5−α)
t4−α+

24

Γ(6−α)
t5−α −

48

Γ(7−α)
t6−α)

and so on, in the same manner the rest of components of the iteration formula (66) can be

obtained using maple software. The variational iteration method gives the solution for the Eq.

(64) (when α= 2 ) which is given by

u(x , t) =x2(1− 2t + 6t2− 8t3+ 7t4− 6t5+ 5.8t6− 4.571428571t7+ 3t8

− 1.333333333t9+ 0.2666666667t10) + x2(−3t2+ 4.000000001t3− 2t4) (67)

=x2− 2x2 t + 3x2 t2− 3.999999999x2 t3+ 5x2 t4− 6x2 t5+ 5.8x2 t6

− 4.571428571x2 t7+ 3x2 t8− 1.333333333x2 t9+ 0.2666666667x2 t10 (68)

and let

A= x2−2x2 t+3x2 t2−3.999999999x2 t3+5x2 t4−6x2 t5+5.8x2 t6−4.571428571x2 t7+3x2 t8

B = x2− 2x2 t + 3x2 t2− 3.999999999x2 t3+ 5x2 t4− 6x2 t5+ 5.8x2 t6− 4.571428571x2 t7

C = x2− 2x2 t + 3x2 t2− 3.999999999x2 t3+ 5x2 t4− 6x2 t5+ 5.8x2 t6

Now let us calculate the approximate solution of Eq. (67) for m = 10 and n = 2 by using

Multivariate Padé approximation. To obtain Multivariate Padé equations of Eq. (67) for m= 10

and n= 2, we use Eqs. (11) and (12). By using Eqs. (11) and (12) We obtain,

p(x , t) =

�

�

�

�

�

�

A B C

−1.333333333x2 t9 3x2 t8 −4.571428571x2 t7

0.2666666667x2 t10 −1.333333333x2 t9 3x2 t8

�

�

�

�

�

�

(69)

=0.3555555555t16(4.70382656t8− 8.48265312t7+ 14.20535725t6

− 20.91071441t5+ 17.81250006t4− 14.71428577t3+ 11.61607147t2
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− 8.51785717t + 8.169642871)x6

and

q(x , t) =

�

�

�

�

�

�

1 1 1

−1.333333333x2 t9 3x2 t8 −4.571428571x2 t7

0.2666666667x2 t10 −1.333333333x2 t9 3x2 t8

�

�

�

�

�

�

(70)

=0.3555555555t16(8.16964287+ 7.821428571t + 2.749999997t2)x4

So the Multivariate Padé approximation of order (10,2) for eq. (67), that is,

[10,2](x ,t) =(4.70382656t8− 8.48265312t7+ 14.20535725t6− 20.91071441t5

+ 17.81250006t4− 14.71428577t3+ 11.61607147t2− 8.51785717t

+ 8.169642871)x2/(8.16964287+ 7.821428571t + 2.749999997t2) (71)

The variational iteration method gives the solution for the Eq. (64) (when α = 1.50 ) which is

given by

u(x , t) =x2(1− 2t + 6t2− 8t3+ 7t4− 6t5+ 5.8t6− 4.571428571t7+ 3t8

− 1.333333333t9+ 0.2666666667t10) + x2(−1.805406668t2.5

+ 2.063321905t3.5− 0.9170319581t4.5) (72)

=x2− 2x2 t + 6x2 t2− 8x2 t3+ 7x2 t4− 6x2 t5+ 5.8x2 t6− 4.571428571x2 t7

+ 3x2 t8− 1.333333333x2 t9+ 0.2666666667x2 t10− 1.805406668x2 t2.5

+ 2.063321905x2 t3.5− 0.9170319581x2 t4.5 (73)

For simplicity, let t1/2 = a; then

u(x , a) =x2− 2x2a2+ 6x2a4− 8x2a6+ 7x2a8− 6x2a10+ 5.8x2a12− 4.571428571x2a14

+ 3x2a16− 1.333333333x2a18+ 0.2666666667x2a20− 1.805406668x2a5

+ 2.063321905x2a7− 0.9170319581x2a9 (74)

and let

D =x2− 2x2a2+ 6x2a4− 8x2a6+ 7x2a8− 6x2a10+ 5.8x2a12

− 4.571428571x2a14+ 3x2a16− 1.333333333x2a18

− 1.805406668x2a5+ 2.063321905x2a7− 0.9170319581x2a9

E =x2− 2x2a2+ 6x2a4− 8x2a6+ 7x2a8

− 6x2a10+ 5.8x2a12− 4.571428571x2a14+ 3x2a16

− 1.805406668x2a5+ 2.063321905x2a7− 0.9170319581x2a9
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F =x2− 2x2a2+ 6x2a4− 8x2a6+ 7x2a8− 6x2a10+ 5.8x2a12

− 4.571428571x2a14+ 3x2a16− 1.805406668x2a5

+ 2.063321905x2a7− 0.9170319581x2a9

Now let us calculate the approximate solution of Eq. (74) for m = 20 and n = 2 by using

Multivariate Padé approximation. To obtain Multivariate Padé equations of Eq. (74) for m= 20

and n= 2, we use Eqs. (11) and (12). By using Eqs. (11) and (12) We obtain,

p(x , a) =

�

�

�

�

�

�

D E F

0 −1.333333333x2a18 0

0.2666666667x2a20 0 −1.333333333x2a18

�

�

�

�

�

�

(75)

=− 0.3555555555(2.521837884a9− 8.511202852a7+ 9.027033336a5

− 10.42857142a16+ 17.05714285a14− 22.99999999a12+ 22.99999999a10

− 26.99999999a8+ 33.99999998a6− 27.99999999a4+ 8.999999996a2

+ 3.666666662a18− 4.999999998+ 0.917031958a11)x6a36

and

q(x , a) =

�

�

�

�

�

�

1 1 1

0 −1.333333333x2a18 0

0.2666666667x2a20 0 −1.333333333x2a18

�

�

�

�

�

�

(76)

=− 0.3555555555(4.999999998+ a2)x4a36

recalling that t1/2 = a, we get multivariate Padé approximation of order (20,2) for Eq. (72),

that is;

[20,2](x ,t) =− (2.521837884t9/2− 8.511202852t7/2+ 9.027033336t5/2− 10.42857142t8

+ 17.05714285t7− 22.99999999t6+ 22.99999999t5− 26.99999999t4

+ 33.99999998t3− 27.99999999t2+ 8.999999996t + 3.666666662t9

− 4.999999998+ 0.917031958t11/2)x2/(4.999999998+ t) (77)

The variational iteration method gives the solution for the Eq. (64) (when α = 1.75 ) which is

given by

u(x , t) =x2(1− 2t + 6t2− 8t3+ 7t4− 6t5+ 5.8t6− 4.571428571t7+ 3t8

− 1.333333333t9+ 0.2666666667t10) + x2(−2.353626989t2.25

+ 2.896771680t3.25− 1.363186673t4.25) (78)

=x2− 2x2 t + 6x2 t2− 8x2 t3+ 7x2 t4− 6x2 t5+ 5.8x2 t6− 4.571428571x2 t7

+ 3x2 t8− 1.333333333x2 t9+ 0.2666666667x2 t10− 2.353626989x2 t2.25

+ 2.896771680x2 t3.25− 1.363186673x2 t4.25
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For simplicity, let t1/4 = a; then

u(x , a) =x2− 2x2a4+ 6x2a8− 8x2a12+ 7x2a16− 6x2a20+ 5.8x2a24

− 4.571428571x2a28+ 3x2a32− 1.333333333x2a36+ 0.2666666667x2a40

− 2.353626989x2a9+ 2.896771680x2a13− 1.363186673x2a17 (79)

and let,

G =x2− 2x2a4+ 6x2a8− 8x2a12+ 7x2a16− 6x2a20+ 5.8x2a24

− 4.571428571x2a28+ 3x2a32− 1.333333333x2a36− 2.353626989x2a9

+ 2.896771680x2a13− 1.363186673x2a17

H =x2− 2x2a4+ 6x2a8− 8x2a12+ 7x2a16− 6x2a20+ 5.8x2a24

− 4.571428571x2a28+ 3x2a32− 1.333333333x2a36− 2.353626989x2a9

+ 2.896771680x2a13− 1.363186673x2a17

I =x2− 2x2a4+ 6x2a8− 8x2a12+ 7x2a16− 6x2a20+ 5.8x2a24+ 3x2a32

− 4.571428571x2a28− 2.353626989x2a9+ 2.896771680x2a13− 1.363186673x2a17

To obtain Multivariate Padé equations of Eq. (79) for m = 41 and n = 2, we use Eqs. (11) and

(12). By using Eqs. (11) and (12) We obtain,

p(x , a) =

�

�

�

�

�

�

G H I

0.2666666667x2a40 0 0

0 0.2666666667x2a40 0

�

�

�

�

�

�

(80)

=− 0.07111111113x6a80(−1+ 2a4− 6a8+ 8a12− 7a16+ 6a20− 5.8a24

+ 4.571428571a28− 3a32+ 1.333333333a36+ 2.353626989a9

− 2.896771680a13+ 1.363186673a17)

and

q(x , a) =

�

�

�

�

�

�

1 1 1

0.2666666667x2a40 0 0

0 0.2666666667x2a40 0

�

�

�

�

�

�

(81)

=0.07111111113x4a80

recalling that t1/4 = a, we get multivariate Padé approximation of order (41,2) for Eq. (77),

that is;

[41,2](x ,t) =− 0.07111111113x6 t20(−1+ 2t − 6t2+ 8t3− 7t4+ 6t5− 5.8t6

+ 4.571428571t7− 3t8+ 1.333333333t9+ 2.353626989t9/4

− 2.896771680t13/4+ 1.363186673t17/4)/0.07111111113x4 t20 (82)
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As it is presented above in Example 1 we obtained multivariate Padé approximations of

variational iteration solution of Eq. (37) for values of α = 2.0, α = 1.5, and α = 1.75.

Tables 1 - 3, and Figures 1 - 3 show the approximate solutions for Eq. (37) obtained for the

three different values of α using the variational iteration method (VIM) and the multivariate

Padé approximation (MPA). The values of α = 2.0 is the only case for which we know the

exact solution u(x , t) = x3 t3 and the results of multivariate Padé approximation (MPA) are

in excellent agreement with the exact solution and those obtained by the variational iteration

method (VIM).

(a) Exact solution (b) VIM solution (c) Multivariate Padé approxi-

mation of VIM solution

Figure 1: Example 1 solutions for α= 2.0.

Table 1: Numerical values when α= 2.0 for Example 1.

x t uV I M uM PA uExact

0.01 0.01 0.9999985714× 10−12 0.9999985717× 10−12 0.1× 10−11

0.02 0.02 0.6399963428× 10−10 0.6399963427× 10−10 0.64× 10−10

0.03 0.03 0.7289906264× 10−9 0.7289906262× 10−9 0.729× 10−9

0.04 0.04 0.4095906365× 10−8 0.4095906364× 10−8 0.4096× 10−8

0.05 0.05 0.156244184× 10−7 0.156244184× 10−7 0.15625× 10−7

0.06 0.06 0.4665359983× 10−7 0.4665359983× 10−7 0.46656× 10−7

0.07 0.07 0.1176407612× 10−6 0.1176407612× 10−6 0.117649× 10−6

0.08 0.08 0.2621200197× 10−6 0.2621200198× 10−6 0.262144× 10−6

0.09 0.09 0.5313794632× 10−6 0.5313794631× 10−6 0.531441× 10−6

0.1 0.1 0.9998570239× 10−6 0.9998570234× 10−6 0.1× 10−5
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(a) VIM solution (b) Multivariate Padé approximation of VIM

solution

Figure 2: Example 1 solutions for α= 1.5.

Table 2: Numerical values when α= 1.5 for Example 1.

x t uV I M uM PA

0.01 0.01 0.4867606662× 10−10 0.4867625260× 10−10

0.02 0.02 0.1705755572× 10−8 0.1705792441× 10−8

0.03 0.03 0.1381609983× 10−7 0.1381692273× 10−7

0.04 0.04 0.6128672929× 10−7 0.6129422227× 10−7

0.05 0.05 0.1952751831× 10−6 0.1953168894× 10−6

0.06 0.06 0.5044516999× 10−6 0.5046216523× 10−6

0.07 0.07 0.1127182674× 10−5 0.1127740978× 10−5

0.08 0.08 0.2264536447× 10−5 0.2266102644× 10−5

0.09 0.09 0.4194040677× 10−5 0.4197934702× 10−5

0.1 0.1 0.7284137720× 10−5 0.7292939395× 10−5
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(a) VIM solution (b) Multivariate Padé approximation of VIM

solution

Figure 3: Example 1 solutions for α= 1.75.

Table 3: Numerical values when α= 1.75 for Example 1.

x t uV I M uM PA

0.01 0.01 0.6713514104× 10−11 0.6713514105× 10−11

0.02 0.02 0.3281759859× 10−9 0.3281759859× 10−9

0.03 0.03 0.3204055164× 10−8 0.3204055165× 10−8

0.04 0.04 0.1616230193× 10−7 0.1616230193× 10−7

0.05 0.05 0.5675792133× 10−7 0.5675792134× 10−7

0.06 0.06 0.1584901621× 10−6 0.1584901621× 10−6

0.07 0.07 0.3777857545× 10−6 0.3777857544× 10−6

0.08 0.08 0.8019718443× 10−6 0.8019718443× 10−6

0.09 0.09 0.1558181826× 10−5 0.1558181826× 10−5

0.1 0.1 0.2823149542× 10−5 0.2823149543× 10−5
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As it is presented above in Example 2. we obtained multivariate Padé approximations

of variational iteration solution of Eq. (64) for values of α = 2.0, α = 1.5, and α = 1.75.

Tables 4 - 6, and Figures 4 - 6 show the approximate solutions for Eq. (64) obtained for the

three different values of α using the variational iteration method (VIM) and the multivariate

Padé approximation (MPA). The values of α= 2.0 is the only case for which we know the exact

solution u(x , t) = (x/t + 1)2 and the results of multivariate Padé approximation (MPA) are

in excellent agreement with the exact solution and those obtained by the variational iteration

method (VIM).

(a) Exact solution (b) VIM solution (c) Multivariate Padé approxi-

mation of VIM solution

Figure 4: Example 2 solutions for α= 2.0.

Table 4: Numerical values when α= 2.0 for Example 2.

x t uV I M uM PA uExact

0.01 0.01 0.00009802960494 0.00009802960495 0.00009802960494

0.02 0.02 0.0003844675124 0.0003844675125 0.0003844675125

0.03 0.03 0.0008483363175 0.0008483363176 0.0008483363182

0.04 0.04 0.001479289934 0.001479289934 0.001479289941

0.05 0.05 0.002267573656 0.002267573655 0.002267573696

0.06 0.06 0.003203987014 0.003203987014 0.003203987184

0.07 0.07 0.004279849200 0.004279849200 0.004279849769

0.08 0.08 0.005486966839 0.005486966839 0.005486968450

0.09 0.09 0.006817603925 0.006817603924 0.006817607945

0.1 0.1 0.008264453717 0.008264453716 0.008264462810
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(a) VIM solution (b) Multivariate Padé approximation of VIM

solution

Figure 5: Example 2 solutions for α= 1.5.

Table 5: Numerical values when α= 1.5 for Example 2.

x t uV I M uM PA

0.01 0.01 0.00009805742207 0.00009805742208

0.02 0.02 0.0003848949142 0.0003848949143

0.03 0.03 0.0008504258525 0.0008504258524

0.04 0.04 0.001485685664 0.001485685663

0.05 0.05 0.002282722748 0.002282722747

0.06 0.06 0.003234501119 0.003234501118

0.07 0.07 0.004334811900 0.004334811899

0.08 0.08 0.005578192194 0.005578192193

0.09 0.09 0.006959850295 0.006959850295

0.1 0.1 0.008475596550 0.008475596548
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(a) VIM solution (b) Multivariate Padé approximation of VIM

solution

Figure 6: Example 2 solutions for α= 1.75.

Table 6: Numerical values when α= 1.75 for Example 2.

x t uV I M uM PA

0.01 0.01 0.00009805185529 0.00009805185529

0.02 0.02 0.0003847966767 0.0003847966767

0.03 0.03 0.0008499060377 0.0008499060378

0.04 0.04 0.001484004096 0.001484004096

0.05 0.05 0.002278566886 0.002278566886

0.06 0.06 0.003225836632 0.003225836632

0.07 0.07 0.004318746188 0.004318746188

0.08 0.08 0.005550851279 0.005550851280

0.09 0.09 0.006916269160 0.006916269160

0.1 0.1 0.008409622712 0.008409622712

6. Conclusion

We know and it can be seen from the references that variational iteration method (VIM)

has been applied to fractional differential equations. By comparison with variational itera-

tion method (VIM), the fundamental goal of this work has been to construct an approximate

solution for nonlinear and linear partial differential equations of fractional order by using

multivariate Padé approximation. The goal has been achieved by using the multivariate Padé

approximation (MPA) and the variational iteration method (VIM). The present work shows

the validity and great potential of the multivariate Padé approximation for solving nonlinear

partial differential equations of fractional order from the numerical results. For the values of
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α = 2.0 in example 1 and for the values of α = 2.0 in example 2, numerical results obtained

using the multivariate Padé approximation (MPA) and the variational iteration method (VIM)

are in excellent agreement with exact solutions and each other. For the values of α = 1.5,

α = 1.75, in example 1 and for the values of α = 1.5, α = 1.75 in example 2, numerical re-

sults show that the results of multivariate Padé approximation are in excellent agreement with

those results obtained by the variational iteration method (VIM). The basic idea described in

this paper is expected to be further employed to solve other similar problems in fractional

calculus.
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