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Abstract

In this paper we determine the length of the two shortest closed geodesics
for closed hyperbolic surface of genus 2 without twist in the Fenchel-Nielsen
coordinates (in a specific pants decomposition). We also give systole in other
cases.
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1 Introduction

In 1966, M. Kac asked: "Can one hear the shape of a drum ?" [6] which can be trans-
lated as "Can the Laplacian spectra of a compact riemaniann manifold determine its
isometry class ?". See [2] for an introduction on Laplacian spectra. We must keep
in mind that in the case of closed hyperbolic surfaces the Laplacian spectra and the
length spectra (the well ordered sequence of lengths of all closed geodesics with
multiplicities) determine each other.

J. Milnor swiftly gave a negative answer, finding non isometric but isospectral
16- dimensional flat torus. In 1980, M-F. Vignéras first proved that closed hyper-
bolic surfaces are not rigid, constructing two arithmetic surfaces isospectral but non
isometric [9] before T. Sunada gave general criterion to construct isospectral mani-
folds [8]. P. Buser then used this result to construct explicitly, for any genus g > 4
counter examples for the Kac’s conjecture [3]. Sunada’s technique seems not to be
used in genus 2 and 3 where the question still remains open. However, according to
the rigidity result obtained by P. Buser and K-D. Semmler on hyperbolic one-holed
torus [4] we may expect positive answer in genus g = 2. This article is written
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Figure 1: A model for Teichmiiller in genus 2

following this point of view, knowing that all rigidity results need explicit explana-
tion of the bottom of the spectra. Bear in mind that spectra determine topology ([3],
chap VII): isospectral twins then live in the same Teichmiiller space.

2 Main Results

To describe the bottom of the length spectra, we use a geometric realization of the
Teichmiiller space in genus 2, initially seen as the equivalence classes of hyperbolic
surfaces marked by a diffeomorphism (we shall consult [3]).

So let us choose lengths Iy, 15,13 € R and angles (called twists) 01,0,,0; € R.
We then construct a closed surface of genus 2 pasting two isometric pants with
boundaries ~;, v/ having same length /;, according to the pasting condition ~;(t) ~
~i(0; — t) (we use 1-periodic parametrization for boundaries).

Any marked surface contains, in its equivalence class, a unique surface S“. See [3]
for a proof. The [; and 0; are the Fenchel-Nielsen coordinates of S associated to this
pants decomposition.

With this presentation, we describe now the systole (the shortest closed geodesic)
as well as the second value of the length spectra for a specific family of surfaces.
For S with coordinates w, we order the lengths /; and note z < y < z the corre-
sponding values. We then obtain the following

Theorem 1:
Let S be a closed hyperbolic surface with all ; = 0 in Fenchel-Nielsen coordinates.
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Figure 2: The candidates for systole

With the above notation, the systole of S is given by at least one of the following:

t t h h h
cosh(ﬁ) = coshz : cosh(syS )= o8 I,+ COS' YOSz
2 2 sinh y sinh z
h( syst) 2(cosh x)? 4 2(cosh y)? + (cosh 2)? + 4 cosh x cosh y cosh z + 1
cos =
2 sinh z

The corresponding curves will be geometrically identified and we will also give
an algorithm for the first two lengths following the coordinates. We will finally es-
tablish generalizations, where zy = zo(x,y) is determined by the first two lengths
in the pants decomposition (cf. Annex).

Corollary 1:
Let S be a closed hyperbolic surface with z > zy and the corresponding twist
vanished in Fenchel-Nielsen coordinates. The systole of S is

h( syst) 2(cosh x)? 4 2(cosh y)? + (cosh 2)? + 4 cosh x cosh y cosh z + 1
cos =
2 sinh z
Corollary 2:

Let S be a closed hyperbolic surface with cosh z < 2 in Fenchel-Nielsen coordi-
nates. The systole of S is 2x.

No explicit formula for the systole of closed hyperbolic surfaces is known. How-
ever we will find in [1] a numerical approach which gives an approximate value of
the systole in any genus g. The technique presented in this paper to describe the
bottom of the spectra differs from the one used in [4],[7] or [5] and deals with
the combinatorial aspect of billiard trajectories in right angled hexagon, where the
closed geodesics of S "really" lives.
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Figure 3: The system ¢

3 Notation

Each surface S* is identified with four copies of the same right angled hexagon H.
We use the following notations

| Notation || Length | Geodesic in S“ (untwisted) ||
x inf{l,/2} M
z sup{l;/2} 3
Yy V2
b opposed side of z in H a1
c opposed side of y in H Qg
a opposed side of z in H Qs
h, commun perpendicular between a and z 1
hy, commun perpendicular between c and y 4o
h, commun perpendicular between b and x 43

Note that lengths of geodesics are twice (or four times for fi;) as long as lengths
given in the grid. Without ambiguity we write [ for the geodesic or the length of
the geodesic.

The right column gives a fundamental system of closed geodesics on S“ called (2.
By analogy we will write (™) for the set of n-fold geodesics of Q = Q).

4 Proofs

We first assume that all twists take the value zero.

Let 5 # ~; be a closed geodesic of S decomposed into N [3-pieces (its successive
intersections with the pants of the pants decomposition): NV is 1 or is even. We lift
the geodesic into a piece geodesic curve in ‘H and note X the number of y-arc in
the lift (this is a geodesic segment joining two sides of a, b, ¢ in the hexagon).

Note that if N = 1, 3 is contained in a pant so is longer than ;.
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Lemmad.l. If N > 4or N > 2, X > 1, there are at least two curves in QU Q)
shorter than 3.

Proof:
Each [3-piece is longer than & /2 or ji1 /2. If X > 1 we use the continuity and the
closure of the lift to show that the length of [ is greater than ;. "X

Lemma 4.2. I[f N = 2, X = 0and 8 & ), there are at least two curves in §2
shorter than 3.

Proof:
We examine each case with a combinatorial elementary study and use, if necessary,
the triangular inequality.)X«

Finally we have to order the lengths of the fundamental system to find the two
shortest geodesics. Asb < ¢ < aand h, < h, < h,, one expects that these curves
are o, 7y; or ju. After an elementary study we obtain the results given in annex
where can be found a complete description of the situation.

We have in particular the following result (description of the systole if z increases):

|  Valueofx | Valueofy | Systole |
coshz < /2 coshy <ys systole is 71, then iy
y2 < coshy <yj3 || systoleis 7, then 1, then iy
coshy > y3 systole is &, then iy
V2 < coshz <2 coshy <yj systole is 71, then ay, then iy
coshy > y3 systole is &, then iy
coshz > 2 systole is aq, then [iq

Note that sometimes the bottom of the spectra is constituted of multiples of the
systole. The following picture gives the evolution when z increases.

We will now examine the case where the twists need not to vanish: we can
always use that, if N > 2, the length of [ is always greater than at least one of the
values 2b, 4h.,.

Corollary 4.3. Let S be a closed hyperbolic surface with Fenchel-Nielsen coor-
dinates z > sup{zy, z5} (values given in annex) and the corresponding twist 0, = 0.
Then the systole of S is

2(cosh x)? + 2(cosh y)? + (cosh 2)? + 4 cosh x cosh y cosh z + 1
sinh 2z

syst,
2 )=

cosh(

Corollary 4.4. Let S be a closed hyperbolic surface with Fenchel-Nielsen coor-
dinates cosh z < 2. Then the systole of S is 2.
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Figure 4: Evolution when z increases

Note (and this is a general observation) that the action of twists make systole

longer: the untwisted surface minimizes the length in its orbit. In particular, if 7,
is the systole when the twists vanish, it still the case. The last corollary is a special
case of this situation.
Now we can use this work as a first step toward the general case and we can expect to
understand more explicitly the geometric information given by the spectra and then
find where (in the Teichmiiller space) there can exists isospectral twins in genus 2,
if such objects exist.

5 Annex

The following grid gives explicitly (as an algorithm would) the two shortest (which
are not multiples) lengths of the spectra. Let’s not forget that it may happen that
some multiples of the systole occur before the second value.

Note that we use strict inequalities for comprehensive presentation. The limit cases
correspond to lengths equalities, so the exact multiplicity of the length studied
can be determined easily. We also use notations x = coshz and the same for
Y, Z, Xi, Yi, Zi, where these values are defined in a final grid.
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| Valueofx | Valueofy |

Value of z

| Bottom of the spectra |

|

X < /2 y<\/§ z < zg < Z5 71 < e
z6 <z < Zs "N <
Zg < 725 < Z <M
X <X <V2|V2<y<wyi 7 < 74
and z < zg < Z5 Y1 < Yo
7z < 71
and zg < z < z5 Y1 < 1
z < 71
and zg < z5 < Z w <M
Z > 71
andz<z4andz<z5 71 < ag
zZ > 71
and z between z, and z5 Y1 < fiq
Z > 74
and z > z, and z > z; <M
y1i <y <Y¥y2 z < z4and z < zs T < g
z between z, and z5 Y1 < [
z > 74 and z > zs w1 <M
Y2 <Y <Y¥3 zZ < Zy
andz<z4andz<z5 ’3/1<O_[1
7 < Zo
and z between z, and z; Y1 < [
7z < Zo
and z > z4, and z > z; <M
Z > Zo
and z < z4 and z < zs a; <7
Z > 7o
and z between z, and z5 a1 < [
Z > 7o
and z > z4 and z > zj < aq
y3 <y z < z4and z < Zs ap <7
z between z, and z5 ap < [y
z>z4andz>z5 n < aq
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| Valueofx | Valueofy | Value of z | Bottom of the spectra |
X1 <X<V2|V2<y<ys 7 < 7,
and z < zg < z5 Y1 < Y2
7 < Zq
and zg < z < 25 T <
zZ < 7,
and zg < z5 < z 1 < Y
Z > 7
and z < z4 and z < Zs T <
zZ > 71
and z between z, and zj5 Y1 < [
Z > 171
and z > z4, and z > z; 1 < M
Y2 <Y <Y1 Z <71 < Zo
and z < zg < Z5 Y1 < Yo
zZ <27, < Zy
and zg < z < z5 Y1 < f1
7 <721 <Zy
and zg < z5 < z <"
71 <zZ<1Zy
andz<z4andz<z5 71 < ag
7 <z < Zo
and z between z, and z5 Y1 < fiq
7, <z < Zy
and z > z, and z > z; <M
Z > 7y > 71
and z < z4 and z < zj ap <M
Z > 7y > 7
and z between z, and z5 a1 < [
Z > 7y > 71
and z > z, and z > zj < aq
Y1 <y <Yys Z < Zy
and z < z4 and z < zj T < oq
7 < Zo
and z between z, and z5 Y1 < 1
zZ < Zy
and z > z, and z > Zs i < Y1
Z > 7o
and z < z4 and z < Zs a; <M
Z > Zo
and z between z, and z5 ayp < [y
Z > 7o
and z > z, and z > z; 1 < g
Yy > Y3 z < z4sand z < zs ap <M
z between z4 and z5 ay < i
7~ and 7z > 7. I+ < (V4
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| Valueofx | Valueofy | Value of z | Bottom of the spectra ||
V2 < x < x5 y < y1 7 <7 <7y < 73
and z < zg < z5 Y1 < Y2
7 <71 <Zo <1Zg
and zg < z < 25 Y1 < U1
7z <721 <Zyp<1Z3
and zg < z5 < Z w1 < Vi
7n <zZ<1Zy<1Z3
and z < z4 and z < zs Y < g
71 <z < Zy < Z3
and z between z4 and z5 Y1 < 1
71 <zZ<Zy<1Z3
and z > z, and z > z; i <M
71 < Zo <Z<1Z3
and z < z4 and z < z5 a; < M
71 < 29 < Z < Zg3
and z between z4 and z5 ap < [
71 < Zo <Z<1Z3
andz>z4andz>z5 ﬂ1<551
71 <Zy<Z3<1Z
andz<z7<z4 oy < Qo
71 <Zy <Z3< Z
and z; <z < z4 a1 <
71 < Z9 <73 < Z
and z; < z4 < 2 1 < g
Y1 <y<ys 7z <17y <1Z3
and z < z4 and z < zj5 T <
7z < 7y < 1Z3
and z between z, and z5 Y1 <
7 < Zoy < Z3
and z > z4 and z > zs < m
7y < 7 < Z3
and z < z4 and z < zj5 ar <M
Zo < Z < Z3
and z between z4 and z5 oy < fig
Zo < 7 < Z3
andz > z, and z > z5 1 < ag
Zo <723 <1Z
and z < z7 < 24 ap < Qo
Zo <723 < Z
and z7; <z < 74 o < [
Zo <723 <1Z
and z; < z4 < 2 1 < ag
Y3 <Yy z <173
and z < z4 and z < z5 a; <M
7 < 7,
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| Valueofx | Valueofy | Value of z | Bottom of the spectra ||
V2 < x < x5 Vs <Yy 75 < Z
and z < z7; < 74 a1 < Qg
Z3 < Z
and z; <z < 74 ap < i
73 < Z
andz; < z4 < 2 < o
Xy <X < 2 y <¥yi Z <71 < Zo < Zg
and z < zg < 25 Y1 < Y2
7 < 7, < Zy < Z3
and zg < z < z5 Y1 < 1
Z <721 <Zo <1Z3
and zg < z5 < Z w <M
71 < Z<Zy<1Z3
and z < z4 and z < z5 Y < g
71 <7< 7oy < Z3
and z between z, and z; Y1 <
71 <zZ<1Zy<1Zg
andz > z, and z > z5 <"
71 < Zo <Z<1Zg
and z < z4 and z < z5 a <™
71 < Zo <Z<1Z3
and z between z4 and zs oy < fiq
71 < 29 < Z < Z3
and z > z, and z > z5 < g
71 < Z9 < 73 < Z
and z < z7 < 74 a1 < Qg
71 < Zo <23<Z
and z; <z < 74 oy < fig
71 < 2y < 23 < Z
and z; <z, < Z 1 < ag
Y1<y<Yys z < Zy <1Z3
and z < z4 and z < zj5 T <
Z < 79 < Z3
and z between z4 and z5 Y1 <
7z < 7y < 1Z3
and z > z4 and z > zs w1 <M
Zo < 7 < Z3
and z < z4 and z < zs a; <M
79 < 7 < 73
and z between z, and z5 o < [
Zo <Z < 1Z3
andz > z, and z > z5 i < o
7o <723<1Z
and z < z7 < Z4 a1 < Qg
.
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| Valueofx | Valueofy | Value of z | Bottom of the spectra |
Xo<X<2|ys<y<ys z < Z3
andz < z, and z < z5 a; <™
7z < 73
and z between z, and z5 ay < iy
7z < Z3
andz>z4andz>z5 H < g
<z3<%zZ
andz<z7<z4 aq < Qo
73 < Z
andz; <z < 74 ay < iy
73 < Z
andz; < zy <z < aq
Vi <Yy 7 < Z7 < Z4 ay < Qi
Z7 < 7 < 74 oy < [
77 <724 < Z H < g
2<x 7 < 727 <1Z4 a < Qo
Z7 < Z < Z4 a1 < [
Z7 < Z4 < Z /_L1<O_Z1

We introduce the function ¢ (t) := and recall the following elementary

t
V2 —1

X+ yz
trigonometric formulae in the right hexagon b = ry

V2 = 1)z~ 1)
given by analogy) and h, = 2(c® —1)(x* — 1) — 1. The constants used are uniquely
defined by the following equations:

(the c value

| Value | Equation | Value | Equation

z1 |14+ 9(x) +(p(x)° — (p(x)° =0 l+x+x°—x>=0
1 x+y+y -y’ =0 Ys (x* —1)y* —x* = 0 soity = p(x)
Y3 (x—1)y*—2x=0 yr | I+x+x2—x)y? +x*(x—1)=0
21 b=y 29 b=x
zZ3 C =X Z4 hz =b
27 h,=c
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