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Abstract

In this paper we introduce the concept of almost asymptotically

statistical equivalent of double difference sequences of fuzzy numbers

and we shall make an effort to study some inclusion relations.
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1 Introduction and Preliminaries

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [21] and subsequently several authors have discussed various aspects
of the theory and applications of fuzzy sets such as fuzzy topological spaces,
similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming. Matloka [6] introduced bounded and convergent
sequences of fuzzy numbers and studied some of their properties. Fuzzy set
theory, compared to other mathematical theories, is perhaps the most easily
adaptable theory to practice. The main reason is that a fuzzy set has the
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property of relativity, variability and inexactness in the definition of its ele-
ments. Instead of defining an entity in calculus by assuming that its role is
exactly known, we can use fuzzy sets to define the same entity by allowing
possible deviations and inexactness in its role. This representation suits well
the uncertainties encountered in practical life, which make fuzzy sets a valu-
able mathematical tool. The initial works on double sequences is found in
Bromwich [2]. Later on, it was studied by Hardy [3], Moricz [6], Moricz and
Rhoades [7], Tripathy ([19], [20]), Başarır and Sonalcan [1] and many others.
Hardy [3] introduced the notion of regular convergence for double sequences.
Quite recently, Zeltser [22] in her Ph.D thesis has essentially studied both the
theory of topological double sequence spaces and the theory of summability of
double sequences. Mursaleen and Edely [9] have recently introduced the statis-
tical convergence and Cauchy convergence for double sequences and given the
relation between statistical convergent and strongly Cesaro summable double
sequences. Nextly, Mursaleen [8] and Mursaleen and Edely [10] have defined
the almost strong regularity of matrices for double sequences and applied these
matrices to establish a core theorem and introduced the M-core for double se-
quences and determined those four dimensional matrices transforming every
bounded double sequences x = (xk,l) into one whose core is a subset of the M-
core of x. By the convergence of a double sequence we mean the convergence
in the Pringsheim sense i.e. a double sequence x = (xk,l) has Pringsheim limit
L (denoted by P − lim x = L) provided that given ǫ > 0 there exists n ∈ N
such that |xk,l −L| < ǫ whenever k, l > n see [13]. We shall write more briefly
as P -convergent. The double sequence x = (xk,l) is bounded if there exists
a positive number M such that |xk,l| < M for all k and l. For more details
about double sequence spaces and fuzzy numbers (see [12],[14],[15],[17],[18])
and references therein.
Let D denote the set of all closed and bounded intervals on R, the real line.
For A,B ∈ D, we define d(A,B) = max(|a1 − b1|, |a2− b2|), where A = [a1, a2]
and B = [b1, b2]. It is known that (D, d) is a complete metric space. A fuzzy
real number X is a fuzzy set on R, i.e. a mapping X : R → I(= [0, 1]) associ-
ating each real number t with its grade of membership X(t).
The set of all upper-semi continuous, normal, convex fuzzy real number is de-
noted by R(I). Throughout the paper, by a fuzzy real number X , we mean
that X ∈ R(I).
The α-cut or α-level set [X ]α of the fuzzy number X , for 0 < α ≤ 1, defined
by [X ]α = {t ∈ R : X(t) > 0}; for α = 0, it is the closure of the strong 0-cut
i.e. closure of the set {t ∈ R : X(t) > 0}. Throughout α means, α ∈ (0, 1]
unless otherwise it is stated.
The set of R real numbers can be embedded in R(I) if we define r̄ ∈ R(I) by

r̄(t) =
{ 1, if t = r
0, if t 6= r.
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The additive identity and multiplicative identity of R(I) are denoted by 0̄ and
1̄, respectively.
For r ∈ R and X ∈ R(I), the product rX is defined as follows:

r̄X(t) =
{ X(r−1t), if r 6= 0

0, if r = 0.

The absolute value |X| of X in R(I) is defined by

|X|(t) =
{ max{X(t), X(−t)}, if t ≥ 0

0, if t < 0.

Let d̄ : R(I)× R(I) → R be defined by

d̄(X, Y ) = sup
0≤α≤1

d([X ]α, [Y ]α).

Then d̄ defines a metric on R(I). It is well known that R(I) is complete with
respect to d̄.
A subset E of N is said to have density δ(E), if

δ(E) = lim
n→∞

n
∑

k=1

χE(k) exists,

where χE is the characteristic function of E.
A sequence X = (Xk) of fuzzy numbers is said to be convergent to a fuzzy
number X0, written as limk Xk = X0, if for every ǫ > 0 there exists a positive
integer k0 such that d̄(Xk, X0) < ǫ for k ≥ k0. Let c(F ) denote the set of all
convergent sequences of fuzzy numbers.
A sequence X = (Xk) of fuzzy numbers is said to be bounded if the set
{Xk : k ∈ N} of fuzzy numbers is bounded. We denote by l∞(F ) the set
of all bounded sequences of fuzzy numbers. It is straightforward to see that
c(F ) ⊂ l∞(F ) and Nanda [11] studied the spaces of bounded and convergent
sequences of fuzzy numbers and showed that they are complete metric spaces.
Nuray and Savaş [12] defined the notion of statistical convergence for fuzzy
real numbers sequences and studied some properties. A sequence of fuzzy real
numbers (Xk) is said to be statistically convergent to a fuzzy real number X0,

if for every ǫ > 0, δ
({

k ∈ N : d̄(Xk, X0) ≥ ǫ
})

= 0. Savaş [16] defined the
notion of almost convergence of fuzzy real numbers.
The notion of difference sequence spaces was introduced by Kızmaz [5], who
studied the difference sequence spaces l∞(∆), c(∆) and c0(∆). By a lacunary
sequence θ = (kr), r = 0, 1, 2, · · ·, where k0 = 0, we shall mean an increasing
sequence of non-negative integers hr = (kr − kr−1) → ∞ (r → ∞). The
intervals determined by θ are denoted by Ir = (kr−1, kr] and the ratio kr/kr−1
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will be denoted by qr.
The double sequence θr,s = {(kr, ls)} is called double lacunary if there exist
two increasing sequences of integers such that

k0 = 0, hr = kr − kr−1 → ∞ as r → ∞

and
l0 = 0, h̄s = ls − ls−1 → ∞ as s → ∞.

Let kr,s = krls, hr,s = hrh̄s and θr,s is determined by Ir,s = {(k, l) : kr−1 < k ≤
kr and ls−1 < l ≤ ls}, qr = kr

kr−1
, q̄s = ls

ls−1
and qr,s = qrq̄s. By l∞(∆F ) we

denote bounded double difference sequences of fuzzy numbers.

Definition 1.1 The double difference sequence X = (∆Xk,l) of fuzzy num-
bers is said to be almost convergent to a fuzzy number X0 if

lim
k

d̄(tkm(∆X), X0) = 0, uniformly in m,

where

tkm(∆X) =
1

k + 1

k,l
∑

i=0

∆Xm+i.

This means that for every ǫ > 0, there exists k0 ∈ N such that d̄(tkm(∆X), X0) <
ǫ whenever k ≥ k0 and for all m.

Definition 1.2 Two double difference sequences X and Y of fuzzy numbers
are said to be almost asymptotically equivalent if

lim
k,l

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, 1̄

)

= 0, uniformly in m (denoted by X ∼(∆F ) Y ).

Definition 1.3 Let (θr,s) be a double lacunary sequence. A double differ-
ence sequence of fuzzy numbers X = (∆Xk,l) is said to be almost statistically
convergent or Sθ(∆)-convergent to the fuzzy number L if for every ǫ > 0

lim
r

1

hr,s

∣

∣

∣

{

k, l ∈ Ir,s : d̄(tkm(∆Xk,l), L) ≥ ǫ
}∣

∣

∣ = 0, uniformly in m.

In this case we write Sθ(∆)− limX = L or Xk → L(Sθ(∆)).

Definition 1.4 Let (θr,s) be a double lacunary sequence. Two double differ-
ence sequences X and Y of fuzzy numbers are said to be almost asymptotically
SL
θ (∆)-statistical equivalent of multiple L provided that for every ǫ > 0

lim
r,s

1

hr,s

{

k, l ∈ Ir,s : d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥ ǫ
}
∣

∣

∣ = 0, uniformly in m,

(denoted by X ∼SL
θ
(∆F ) Y ) and simply almost asymptotically Sθ(∆F )-statistical

equivalent if L = 1̄.
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Definition 1.5 Two double difference sequences X and Y of fuzzy numbers
are said to be almost asymptotically statistical equivalent of multiple L provided
that for every ǫ > 0

lim
m,n

1

mn

∣

∣

∣

{

k ≤ m, l ≤ n : d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥ ǫ
}∣

∣

∣ = 0, uniformly in m

(denoted byX ∼SL(∆F ) Y ) and simply almost asymptotically statistical equiva-
lent if L = 1̄.

Definition 1.6 Let (θr,s) be a double lacunary sequence. Two double dif-
ference sequences X and Y of fuzzy numbers are said to be strong V L

θ (∆F )-
asymptotically equivalent of multiple L provided that

lim
r,s

1

hr,s

∑

k,l∈Ir,s

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

= 0, uniformly in m

(denoted by X ∼V L
θ
(∆F ) Y ) and simply strong Vθ(∆F )-asymptotically statistical

equivalent if L = 1̄.

Definition 1.7 Two double difference sequences X and Y of fuzzy numbers
are said to be strong Cesaro CL

1 (∆F )-asymptotically equivalent of multiple L
provided that

lim
n

1

mn

m,n
∑

k,l=1,1

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

= 0, uniformly in m (denoted by X ∼CL
1 (∆F ) Y )

and simply strong Cesaro C1(∆F )-asymptotically equivalent if L = 1̄.

2 Main Results

Theorem 2.1 Let (θr,s) be a double lacunary sequence. The following con-
ditions are satisfied:
(i) If X ∼V L

θ
(∆F ) Y , then X ∼SL

θ
(∆F ) Y .

(ii) If X ∈ l∞(∆F ) and X ∼SL
θ
(∆F ) Y , then X ∼V L

θ
(∆F ) Y .

(iii) If X, Y ∈ l∞(∆F ) then X ∼V L
θ
(∆F ) Y if and only if X ∼SL

θ
(∆F ) Y .

Proof. (i) Let ǫ > 0 and X ∼V L
θ
(∆F ) Y , then

∑

k,l∈Ir,s

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥
∑

k,l∈Ir,s,d̄

(

tkm(∆Xk,l)

tkm(∆Yk,l)
,L

)

≥ǫ

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥ ǫ
∣

∣

∣

{

k, l ∈ Ir,s : d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥ ǫ
}∣

∣

∣.
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Therefore X ∼SL
θ
(∆F ) Y .

(ii) Let X and Y are in l∞(∆F ) and X ∼SL
θ
(∆F ) Y . Then we can assume that

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≤ T, for all k and m.

Given ǫ > 0, then we have

1

hr,s

∑

k,l∈Ir,s

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

=
1

hr,s

∑

k,l∈Ir,s,d̄

(

tkm(∆Xk,l)

tkm(∆Yk,l)
,L

)

≥ǫ

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

+
1

hr,s

∑

k,l∈Ir,s,d̄

(

tkm(∆Xk,l)

tkm(∆Yk,l)
,L

)

<ǫ

d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥
T

hr,s

∣

∣

∣

{

k, l ∈ Ir,s : d̄
(tkm(∆Xk,l)

tkm(∆Yk,l)
, L

)

≥ ǫ
}∣

∣

∣+ ǫ.

Therefore X ∼V L
θ
(∆F ) Y .

(iii) It directly follows from (i) and (ii).

Theorem 2.2 Let (θr,s) be a double lacunary sequence with lim inf qr,s > 1,

X ∼CL
1 (∆F ) Y implies X ∼V L

θ
(∆F ) Y.

Proof. Suppose that lim inf qr,s > 1, then there exists a δ > 0 such that
qr,s ≥ 1 + δ for sufficiently large r, s which implies

hr,s

kr,s
≥

δ

1 + δ
.

If X ∼CL
1 (∆F ) Y , then for every ǫ > 0 and for sufficiently large r, s, we have

1
(kr,s)

∣

∣

∣

{

(k, l) ≤ kr,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}
∣

∣

∣

≥
1

(kr,s)

∣

∣

∣

{

k, l ∈ Ir,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣

≥
δ

1 + δ

1

hr,s

∣

∣

∣

{

k, l ∈ Ir,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}
∣

∣

∣,

this completes the proof.

Theorem 2.3 Let (θr,s) be a double lacunary sequence with lim sup qr,s <
∞,

X ∼V L
θ
(∆F ) Y implies X ∼CL

1 (∆F ) Y.
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Proof. Suppose that lim sup qr,s < ∞, then there exists B > 0 such that

qr,s < B for all r, s ≥ 1. Let X ∼V L
θ
(∆F ) Y and ǫ > 0. There exists R > 0 such

that for every i, j ≥ R

Ai,j =
1

hi,j

∣

∣

∣

{

k, l ∈ Ii,j :
∣

∣

∣

tkm(Xk,l)

tkm(Yk,l)
, L

∣

∣

∣ ≥ ǫ
}
∣

∣

∣ < ǫ.

We can find K > 0 such that Ai,j < K for all i, j = 1, 2, · · ·. Now let n be any
integer with kr−1 < n < kr, where r > R. Then
1

mn

∣

∣

∣

{

k ≤ m, l ≤ n :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}
∣

∣

∣

≥
1

kr−1,s

∣

∣

∣

{

k, l ≤ kr,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣

=
1

kr−1,s

∣

∣

∣

{

k, l ∈ I1,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣

+
1

kr−1,s

∣

∣

∣

{

k, l ∈ I2,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣+ · · ·

+
1

kr−1,s

∣

∣

∣

{

k, l ∈ Ir,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣

=
k1

kr−1,sk1

∣

∣

∣

{

k, l ∈ I1,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣

+
k2 − k1

kr−1,s(k2 − k1)

∣

∣

∣

{

k, l ∈ I2,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣+ · · ·

+
kR − kR−1

kr−1,s(kR − kR−1)

∣

∣

∣

{

k, l ∈ Ir,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}∣

∣

∣+ · · ·

+
kr − kr−1

kr−1,s(kr − kr−1)

∣

∣

∣

{

k, l ∈ Ir,s :
∣

∣

∣

tkm(∆Xk,l)

tkm(∆Yk,l)
− L

∣

∣

∣ ≥ ǫ
}
∣

∣

∣

=
k1

kr−1,sk1
A1,j +

k2 − k1
kr−1,s(k2 − k1)

A2,j + · · ·+
kR − kR−1

kr−1,s(kR − kR−1)
AR,j + · · ·

+
kr − kr−1

kr−1,s(kr − kr−1)
Ar,j

≤ ( sup
i,j≥1

)
kR
kr−1

+ ( sup
i,j≥R

)
kr − kR
kr−1

≤ K
kR

kr−1,s
+ ǫB.

This completes the proof of the theorem.

Theorem 2.4 Let (θr,s) be a double lacunary sequence with 1 < lim inf qr,s ≤

lim sup qr,s < ∞, X ∼V L
θ
(∆F ) Y ⇔ X ∼CL

1 (∆F ) Y.

Proof. The proof follows from Theorem 2.2 and Theorem 2.3.
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