Mathematica Aeterna, Vol. 2, 2012, no. 5, 459 - 472

Basicity of a perturbed system of exponents
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Abstract

We consider a system of exponents with piecewise continuous phase
which can be a set of eigenfunctions of discontinuous differential oper-
ators. The basicity of this system in generalized Lebesgue spaces are
established under certain conditions.
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1 Introduction

Consider the following system of exponents

{ei)\n(t)}nez ’ <1)

where A, () has the representation A, (t) = nt — « (t) signn, Z is the set of all
integers and «(t) is a piecewise continuous function on the segment [—m; w]. A
great number of papers beginning with classic Theorem of Paley and Wiener
[17] on the Riesz basicity in L, and the results of Levinson [15] have been
devoted to basis properties (basicity, completeness, minimality) of system (1)
in classic Lebesgue spaces L, = L,(—m;7), 1 < p < 400, (Lo = Cl—m; 7))
when «a(t) = atand a € R is a real parameter. Necessary and sufficient basicity
conditions in L,, 1 < p < oo, for a parameter a € R have been obtained in
[16,19]. The most general case has been considered in [2,3].

Recently, in the light of specific problems of mechanics and mathematical
physics, there arose a great interest in studying this kind of matters in Lebesgue
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spaces Ly() and Sobolev spaces Wi, with variable summability index p(t).
Detailed information about these problems can be found in [10,11,14,18,21].
Solving many partial differential equations by the method of separation of vari-
ables urges the necessity to study basis properties in the spaces L, and W',
of the system of root functions of ordinary differential operators, generated by
these problems.

The case a (t) = at was earlier studied in [20] for & = 0 and in [5,7] for a €
R. The basicity inL,.)of the system (1) when A, (t) = —signn [at + Psignt], t €
[—m; 7], «a, 8 € C are complex parameters, is established in [6].

The present paper studies the basicity of system (1) and its perturbations
in generalized Lebesgue spaces L.y with variable summability exponent p (-).

2 Necessary notion and facts. Basic Assump-
tions

We state some ideas from the theory of L, spaces. Let p : [—m, 7] — [1, +00)
be a Lebesgue measurable function. Denote by Ly the class of all measurable
functions on [—m, 7| (with respect to Lebesgue measure). Denote

LOE [ 1 wra

Let L = {f €Lo: I, (f) < +co} and p* = supwvraip (t)™". Subject to the

[_ﬂ-?ﬂ-]
condition 1 < p~ < p™ < 400, L turns into a linear space with respect
to ordinary linear operations of addition of functions and multiplication of a
function by a number. With the norm

1£1,0 définf{)\ >0:1, (§> < 1} feL

the space L is a Banach space and we denote it by L,.). Assume

WL, = {p:p(r)=p(—m) and 3IC >0; Vi, ty € [—m, 7|,|t;1 —ta] <

NN
\

C
= t1)—plty)| < ——— .
|p(1) p(2)|_—1n|t1—t2|}
This is a weakly Lipschitz class of functions periodic on [—7, 7|. Through-

out this paper ¢ (¢) will denote the function conjugated to p (t), that is, ﬁ +
1

7 = 1. The following Holder’s generalized inequality holds:

[ 1 @a@iae <o) 1l ol

—Tr
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where ¢ (p7;pT) =1+ p% — p%. The following property is valid.
Property A.If |f ()| < g (t)] a.e. on (—m,m), then |, < g,
We’ll oftenly use this property. Also the following lemma is easily proved.

Lemma 2.1 Let p € WL, p(t) > 0,Vt € [—m, 7] and {a;}]" C R (R is
a real axis). The function w(t) = TIi%, |t — t;|* belongs to the space Ly if
o > —FL_), Vi =1,m; where {;}|" C [-m, 7|, t;#t;, fori#j.

Detailed information about these results can be found in [10,11,14,18,21].
We'll assume that the function « (t) satisfies the following basic assumptions:

() a(t)is piecewise Holder on [—m, ] and {sp} : —m = 59 < 51 < ... <
Sy < Spy1 = m are its discontinuity points on(—m,w). Let {hi}] : hp =
a(sg+0) —a(s,—0), k = 1,r be the jumps of the function «(t) at the
a(=m)—a()

points s, and hy = -

(ﬁ){hk— ! :k:W}ﬂZ:@.

T p (sk)
Define {ny}, C Z by the following relations:

1 h
e e < —— =0, k=17
q(sk) —m P (sk)

and assume that w, = hg + n,.
Let w = {z : |2| < 1} be a unit circle on a complex plane and dw be a unit
circumference. Introduce the Hardy class

H) = {f : f analytic in w and ||f]|Hp+() < —l—oo},

where Hf||Hp+() = sup I (re),y- Hpyy is a Banach space if 1 < p~ <

S
0<r
pt < +00. Determine the Hardy class ,, H. () of functions analytic outside the
unit circle of order less than or equal to m > 0 at infinity. Let f(z) be an
analytic function on C\w (& = w U dw), of finite order my < m at infinity, i.e.
f(z) = fi(2) + fa(2), where fi(z) is a polynomial of degree myg, and fa(2) is
the right part of the expansion of the function f(z) in Lorents series in the
neighborhood of infinite point. We’ll say that the function f(z) belongs to

the class ,, H), if the function ¢(2) = f2 (%) ((7) is a complex conjugation)
belongs to the class H;r(_).

For our investigation we need some basic concepts of the theory of close
bases, which are given as follows.

We’'ll denote a Banach space as B-space, the space conjugated to X is
denoted by X*. N is the set of all positive integers and Z, = {0} U N.
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Definition 2.2 The system {x,},.ny C X in B-space X is called w-linearly
independent if Yo"y apx, =0=a, =0, Vn € N.

The following lemma holds true.

Lemma 2.3 Let Xbe a B-space with the basis {x,}, .y and F: X = X a
Fredholm operator. Then the following properties of the system {y, = Fx,}
i X are equivalent:

1) {Yn}tpen 8 complete; 2) {yn},en is minimal; 8) {yn},cn i w - linearly
independent; 4) {yn},cn 15 basis isomorphic to {xy}, -

neN

Definition 2.4 The systems {z,},cn and {yn},cy n B-space X with the
norm ||-|| are called p-close if 3, [|2n — yu||” < +o00.

Definition 2.5 The minimal system{z,},.ny C X in B-space X is called

a p-system if forVo € X : {x}, (x)},cny € lp, where {x}}, oy C X™is its conju-

gate and l,a usual space of p-absolutely summable sequences {an}, .y normed

by H{a"}néNHz =, |an|p)%. In the case of basicity this system will be called
P

a p-basis.

Detailed information about this kind of facts can be found in the mono-
graphs [22,23] and in the papers [1,8]. We also need the following theorem.

Theorem 2.6 (Krein-Milman-Rutman [20]) Let X be a B—space with
norm ||-|| and with normalized basis {xy}, . and {z}}, .y C X* be a sys-
tem biorthogonal to it. If the system {yn},cn C X satisfies the condition
S0 T — yall < 07, where n = sup ||z}]|, then it forms a basis for X iso-

morphic to {xn},cn-
To obtain our main result we’ll use the following lemma.

Lemma 2.7 Let Xbe a B-space with the basis {x,}, .y and {z}}, .y C X~
be a system biorthogonal to {zy}, .. Assume that the system{yn},cn C X
differs from{zn}, .y by the finite number of elements, i.e. . Then, if Ay, =
det (2}, (Yr)), petig = 0 the system {yn},cn 18 not minimal in X.

We’ll need the following

Theorem 2.8 Let p € WL,, p > 1, and A*', B¥ € L (-m,m). If

the double system of exponents {A(t)ei"t; B(t)e‘““} po ey JoTmS a basis
neZy;

for Ly (—m,m) it is isomorphic in Ly to the classic system of exponents
{ei”t}nez, and the isomorphism is given by the operator S, where

™

SF=AY (£e) ™ + BY (fe™) e (fg) = [~ (gt
0 1

—Tr
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The validity of this statement is proved in [4]. Using this result, the fol-
lowing theorem is easily proved.

Theorem 2.9 Let the system (1) forms a basis for L,, 1 < p < 4+o00. Then
1)If1<p<2and f €L, then {fu},c, €y, and the inequality

|t ez, < mollfl,

is fulfilled, where my, is a constant independent of fand |-, is the ordinary
norm in L.

2) let p > 2 and let the sequence of numbers {a,},., belong to l,. Then
df € L, such that f, = a,, Yn € Z, and the inequality

11, < My [{fa}nez

lq

holds, where M, is a constant independent of { fu},c, -

Consider the Riemann homogeneous problem

Fr(r)=G(r)F(1)=0, 7 € 0w, @)
Ft e H;f(_), F~€enH,,

The following theorem is true for it.

Theorem 2.10 Let p € WL, p~ > 1, G(e®) = e¥*®  where a(t) satisfies
the condition (o) and the following inequalities be fulfilled:

0m "7 Spm an) 7 ()

Then the general solution of Riemann homogeneous problem (2) has the form
F(z)=27Z(z) Py, (2) , mg <m, where Z(z) is a canonical solution.

As immediate consequence of Theorem 2.10 is the following.

Corollary 2.11 Let all the conditions of theorem 2.10 be fulfilled. Then
for F~(00) =0, i.e. in the class H;(.) x _1H ., the homogeneous problem (2)
has only a trivial solution.

Consider the Riemann inhomogeneous problem

Ft(r) = G(n)F (1) = f(1), T € 0w, (3)
Fte H;f(,), F~ €,
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where f € L,y and G(7) = %7 Consider the Cauchy type integral

Z(z) f(r) dr

21 Jow ZH(T) T — 2’

F(z) = (4)

where Z*(7) are non-tangential boundary values of the function Z(z) on dw
inside the unit circle w.
The following theorem is valid.

Theorem 2.12 Letp € W L., G(e®) = €™ a(t) satisfy the condition
() and the following inequality be fulfilled:

1 hy 1
— < — <
q(s) 7w  p(sk)

, k=0,r. (5)

Then the general solution of the Riemann nonhomogeneous problem (8) in the

classH ) x H,y (m > 0) is of the form F(2) = Z(2)Pp,(2) + Fi(2), where

Z(z) f(r) dr

Fi(s) —
1(2) 2mi Jow ZT(T) T — 2

(6)

Z(z) is a canonical solution of the corresponding homogeneous problem.

Corollary 2.13 Let all the conditions of theorem 2.12 be fulfilled. Then,
provided F(oo) = 0, problem (3) has a unique solution Fy(z) defined by (6).

3 Basicity of a double system of exponents

Consider the system (1). The following theorem is valid:

Theorem 3.1 Let p € WL, p~ > 1, and the function «(t) satisfy the
condition (o). If inequalities (5) are fulfilled, then the system of exponents (1)
forms a basis for L.

Proof. Consider the following Riemann nonhomogeneous problem

FH (1) + G(r)F~ (1) = @87 f(arg 1), T € Ow,
LD+ GOF . m
F E Hp() X _al(.), F(OO) — 0,

where f € Ly.).

Let p € WL, and «(t) satisfy the condition (a)). Suppose that inequalities
(5) are fulfilled. Then according to Corollary 2.13, problem (7) has a unique
solution of the form (6). According to the results in [20] the system {e"™}, _,
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forms a basis for L,.). Denote by {g.},., a biorthogonal coefficients of the
function g € L, with respect to the system {e”} _ . i.e.

1 .
= — tye " dt, Z.
9= 5 /_ _g(t)e ne

It is obvious that F'= (e") € Ly, and moreover, from F € H;r(_) X 1 H o,
F(o0) = 0 it follows that F.f =0, Vn > 0; F, =0, n > 0. Consequently, the
following expansions hold in Ly.y:

F~ (eit) = i Efrem: - (eit) = i F- e
n=0 n=1

Taking into account these expansions in (7), we get that the function f can
be expanded as a series with respect to the system (1) in L,.). Let’s prove the
uniqueness of such series expansion. Let e~*(®) 3000 0 an€ ™+

+e@t) 5% pe”™ = 0 and

f(t) = Z anemt, g(t) = Z bn+1€im.
n=0 n=0

Then, we have

A(t)f(t) + B(t)g(t) =0, t € (=m,7), (8)
where A(t) = e7®) B(t) = e~ 1*®~1 [t is obvious that

/a flargT)r"dr = ak/a " dr =0, Yn > 0. (9)

According to the results of [9], it follows from (9) and f € L;(dw) that 3G €
H : GT(1) = f(argT), a.e. 7 € Ow. Assume Py(2) = G (%), |z| > 1. Thus,

Oy (1) = G*(1), 7 € Ow, where ®~(7) are non-tangential boundary values
of ®(2) ondw outside the unique circle. It is clear that GT, &y € L) (0w).
Then, from Smirnov Theorem [13] it follows that G € H;(.) and ®, € OHP_(')' If

®(z) = 27 1®(2), it is clear that ® € 1 H, , i.e. ®(c0) = 0. So, we have

Gt (eit) _ i anei"t; G+ (6it) _ imemt.
n=0 n=0
Consequently,

i (6it) — G+ (6it) _ i bn+1e_i"t, il (6it) _ ibne_m-

n=0
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As a result, from (8) we get the following conjugation problem in the classes

+
Hyoy X -1y

GH(r)+G(n)® (1) =0, T € dw,
(G, (I)) S H;E) X _1Hp_(.).

Since all the conditions of Theorem 2.9 are fulfilled, from Corollary 2.11 we
get G(z) = ¢(2) =0, i.e. a, = b1 =0, ¥n > 0. This proves the basicity of
the system (1) in Ly.).

4 Perturbed basis with exponents
Consider the following perturbed system of exponents
in (1)
{e }nez’ (10)
where 1, (t) has the following form:

o (1) = nt —a(t) signn + B, (t) ,n — oo. (11)

Assume that the following condition is fulfilled:
(7) the functions {B,} satisfy the relation

1

nk

B () =0 ()t € (snsuen) ok =073 {3} € (0,00).

The following theorem is valid.

Theorem 4.1 Let the asymptotic formula (11) be true with functionsa (t)
and B, (t) satisfying conditions («) and (7). Assume that the following inequal-

ities hold:
1 - - 1 - 1
T N Wi — =
q(m) p(m) p

where v = 1rnki1r17;c , b = min{p~; 2} and the quantity w, is determined by
the relations (3). Then the following properties of the system (10) in Ly.y are
equivalent:

1) it is complete;

2) it is minimal;

3) it is w-linearly independent;

4) it forms a basis isomorphic to {e™}, _, .

Proof. We have
> Mn v

ei)\n(t) _ eiﬂn(t)‘ —

eiBn(t) _ ‘
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where v = mkin v , and cis a constant independent of n. The last inequality

follows from the condition (vy ) Consider some special cases.
Let p=min{p~; 2} and v > . We have

Z e (t) _ ginn(t) H < pz

Suppose that all conditions of Theorem 2.10 and inequalities (5) are fulfilled.
Then system (1) forms a basis for Ly.). By Theorem 2.8, it is isomorphic to the
classical system with exponents {ei”t}ne 4 in Lyy. As a result, spaces of coeffi-

cients of the bases {e””(t)}nez and {e"} _, are congruent. Let T :Ly.)— Ly,
be a natural automorphism, i.e. T [ei’\”(t)} =™ Vn € Z. For all f €Ly,
let {fn},c, be a biorthogonal coefficients of f with respect to the system
{e”‘”(t)}nez. Assume that g = T'f. Consequently, {f,},c, is a Fourier coef-

ficients of function g with respect to the system {e”} _,. it follows directly
from (11) and from condition (7)that

D

nez

enlt) _ ei“"(t)Hi(.) < 400.

Consider the expression 3, (e”‘”(t) — ei“”(t)) fn. We have

[0 =) ],
nez

eMn(t) _ eiun(t)H 1l <

1 1
iAn(t) _ imn@ [P )" A
e ¢ e th()> <;‘fn|q> )

where % + % = 1. By the Hausdorff-Young theorem [3] we get

s(Z

nez

<XHM§QSmme

where m is a constant. From p < p~ and the continuous embedding L, CL;
we get

ol < 2 gy < ma T 11, for some ma > 0.
As a result we have

<
p(*)

Z( in(t) _ wn(t)) fn
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1
iAn @ ? \7
< mums (z G0 i @HM) 1l (12

Take ng € N such that

1

eAn(t) _ 6%’%@)“?()) ’ <1

[n|>ng

and assume that

won(t) = { A(t), |n| > no,

pa(t), In| <ng.
Then it is clear that

Z( iwn(t) ei)\n(t)) fn

< 5 fll - (13)
p(-)

It follows directly from (12) that the expression _, (ei“’”(t) enlt ) fn
represents a function from L,, denote it by T, f. Taking into account (13),
we get [|Tp|| < 0 < 1. Thus, the operator F' = I +Tj is invertible and it is easy
to see that F [e”‘”(t)} = et Y € Z. Consequently, the system {ei“’”(t)}nez

forms a basis isomorphic to {e”‘”(t)} ey for L. The systems {6iun(t)} EZand

iwn (1)

{e differ by the finite number of elements. The further evidence

ne
follows directly from Lemma 2.1. Thus, the theorem is proved.

Now we consider the case when v > 1. In this case it is obvious that it
holds 200 _ _ [|en() — e ®]|, ) < +oo. Let all the conditions of Theorem

2.12 be fulfilled. Then the system { At )} s forms a basis for L,.. Denote
by {Un},cr C Lg() the system biorthogonal to it. Assume ) = sup 19l

is clear that dng € N:

D

[n|>no+1

eidn(t) _ eiun(t)H 0 <91
e

Consider the following functions:

Thus,
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Then it follows from Theorem 2.6 that the system {ei;\”(t)} ey forms a basis iso-
morphic to {ei’\”(t)}nez for L. System (10) and the basis {ei;\”(t)}nez differ

by the finite number of elements. Denote by { ﬁn} s the system biorthogonal
to this basis. Consider

MO = 5 ™04 T a0, Vs k] <np,(14)

\n\<n0 |n‘>n0

where a,;, = @n( Ak ) = [T M) (t)dt. Denote by A, the following
determinant

A”O — det (aul])l’]:m . (15)
It is clear that if A,, # 0, the elements e™® k = —ng ng, in expan-
sion (14), may be replaced by the elements e#*®) k = —ng, ny. Since the

system {eix"(t)} s forms a basis for Ly.), then f has the expansion f =

Y G (f)er® Vi e Ly.). Hence it follows directly that if A,, # 0,
then f has the expansion with respect to the system (10) Vf € Ly, Le. it is
complete in Ly.y. Consider the operator

We have

S Ga(FeMO 1 3 3, (f) [en® — 0] =

n=—oo n=—oo

= f 3 (e — ) = (14 7)
n=-ng

where I : L,y — Ly is an identity operator and 1" is an operator generated by
the second summand above The Fredholm property of I in L,y follows from
the finite dimensionality of the operator T'. It is clear that F {e“” (t )} = eirn(®)
Vn € Z. Then from Lemma 2.3 we get the basicity of system (10) in L,.
Conversely, if system (10) forms a basis for L,., it follows from Lemma 2.7
that A,, # 0. Thus we established that under the given conditions the system
(10) forms a basis for L, if the determinant defined by (15) is not equal to
zero. So we have just proved the following theorem:

Theorem 4.2 Let all the conditions of Theorem 3.1 with v > 1 be fulfilled
and the determinant A, be defined by expression (15). Then the system (10)
forms a basis for Ly, if Ap, # 0.
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Now consider the case when w, doesn’t belong to (—ﬁ, ﬁ) Let, for
example, zﬁ < Wy < zﬁ + 1. In this case, as it follows from Theorem 3.1,
the system

()., U () 0

forms a basis for L,.). Consider the system

{0} Utg 0}, (17)

where g € L. Let the conditions (a), (3) and v > % be fulfilled for system
(10). Then it is easy to see that system (15) and basis (16) are p-close in L.y,
where p = min {p~; 2}. Consequently, the system (10) is not complete in Ly.).
The remaining cases of w, > ﬁ are proved in the same way.

Consider the case when , for example, w, € (—ﬁ -1, —ﬁ). In this
case, again by virtue of Theorem 2.12, the system
iﬂn(t)
{6 }nyé(] ’ (18)

forms a basis for L,.). If the conditions («) and () are fulfilled, then the basis
(18) and system {e“"(t)} , are p-close in Ly). Consequently, the system
(10) is not minimal in L,.). The remaining cases of wy < —=L= can be proved

similarly. As a result, we get the following final result for the basicity of system
(10) for Lp(.).

n

Theorem 4.3 Let the asymptotic formula (11) holds with the conditions
() and (7y) for the functions a (t) and B, (t). Let the quantity w, be determined

by the relations (5) and let v > %. Then for w, < —ﬁ the system (10) is
nonminimal in Ly.y ; for wy > zﬁ it 1s not complete in Ly . For —ﬁ <
ﬁ the following properties of system (10) in Ly.) are equivalent:

1) it is complete in Ly.);

2) it is minimal in Ly;

8) it is w— linearly independent in Ly.;

4) it forms a basis isomorphic to {e"}, _, for Ly;

5) Ay, # 0, where Ay, is determined by (15).

Wy <

In fact, equivalence of properties 1)-4) follows directly from Lemma 2.3.
As for equivalence of properties 4) and 5), it was proved above.
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