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Abstract

The aim of this paper is to apply the concept of an intuitionistic
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intuitionistic fuzzy closed ideal of a BG-algebra is introduced, and some
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fuzzy BG-algebra is investigated.
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1 Introduction

Zadeh introduced initiatively the concept of fuzzy sets [18] in 1965, from then
on some researches have been conducted on the generalization of the notion
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of fuzzy sets. Atanassov presented a generalization of the notion of fuzzy sets:
the concept of intuitionistic fuzzy sets [2] in 1986, and some basic and main
results on intuitionistic fuzzy sets were discussed in [2-4].

In 1966, Imai and Iseki [7] introduced two classes of abstract algebra:
BCK-algebras and BC'I-algebras. It is known that the class of BC K-algebra
is a proper subclass of the class of BC'I-algebras. In [6] Hu and Li introduced
a wide class of abstract algebras: BC H-algebras. They have shown that the
class of BC'I-algebra is a proper subclass of the BC H-algebras. Neggers and
Kim [11] introduced a new notion, called a B-algebras which is related to
several classes of algebras of interest such as BCH/BCI/BCK-algebras. Cho
and Kim [5] discussed further relations between B-algebras and other topics es-
pecially quasigroups. Kim and Kim [9] introduced the notion of BG-algebras,
which is a generalization of B-algebras. Ahn and Lee [1] fuzzified BG-algebras.
Saeid [13] introduced fuzzy topological BG-algebras. In the same year Zarandi
and Saeid [20] presented intuitionistic fuzzy ideals of BG-algebras. Senapati
et al. [15] presented the concept and basic properties of intuitionistic fuzzy
BG- subalgebras.

In this paper, some extended result of intuitionistic fuzzy ideal called IFC-
ideal of BG-algebras is presented based on intuitionistic fuzzy sets(IFSs), and
obtain some results on them. At the same time, the notion of equivalence
relations on the family of all intuitionistic fuzzy ideals of a BG-algebra are
presented and investigated some related properties. The product of intuition-
istic fuzzy BG-algebra has been introduced and some important properties are
of it are also studied.

The rest of this paper is organized as follows. The following section briefly
reviews some background on BG-algebra, BG-subalgebra, intuitionistic fuzzy
set, intuitionistic fuzzy BG-subalgebras. In Section 3, we propose the concepts
and operations of intuitionistic fuzzy ideal and intuitionistic fuzzy closed ideal
(IFC-ideal) and discuss their properties in detail. In Section 4, we investigate
properties of intuitionistic fuzzy ideals under homomorphisms. In Section 5,
we introduce equivalence relations on intuitionistic fuzzy ideals.In Section 6,
product of intuitionistic fuzzy BG-algebra and some of its properties are stud-
ied. Finally, in Section 7, we draw the conclusion and present some topics for
future research.

2 Preliminaries
This section contains some definitions and results to be used in the sequel. The

BG-algebra is a very important branch of a modern algebra, which is defined
by Kim and Kim [9]. This algebra is defined as follows.
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Definition 2.1 [9](BG-algebra) A non-empty set X with a constant 0 and
a binary operation * is said to be BG-Algebra if it satisfies the following axioms
1. zxx=0
2. xx0==x
3. (xxy)*x(0xy) ==z, forall x,y € X.

A BG-algebra is denoted by (X, *,0). An example of BG-algebra is given
below.

Example 2.2 Let X = {0,1,2,3,4,5} be a set. The binary operation x
over X 1is defined as

U W N~ O %
TR W~ oo
WU~ O N
B W Ut O N N
— N O R ool w
O O O O R
O = N W i ol ot

This table satisfies all the conditions of Definition 2.1. Hence, (X, *,0) is a
BG-algebra.

Now, we introduce the concept of BG-subalgebra over a crisp set X and
the binary operation * in the following. The definition of BG-subalgebra is
given below.

Definition 2.3 [9](BG-subalgebra) A non-empty subset S of a BG-algebra
X is called a subalgebra of X if xxy €S, forall x,y €S.

From this definition it is observed that, if a subset S of a BG-algebra
satisfies only the closer property, then S becomes a BG-subalgebra.

Definition 2.4 [18](Fuzzy Set) Let X be the collection of objects denoted
generally by x then a fuzzy set A in X is defined as A = {< x,aa(x) >z € X}
where aa(x) is called the membership value of z in A and 0 < aa(z) < 1.

Combined the definition of BG-subalgebra over crisp set and the idea of
fuzzy set Ahn and Lee [1] defined fuzzy BG-subalgebra, which is defined below.

Definition 2.5 [1](Fuzzy BG-subalgebra) Let A = {< x,aq(z) >: 2 € X}
be a fuzzy set in a BG-algebra. Then A is called a fuzzy subalgebra of X if
as(zxy) > min{aa(x), aa(y)} forallx,y € X, where as(x) is the membership
value of x in X.
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Definition 2.6 [10](Fuzzy BG-ideal) A fuzzy set A = {< x,aa(x) >: 2 €
X} oin X is called a fuzzy ideal of X if it satisfies (i) aa(0) > aq(zx) and (i1)
aa(x) > min{aa(x *xy),aa(y)} for all x,y € X.

In a fuzzy set only the membership value a4(x) of an element z is consid-
ered, and the non-membership value can be taken as 1 — a4 (x). This value
also lies between 0 and 1. But in reality this is not true for all cases, i.e, the
non-membership value may be strictly less than 1. This idea was first incor-
porated by Atanassov [2] and initiated the concept of intuitionistic fuzzy set
defined below.

Definition 2.7 [2|(IFS) An intuitionistic fuzzy set A over X is an object
having the form A = {(z,aa(z), Ba(z)) : © € X}, where as(z) : X — [0,1]
and Ba(z) : X — [0, 1], with the condition 0 < Sa(x)+LBa(z) <1 forallz € X.
The numbers as(x) and Ba(x) denote, respectively, the degree of membership
and the degree of non-membership of the element x in the set A. For the sake
of simplicity, we shall use the symbol A = (aa, fa) for the intuitionistic fuzzy

subset A = {(z,aa(x),Ba(z)) : x € X}.

Extending the idea of fuzzy BG-subalgebra, Zarandi and Saeid [20] defined
intuitionistic fuzzy BG-subalgebra. In intuitionistic fuzzy BG-subalgebra, two
conditions are to be satisfied, instead of one condition in fuzzy BG-subalgebra.

Definition 2.8 [15](Intuitionistic fuzzy BG-subalgebra) An IFS A = (aa, 54)
in X is called an intuitionistic fuzzy subalgebra of X if it satisfies the following
two conditions,

(IBS1) as(x*y) > min{aa(z), aa(y)}
and (IBS2) Ba(z*y) < max{fa(x),Laly)}.

3 IFC-ideals of BG-algebras

In this section, intuitionistic fuzzy ideal and IFC-ideal of BG-algebra are de-
fined and some propositions and theorems are presented. In what follows, let
X denote a BG-algebra unless otherwise specified.

Definition 3.1 [20] An IFS A = (au, 4) in X is called an intuitionistic
fuzzy ideal of X if it satisfies:
(IBS3)  @a(0) > aa(x) and f4(0) < Ba(z)
(IBS4) as(z) > min{aa(r *y),aa(y)}
(IBS5)  fBa(x) < max{fa(x *y), Baly)}
for all z,y € X.
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Example 3.2 Consider a BG-algebra X ={0, 1, 2,3} with the following Cay-
ley table

x| 0 1 2 3
0]0 1 2 3
111 0 3 2
212 3 0 1
313 2 1 0

Let A = (s, Ba) be an IFS in X defined as a4(0) = aa(2) = 1, aa(l) =
a4(3) = m, Ba(0) = Ba(2) = 0 and Ba(1) = Ba(3) = n, where m,n € [0,1]
and m+n < 1. Then A = (aa, fa) is an intuitionistic fuzzy ideal of X.

Definition 3.3 An IFS A = (aa, f4) in X is called an IFC-ideal of X if it
satisfies (IBS4), (IBS5) along with (IBS6) as(0%x) > aa(z) and S4(0*z) <
Ba(z), for all z € X.

Example 3.4 Consider a BG-algebra X ={0,1,2,3,4,5} with the table in
Example 2.2. We define an IFS A = (aa, fa) in X by, aa(0) = 0.6, aa(l) =
OéA<2) = 05, OéA<3) = OéA<4) = OéA<5) = 035, ﬁA(O) = 015, ﬁA(l) = ﬁA<2) =
0.3 and $a(3) = Ba(4) = Ba(5) = 0.5. By routine calculations, one can verify
that A = (aa, Ba) is an IFC-ideal of X.

Proposition 3.5 FEvery IFC-ideal is an intuitionistic fuzzy-ideal.

The converse of above Proposition is not true in general as seen in the
following example.

Example 3.6 Consider a BG-algebra X = {0,1,2,3,4,5} with the follow-
ing table

x| 0 1 2 3 4 b}
0]0 ) 4 3 2 1
111 0 ) 4 3 2
212 1 0 5 4 3
313 2 1 0 ) 4
414 3 2 1 0 )
215 4 3 2 1 0

Let us define an IFS A = (a4, Ba) in X by aa(0) = 0.6, aa(l) = 0.5, as(2) =
OéA(3) = OéA(4) = OéA(5) = 0.35, ﬁA(O) = 0.15, 5,4(1) = 0.3, and ﬁA(Q) =
Ba(3) = Ba(4) = 5a(5) = 0.5. We know that A = (aa, Ba) is an intuitionistic
fuzzy ideal of X. But it is not an IFC-ideal of X since as(0%x) # aa(x) and
Ba(0% ) £ Ba(x).

Corollary 3.7 FEvery intuitionistic fuzzy BG-subalgebra satisfying (IBS4)
and (IBS5) is an IFC-ideal.
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Theorem 3.8 Fvery IFC-ideal of a BG-algebra X is an intuitionistic fuzzy
BG-subalgebra of X.

Proof: If A = (auy, 4) is an IFC-ideal of X, then for any x € X we have
aa(0*z) > aa(z) and B4(0x x) < Ba(z). Now

aalzxy) > min{aa((x*y)*(0xy)),aa(0*xy)}, by (IBS4)
= min{aa(z),as(0xy)}
> min{aa(x),as(y)}, by (IBS6)
and Palzxy) < max{fa((z*y)*(0xy)), Ba(0*y)}, by (IBS5)
= max{Ba(), B4(0%y)}
< max{Ba(x), Ba(y)}, by (IBS6).
Hence the theorem. ([

Proposition 3.9 If an IFS A =

(aa, Ba) in X is an IFC-ideal, then for
all v € X, ax(0) > as(x) and a(0) < Ba(

Proof: Straightforward. O

Definition 3.10 [2] Let A = (aa,84) and B = (ag, fp) be two IFSs on
X. Then the intersection of A and B is denoted by AN B and is given by
AN B = {min(a, ag), max(54, fp)}. Also the complement of A is denoted
by A and is defined by A = (84, a4).

The intersection of two intuitionistic fuzzy ideals of a BG-algebras is also
an intuitionistic fuzzy ideal of a BG-algebra, which is proved in the following
theorem.

Theorem 3.11 Let Ay and As be two intuitionistic fuzzy ideals of a BG-
algebras X . Then A; N Ay is also intuitionistic fuzzy ideal of BG-algebra X.

Proof: Let z,y € Ay N Ay. Then z,y € A; and Ay. Now, aa,n4,(0) =

O‘AlﬂAz(I * I) > min{o‘fhﬂfb(x)vaz‘\lﬂfh(x)} = aAlﬂAz(x> and BAlnAQ(O) =
Bainas (@ * x) < max{fa,na, (), Bainas(2)} = Bayna,(x). Also,

aana, () = min{oag, (), aa,(x)}

min{min{aa, (z * y), s, (y) }, minfoa, (2 x y), aa, (y) }}
min{min{a, (z * y), s, (z * y) }, min{aa, (y), va,(y) } }
min{aa,na, (T *Y), @ana, (y)

max {4, (), Ba, ()},

< max{max{84, (z * y), B4, (y) }, max{Ba,(z x y), Ba,(y) }}
= max{max{84, (z *y), Ba,(z * y) }, max{Ba, (y), Ba,(y) }}
= maz{Ba,na, (T *Y), Baina, (Y)}

A%

and BAlﬂAg (I)
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Hence, A; N Ay is an intuitionistic fuzzy ideal of a BG-algebra of X. U
The above theorem can be generalized as follows.

Theorem 3.12 Let {A;]i = 1,2,3,4,...} be a family of intuitionistic fuzzy
ideals of a BG-algebra X. Then () A; is also an intuitionistic fuzzy ideal of
BG-algebra X where, [ A; = (min ag, (x), max Ba,(x)).

In the same way and by the definition of A we can prove the following
result.

Theorem 3.13 An IFS A = (a4, Ba) is an intuitionistic fuzzy ideal of X
iof and only if the fuzzy sets ay and [, are fuzzy ideals of X .

Proof: Let A = (aa,f4) be an intuitionistic fuzzy ideal of X. Clearly,
a4 is a fuzzy ideal of X. For every z,y € X, we have 8,4(0) = 1 — £4(0) >
1= Ba(z) = Ba(e) and Bo(x) = 1~ fa(x) > 1 - mar{Ba(x y), Ba(y)} =
min{l — Ba(z xy), 1 — Ba(y)} = min{B,(x *xy), B4(y)}. Hence, B, is a fuzzy
ideal of X.

Conversely, assume that a4 and (4 are fuzzy ideals of X. For every z,y €
X, we get ay(0) > as(z) and 5,(0) > B4(x). This implies, 1 — 34(0) >
1 — Ba(x). That is, 84(0) < Ba(x). Also as(z) > min{aa(x xy),aa(y)} and
1= Pa(z) = Bu(x) 2 min{f,(z*y), Fa(y)} = min{l = Sa(zxy), 1 - Baly)} =
1 — max{fBa(x *xy),Baly)}. That is, S4(z) < max{Sa(x *vy),La(y)}. Hence,
A = (aa, fa) is an intuitionistic fuzzy ideal of X. O

Lemma 3.14 [20] Let A = (a4, 84) be an intuitionistic fuzzy ideal of X.
If xxy < zthen au(z) > min{aa(y), aa(2)} and Sa(z) < max{S4(y), Ba(z)}.

Lemma 3.15 [20] Let A = (a4, 84) be an intuitionistic fuzzy ideal of X.
If z <y then aa(x) > aa(y) and Sa(x) < Ba(y) i.e., ay is order-reserving and
B4 is order-preserving.

The above lemma can be generalized as

Lemma 3.16 If A = (a4, 54a) is an intuitionistic fuzzy ideal of X, then
(c...((x * ay) *ag) *....) xa, =0 for any x,ay,as, ....,a, € X, implies ay(x) >

min{aa(ar), aa(as), ..., aa(an)} ; Ba(zr) < max{Ba(ar), Ba(az), ....., Balan)}.

Proof: Using induction on n and by Lemma 1 and Lemma 2 we can easily
prove the theorem. 0
We define two operators @ A and @ A on IFS as follows:

Definition 3.17 Let A = (aa,B4) be an IFS defined on X. The op-
erators P A and @ A are defined as P A = (aa(z),@a(z)) and QA =
(Ba(@), Ba(z)) in X.
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Theorem 3.18 If A = («a, fa) is an intuitionistic fuzzy ideal of X, then
(i) B A, and (ii) Q) A, both are intuitionistic fuzzy ideals of X.

Proof: For (i), it is sufficient to show that @, satisfies the second part of
the conditions (IBS3) and (IBS5). We have @4(0) =1 —a4(0) < 1—aa(x) <
a@a(x). Let z,y € X. Then a4(z) =1 —aa(x) <1—min{as(x*xy), as(y)} =
max{l — as(z *xy),l — aa(y)} = max{@a(z *y),@a(y)}. Hence, @P A is an
intuitionistic fuzzy ideal of X.

For (ii), it is sufficient to show that 3, satisfies the first part of the conditions
(IBS3) and (IBS4). We have 5,(0) = 1 — $4(0) > 1 — Ba(x) > B4(2).
Let x,y € X. Then f,(z) = 1 — Ba(z) > 1 — max{Ba(z * y), Baly)} =
min{l — fa(z * y),1 — Ba(y)} = min{fB(x xy), B4(y)}. Hence, & A is an
intuitionistic fuzzy ideal of X. U

Definition 3.19 [15] Let A = (a4, 4) is an intuitionistic fuzzy BG-subal
gebra of X. For s,t € [0,1], the set U(a4 : s) = {x € X : aa(x) > s} is called
upper s-level of A and L(54 : t) = {z € X : Ba(x) < t} is called lower ¢-level
of A.

Theorem 3.20 An IFS A = (aa, B4) is an IFC-ideal of X if and only if
the sets U(aya : s) and L(Ba : t) are closed ideal of X for every s,t € [0, 1].

Proof: Suppose that A = (aa,4) is an IFC-ideal of X. For s € [0, 1],
obviously, 0 x x € U(an : s), where z € X. Let x,y € X be such that
xxy €EU(ay :s)and y € U(aa @ s). Then aq(z) > min{aa(zxy),as(y)} > s.
Then o € U(aa : s). Hence, U(aa : s) is closed ideal of X.

For ¢t € [0,1], obviously, 0 xz € L(84 : t). Let z,y € X be such that
xxy € L(Ba:t)and y € L(B4 : t). Then Sa(x) < max{fa(xxy),La(y)} < t.
Then = € L(B4 : t). Hence, L(f4 : t) is closed ideal of X.

Conversely, assume that each non-empty level subset U(a : ) and L(B4 :
t) are closed ideals of X. For any x € X, let as(z) = s and fa(z) =t. Then
x€U(as:s)and x € L(Ba : t). Since Oxx € U(ay : s) N L(Ba : t), it follows
that aa(0*xx) > s = aa(x) and Sa(x) <t = fa(x), for all z € X.

If there exist A,k € X such that as(\) < min{aa(\ * k), va(k)}, then by
taking s’ = %[aA(A*m)ijin{aA()\), aA(H)}], it follows that Axx € U(aa : &)
and kK € U(ag 1 §), but A ¢ U(ay : '), which is a contradiction. Hence,
U(ay : 8') is not closed ideal of X.

Again, if there exist v, € X such that 54(y) > max{S4(y*9), 54(0)}, then
by taking ¢’ = 1 [BA(7*5)+maX{ﬁA(7), ﬁA(é)}] , it follows that yxd € U (54 : t')

and 6 € L(Ba : t'), but v ¢ L(Ba : t'), which is a contradiction. Hence,
L(B4 : t') is not closed ideal of X.

Hence, A = (aa,fa) is an IFC-ideal of X since it satisfies (IBS3) and
(IBS4). O



Intuitionistic fuzzifications of ideals in BG-algebras 769

Theorem 3.21 Let Sy DO Sy D S3--- be a descending chain of closed ideals
of X which terminates at finite step. For an IFC-ideal A = (aa, Ba) of X,
if a sequence of elements of Im(ay) is strictly increasing and Im(B4) strictly
decreasing, then A = (aa, fa) is finite valued.

Proof: Assume that A = (aa, 84) is infinite valued. Let {¢,,} be a strictly
increasing sequence of elements of Im(a,). Then 0 < 9y < g < --- < 1. Note
that U(aa : 1) is a closed ideal of X fort =1,2,3,.... Let z € U(ay4 : 1) for
t =2,3,.... Then aa(x) > ¢y > 1,1, which implies that = € U(aa : 14_1).
Hence U(aya : 10y) C U(aa : Y1) for t =2,3,.... Since ¢,_1 € Im(ay) there
exists x;_1 such that aa(x;_1) = ;1. It follows that z,_1 € U(aa : Y1),
but z;_1 ¢ U(aa : ). Thus U(aa : ¥y) S U(aa : 1), and so we obtain a
strictly descending chain U(aa : ¢1) 2 U(aa 1 1h2) D - - of closed ideals of X
which is not terminating. This is impossible.

Again let {\,} be a strictly decreasing sequence of elements of Im(f4).
Then 1 > A\ > Ay > --- > 0. Note that L(54 : As) is a closed ideal of X for
s=1,2,3,.... Let © € L(B4 : As) for s = 2,3,.... Then B4(x) < Ay < As_1,
which implies that 2 € L(B84 : A\s_1). Hence L(B4 : A\s) C L(Ba : A\s_1) for
s = 2,3,.... Since As_1 € Im(fBa) there exists z,_1 such that fa(zs_1) =
As—1. It follows that x5 1 € L(Ba : As_1), but zs_1 ¢ L(5a : As). Thus
L(Ba = As) € L(Ba : As—1), and so we obtain a strictly descending chain
L(Ba: A1) 2 L(Ba:Aa) 2 -+ of closed ideals of X which is not terminating.
This is impossible. Therefore, A = (a4, 54) is finite valued. O

Now we consider the converse of Theorem 3.21.

Theorem 3.22 [f every IFC-ideal A of X has the finite image, then every
descending chain of closed ideals of X terminates at finite step.

Proof: Suppose there exists a strictly descending chain Sy 2 51 2 S - - -
of closed ideals of X which does not terminate at finite step. Define an IFS
A= (aa,pBa)in X by

it penx,s, A A=

au(r) =

0 it xen,S,

where n = 0,1,2,... and Sy stands for X. Clearly, a4(0 % z) > a4(z) and
Ba(0xz) < Ba(x) for all x € X. Let x,y € X. Assume that zxy € S, \ Sni1
and y € S\ Sgr1 forn=10,1,2,..;k=0,1,2,.... Without loss of generality,
we may assume that n < k. Then obviously z xy and y € S,, so x € S,
because S, is a closed ideal of X. Hence,

n
n+1

=min{a4(z *y),aa(y)}

= max{fa(z *y), Ba(y)}.

aa(r) >

Ba(z) <

n+1
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If zxy,yeni Sy, then z € N2 ,S,. Thus

as(z) =1 =min{as(z*xy),aa(y)}

Ba(z) = 0=max{Ba(x *y), Baly)}.

If xxy ¢ N2y, and y € Ny°,S,, then there exists a positive integer r such
that x xy € S, \ S,41. It follows that = € S, so that

aa(x) > " i 1= min{aa(z *y), aa(y)}
5a(r) < — 5 = max{Ba(z #9). Sa(9)).

Finally suppose that z xy € NS, and y ¢ N> S,,. Then y € S5\ Ss41 for
some positive integer s. It follows that = € S, and hence

aa(e) 2 —— = minfaa(e +y),a4(y))}
5a(e) < — = = max{Ba(e + 1), Sa(w)}.

This proves that A = (aa,f4) is an IFC-ideal with an infinite number of
different values, which is a contradiction. This completes the proof. 0J

Theorem 3.23 Every ascending chain of closed ideals of X terminates at
finite step iff the set of values of any IFC-ideals is a well ordered subset of L.

Proof: Let A be an intuitionistic fuzzy closed ideals of X. Suppose that
the set of values of A is not a well-ordered subset of L. Then there exist
a strictly decreasing sequence {v,} such that aa(x,) = 7,. It follows that
Ulaa :71) CU(wa : 72) € U(aa :y3) € -+ is a strictly ascending chain of
closed ideals of X which is not terminating. This is impossible.

If there exist a strictly increasing sequence {0, } such that Sa(x,) = d,. It
follows that L(84 : 01) C L(5a : 02) C L(Ba : d3) € --- is a strictly ascending

chain of closed ideals of X which is not terminating. This is impossible.
To prove the converse suppose that there exist a strictly ascending chain

S1C S5 CS;3C - (1)

of closed ideal of X which does not terminate at finite step. Note that S :=
UnenSn is a closed ideal of X. Define an IFS A = (a4, 54) in X by

1 wh k = mi € N|z € S,
ante) ={ 5, &7 TR a0 =1 - aa)

We claim that A = (aa,84) is an IFC-ideal of X. Let x € X. If x ¢ S,,,
then obviously a4(0 * z) > 0 = au(z) and S4(0xz) > 1 = fu(z). lf z €
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S\ Sp_1 forn=2,3,..., then 0xx € S,,. Hence, a4(0*x) > % = aa(x) and
Ba(0xx) > 1—% =fa(z). Let z,y € X. lf exy € S, \ Sp—1and y € S, \ Sp—1
forn=2,3,... then z € §,. It follows that

as(r) > —=min{aa(z*y),aa(y)}

1_
1— % = max{fa(x *xy), Baly)}.

Balz) <

Suppose that x xy € S, and y € S, \ S, for all p < n. Since A = (aa, fa)

is a closed ideal of X, then z € Sy, and so aa(z) > 1 > p+1 > a4(y) and
Ba(z) <1-1< 1 — o5 < Ba(y) and hence aa(z) = min{oa(z * y), aa(y)},

Ba(x) < max{Ba(z + y) 5A( )}

Similarly, for the case x xy € S5, \ S, and y € S,, we have as(zr) >
min{aa(z * y), va(y)} and fa(z) < max{fa(z *y), Baly)}.

Therefore A = (a4, 4) is an IFC-ideal of X. Since the chain (1) is not
terminating, A has a strictly descending sequence of values. This contradicts

that the value set of any [FC-ideal is well-ordered. This completes the proof.
O

4 Investigation of intuitionistic fuzzy ideals un-
der homomorphisms

In this section, homomorphism of intuitionistic fuzzy BG-algebra is defined
and some results are studied.

Let f be a mapping from the set X into the set Y. Let B be an IFS in Y.
Then the inverse image of B, is defined as f~'(B) = (f~'(ag), f~1(8p)) with
the membership function and non-membership function respectively are given

by f~(ap)(z) = ap(f(x)) and f~Y(Bs)(x) = Ba(f(x)). It can be shown that
f7Y(B) is an IFS.

Definition 4.1 A mapping f : X — Y of BG-algebra is called a BG-
homomorphism if f(x xy) = f(x) * f(y), for all x;y € X. Note that if
f:X =Y is a BG-homomorphism, then f(0) =0

Theorem 4.2 Let f : X — Y be a homomorphism of BG-algebras. If
B = (ag, B) is an intuitionistic fuzzy ideal of Y, then the preimage f~1(B) =
(fYap), f7XBB)) of B under f in X is an intuitionistic fuzzy ideal of X.

Proof: For all z € X, f~ ( B)(x) = ap(f(z)) < ap(0) = ap(f(0)) =
f(ap)(0) and f~'(fp)(x ) = Be(f(x)) > Bp(0) = Bs(f(0)) = f~(Bp)(0).
Let 2,y € X. Then f~'(ap)(z) = ap(f(z)) > min{ap((f(z)*f(y)), as(f(y))}
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> min{ap(f(z+y), ap(f(y))} = min{f~(ap)(@*y), f~(ap)(y)} and f(Bp)
() = Pp(f(x)) < max{Bp((f(x)*f(y)), Bs(f(y))} < max{fp(f (x*y) s(f(y
)} = max{f~(Bs)(x xy), f(Bs)(y)}. Hence, f71(B) = (f(ap), f~'(B5))

is an intuitionistic fuzzy ideal of X. O

Theorem 4.3 Let f : X — Y be an epimorphism of BG-algebras. Then
B = (ap,Bs) is an intuitionistic fuzzy ideal of Y, if f~Y(B) = (fYap),
f~YBg)) of B under f in X is an intuitionistic fuzzy ideal of X.

Proof: For any x € Y, there exists a € X such that f(a) = x. Then
ap(z) = ap(f(a)) = f~(ap)(a) < [~ (ap)(0) = ap(f(0)) = ap(0) and
Be(x) = Bp(f(a)) = f1(Br)(a) > f~1(Br)(0) = Bp(f(0)) = B5(0).

Let x,y € Y. Then f(a) = x and f(b) = y forsome a,b € X. Thus ag(z) =
ap(f(a)) = f~Hap)(a) > min{f~(ap)(a*b), f(ap)(b)} = min{ap(f(a*
b)),as(f(b)} = min{ap(f(a) * f(b)%aB(f(b))} = mm{aB(l" *y),ap(y)}
and Bg(r) = Bp(f(a)) = f1(Bs)(a) < max{f'(Bs)(a*D), [ (Bp)(D)} =

max{Bp(f(a*b)), Bp(f(b))} = max{Bp(f(a)* f(b)), Bu(f(b))} = max{Bp(x *
y), Bp(y)}. Then B = (ap, Bp) is an intuitionistic fuzzy ideal of Y. O

5 Equivalence relations on intuitionistic fuzzy
ideals

Let IFI(X) denote the family of all intuitionistic fuzzy ideals of X and let
p € [0,1]. Define binary relations U” and L on IFI(X) as (4,B) € U? <
U(aa:p)=Ul(ap:p) and (A, B) € LP & L(S4 : p) = L(Bp : p) respectively,
for A = (aa,B4) and B = (ap, fp) in IFI(X). Then clearly U? and L’ are
equivalence relations on IFI(X). For any A = (a4, Ba) € IFI(X), let [A],,
(respectively, [A];,) denote the equivalence class of A modulo U” (respectively,
L?), and denote by IFI(X)/U? (respectively, IFI(X)/L?) the collection of all
equivalence classes modulo U” (respectively, L), i.e.,

IFI(X)/U? := {[A]yp|A = (a4, Ba) € IFI(X)},
respectively,

IFI(X)/L? i= {[A],,|A = (o, Ba) € IFI(X)}.
These two sets are also called the quotient sets.

Now let T'(X) denote the family of all ideals of X and let p € [0, 1]. Define
mappings f, and g, from IFI(X) to T'(X) U {¢} by f,(A) = U(aa : p) and
9,(A) = L(B4 : p), respectively, for all A = (aa,54) € IFI(X). Then f, and
g, are clearly well-defined.

Theorem 5.1 For any p € [0,1], the maps f, and g, are surjective from
IFI(X) to T(X) U{o}.
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Proof: Let p € [0,1]. Note that 0. = (0,1) is in IFI(X), where 0 and
1 are fuzzy sets in X defined by O(z) = 0 and 1 (z) = 1 for all z € X.
Obviously f,(0.) = U(0 : p)= ¢ =L(1 : p)=g,(0.). Let P(# ¢) € IFI(X).
For P, = (xp,Xp) € IFI(X), we have f,(P.)=U(xp : p) = P and g,(P.) =
L(xp:p) = P. Hence f, and g, are surjective. O

Theorem 5.2 The quotient sets IFI(X)/U? and IFI(X)/L? are equipotent
to T(X)U{¢} for every p € [0,1].

Proof: For p € [0,1] let f; (respectively, g5) be a map from IFI(X)/U?
(respectively, IFI(X)/L?) to T(X)U{¢} defined by f;([A];,) = f,(A) (respec-
tively, g;([Aly,) = g,(A)) for all A = (aa,Ba) € IFI(X)}. If U(aa : p) =
Ulap : p) and L(ﬁA :p) = L(Bp : p) for A = (aa,Ba) and B = (ap,fp) in
IFI(X), then (A4, B) € U? and (A, B) € L?; hence [A];, = [B];, and [A];, =
[B]L,- Therefore the maps f; and g} are injective. Now let P(# ¢) € IFI(X).
For P. = (xp,Xp) € IFI(X), we have

Fo(PLye) = fo(PL)=U(xp : p) = P,

9p([P-le) = 9p(Pr) = L(Xp : p) = P
Finally, for 0. = (0,1)e IFI(X) we get

£ (10-]pe) = f,(0)=U(0: p) = &

g;([ON]Lp) = gp(ON):L(l p) = ¢
This shows that f; and g are surjective. This completes the proof. O
For any p € [0, 1], we define another relation R” on IFI(X) as follows:
(A,B) e R < U(ag:p)NL(Ba:p)=Ulapg:p)NL(Bs : p)
for any A = (aa,B4) and B = (ap,Bp) € [FI(X). Then the relation R is
an equivalence relation on IFI(X).

and

and

Theorem 5.3 For any p € [0,1], the maps ¢, : IFI(X) — T(X) N {¢}
defined by V,(A) = f,(A) N g,(A) for each A= (aa,Ba) € X is surjective.

Proof: Let p € [0,1]. For 0. = (0,1) €/ FI(X),

Up(0.)=/,(0.)Ng,(0~)=U(0 : p)NL(1 : p) = ¢.
For any H € IFI(X), there exists H. = (xu, Xg) € IFI(X) such that

Yp(H)=[,(H)Ngp(Ho)=U(xm : p)NL(Xp : p) = H.
This completes the proof. 0J

Theorem 5.4 The quotient sets IFI(X)/RP are equipotent to T'(X) U {¢}
for every p € [0,1].

Proof: For p € [0,1], define a map ¢ : [FI(X)/R’ — T(X)U{¢} by
Up([Alge) = 1¥p(A)
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for all [A],, € IFI(X)/RF. Assume that ¢ ([A]g,) = ¥, ([Blg,) for any [A]g,
and [Blp, € IFI(X)/R’. Then f,(A) Ng,(A) = f,(B) Ng,(B), ie.,
Ulaa:p)NL(Ba:p)=Ulag:p)NL(Bs: p).

Hence (A, B) € R, and so [A]R, = [B]g,. Therefore the maps ¢ are injective.
Now for 0. = (0,1)e IFI(X) we have

@D;([ON]R,,) = 1p(0~) = f,(0.)Ng,(0~) =U(0: p) N L(1: p) = ¢.
If H e IFI(X), then for H. = (xu,Xpy) € [FI(X), we obtain

Up([HA] ) = p(H) = fo(H) Ngp(HL) = Ulxm : p) N L(Xy 2 p) = H.
Thus ¢ is surjective. This completes the proof. ([

6 Product of intuitionistic fuzzy BG-algebras

In this section, product of intuitionistic fuzzy ideals in BG-algebra is defined
and some results are studied.

Definition 6.1 Let A = (a4, Sa) and B = (ap, Bg) be two IFSs of X. The
cartesian product A x B = (g X ag, Ba X Bp) is defined by
(aa x ap)(z,y) = min{aa(z), ap(y)} and
(Ba x Bp)(z,y) = max{fa(x), Bp(y)}.
where ay X ag: X x X — [0,1] and faxPBp : X x X — [0,1] for all x,y € X.

Proposition 6.2 Let A = (aa,84) and B = (ap, ) be intuitionistic
fuzzy ideals of X, then A x B is an intuitionistic fuzzy ideal of X x X.

Proof: For any (z,y) € X xX, we have (s xap)(0,0) = min{a4(0), ap(0)
} =2 min{au(z), ap(y)} = (aaxap)(z,y) and (4% 85)(0,0) = max{54(0), p
(0)} < min{Ba(z), Be(y)} = (Ba x Pp)(z,y). Let (z1,31) and (22,42) €
X x X. Then (aa x ag)(z1,y2) = min{aa(x1),ap(y1)} > min{min{a(z; *
xa), aa(r2) }, min{ap(yr * y2), ap(ys) }} = min{min{aa () * 22), ag(ys * y2)},
min{aa(z2), ap(y2)}} = min{(aa X ap) (@1 * 22,41 % y2), (@4 X ap)(22,92)} =
min{(aa X ap)((z1,41) * (22, 42)), (04 X ap)(x2,y2)} and (Ba x Bp)(x1,12) =
max{fa(z1), Bp(y1)} < max{max{Ba(z1%x2), Ba(w2)}, max{Bp(y1+y2), B5(y2)
= max{max{Ba(z1 * x2), Bp(y1 * y2) }, max{fa(x2), Bp(y2) } } = max{(Ba x

Br)(@1xx2, y15y2), (Bax Bp) (w2, y2)} = max{(8ax Bp)((z1,y1)*(x2,92)), (Bax
Be)(x2,y2)}. Hence, A X B is an intuitionistic fuzzy ideal of X x X. O

Proposition 6.3 Let A = (a4, 84) and B = (ap, Bp) are IFC-ideals of X,
then A x B is an IFC-ideal of X x X.

Proof: Now, (s xap)((0,0)x(z,y)) = (ava X ap)(0xz,0xy) = min{a(0x*
), ap(0+y)} = min{aa(z), ap(y)} = (@a X ap)(z,y) and (54 x 55)((0,0)
(#,)) = (BaxBp)(0xz, 0xy) = max{54(0xz), Bp(0xy)} < max{Ba(z), B5(y)
= (B4 X Bp)(x,y). Hence, A x B is an IFC-ideal of X x X.

O %
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Lemma 6.4 If A = (aa,84) and B = (ap,fp) are intuitionistic fuzzy
ideals of X, then @(A x B) = (aa X ap,@a X @pg) is an intuitionistic fuzzy
ideals of X x X.

Proof: Now, (g xap)(z,y) = min{as(z), ap(y)} = 1—(@axap)(z,y) =
min{l—a(z), l1—ap(y)} = 1-min{l—a4(x),1-ag(y)} = (@axap)(z,y) =
(@a x @p)(x,y) = max{aa(x),a@p(y)}. Hence, (A x B) is an intuitionistic
fuzzy ideal of X x X. OJ

Lemma 6.5 If A = (aa,84) and B = (ap,Bp) are intuitionistic fuzzy
ideals of X, then @(A x B) = (64 X Bg,Pa X fB) is an intuitionistic fuzzy
ideal of X x X.

_ Proof: Since (84 % s)(x,y) = max{Sa(z), Bp(y)}. That implies, 1—(53, X
Bp)(x,y) = max{1—F,(z),1=Fp(y)}. Thisis, 1-max{l— 5A( ), 1=Pp(y)} =

(B x Bp)(z,y). Therefore, (8, x Bp)(x,y) = min{B4(z), Bp(y)}. Hence,
QR(A X B) = (84 x Bg,Ba X Bp) is an intuitionistic fuzzy ideal of X x X. [

By the above two Lemmas, it is not difficult to verify that the following
theorem is valid.

Theorem 6.6 The [FSs A = (aa, 84) and B = (ap, Bp) are intuitionistic
fuzzy ideals of X if and only if (Ax B) = (caxap,asxap) and Q(AxB) =
(Ba X By, Ba x Bp) are intuitionistic fuzzy ideal of X x X.

Lemma 6.7 If A = (ava, 84) and B = (ap, fg) are [FC-ideals of X, then
P(A x B) = (aa X ap,as X ag) is an [FC-ideals of X x X.

Proof: Since A = (aa,f4) and B = (ap, fp) are IFC-ideals of X, A =
(s, Ba) and B = (ap, Bp) are intuitionistic fuzzy ideals of X. Thus, A x B
is intuitionistic fuzzy ideal of X x X.

Now (aa x ap)((0,0) * (z,y)) > (aa X ap)(z,y). That is, 1 — (a4 X
5)((0,0)% (2,y)) > 1— (@ x ) (2, y). This gives, (ca x@)((0,0)#(z,y)) <
(@a x @p)(x,y). Hence, (A x B) = (aa X ap, @4 X @p) is an IFC-ideal of
X x X. U

Lemma 6.8 If A = (aa,B4) and B = (ap,Bp) are IFC-ideals of X, then
QR(A X B) = (4 x Bg,La X Bp) is an [FC-ideals of X x X.

Proof: The proof is similar to the proof of the above Lemma. O
The following theorem follows from the above two Lemmas.

Theorem 6.9 A = (ag,4) and B = (ap,fp) are IFC-ideals of X iff

P(A x B) = (as x ag,as x ag) and Q(A x B) = (B4 x By, Ba X Bp) are
IFC-ideal of X x X.
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Definition 6.10 Let A = (s, Ba) and B = (ap, Bp) is intuitionistic fuzzy
ideals of X. For s,t € [0,1], the set U(aa X ap:s) = {(x,y) € X x X|(aa X
ag)(x,y) > s} is called upper s-level of A X B and L(fa X Bp : t) ={(x,y) €
X X X|(Ba x Bp)(x,y) <t} is called lower t-level of A x B.

Theorem 6.11 For any IFS A = (aa,f4) and B = (ap,f8p), A X B
1s an IFC-ideals of X x X if and only if the non-empty upper s-level cut
U(aa X ap :s) and the non-empty lower t-level cut L(5a X Bp : t) are closed
ideals of X x X for any s and t € [0, 1].

Proof: Let A = (a4, 4) and B = (ag, fp) are IFC-ideals of X, therefore
for any (z,y) € X x X, (a4 x ag)((0,0) * (x,y)) > (aa X ap)(x,y) and
(B4 % 5)((0,0)%(x,9)) < (Bax Bp)(z,y). Fors € [0, 1], if (aa x ap)(z,) > s
That is, (aa x ap)((0,0)(z,y)) > s. This implies, (0,0)*(z,y) € U(aa X ap :
s).

Let (z,y), («',y’) € X x X such that (x,y) * (2/,y') € U(aa X ap : s) and
(',y) € U(aa x ap : s). Then, (as x ag)(z,y) > min{(as x ag)((z,y) *
(2, y"), (aa x ag)(2',y)} > mm(s s) = s. This implies, (x,y) € U(aa X ap :
s). Thus U(aa X ap : s) is closed ideal of X x X. Similarly, L(54 X fp : t) is
closed ideal of X x X.

Conversely, let (z,y) € X x X such that (aa X ag)(x,y) = s and (84 X
Bp)(z,y) = t. This implies, (z,y) € U(aaxap : s) and (x,y) € L(BaxPp : ).
Since (0,0) * (x,y) € U(asq X ap : s) and (0,0) * (z,y) € L(Ba x Bp : t) (by
definition of closed ideal). Therefore, (a4 X aB)(( 0) % (z,y)) > s and (S X
B5)((0,0) * (z,y)) < t. This gives, (aa x ap)((0,0) * (,y)) = (aa x ap)(z,y)
and (B4 x £5)((0,0) % (x,y)) < (Ba X Bp)(z,y). Hence, A x B is an IFC-ideal
of X x X. U

7 Conclusions and future work

In the present paper, we have presented some extended results of intuitionistic
fuzzy ideal called intuitionistic fuzzy closed ideals of BG-algebras and investi-
gated some of their useful properties. The product of BG-subalgebra has been
introduced and some important properties are of it are also studied. In our
opinion, these definitions and main results can be similarly extended to some
other algebraic systems such as K K-algebras, lattices and Lie algebras.

It is our hope that this work would other foundations for further study
of the theory of BG-algebras. In our future study of fuzzy structure of BG-
algebra, may be the following topics should be considered: (i) To find intu-
itionistic (7', S)-fuzzy closed ideals of BG-algebras, where S and T are given
imaginable triangular norms, (i7) To get more results in intuitionistic fuzzy
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closed ideals of BG-algebra and application, (ii7) To find (e, € V ¢)- intuition-
istic fuzzy ideals of BG-algebras.
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