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Abstract- This paper develops an on-line identification
algorithm to estimate system parameters of non-linear
continuous time systems. The algorithm, based on Haar
wavelet expansions, uses the observed input-output data to
estimate unknown system parameters. A recursive formula
augmented with indirect matrix-inversion schemes is proposed
to substantially reduce computation requisites of an existed off-
line scheme. By means of the proposed algorithm, the
parameter estimates are real-time updated without repeatedly
computing matrix inversions. The latter is most time-
consuming in accomplishing every chronological identification
operation. The convergences of the off-line and on-line
algorithms under noise-free condition are shown. The
algorithm is validated through numerical and experimental
examples in which the reliability and effectiveness of the
proposed approach have been demonstrated.
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I. INTRODUCTION

System identification techniques can be roughly divided
into nonparametric and parametric, depending on the
preliminary knowledge of the target system ™ 2. In
parametric identification, the preliminary knowledge of the
system is sufficient to write down a specific form of
differential equation of motion with some unknown
coefficients. These coefficients can be identified using input
and output signals of the system. The non-parametric
methods have intrinsic problems related to the mathematical
complexity, convergence rate, and excessive computational
time that make them not suitable for on-line identifications.

Modelling and identification of non-linear dynamic
system is a challenging task because non-linear processes
are unique in the sense that they do not share many
properties. The principle of superposition is not valid for
non-linear systems. Thus, most linear analysis techniques
are not applicable. In recent years, a number of alternative
approaches have been proposed for the identification of
non-linear dynamical structural systems. For instance, the
ARMA models used for linear system identification are
extended to deal with non-linear systems through the
NARMAX models . The main idea is to non-linearly
regress the current response data point on the past response
and input data points. The limitations of the procedures are
their significant computation requisites, and the lack of
physical significance to be attributed to many of the
associated parameters. In contrast, a direct parameter
estimation method has been proposed in [4] where both
linear and non-linear elements are postulated at certain
locations throughout a discrete model of the system. The
model parameters are then estimated by curve fitting the
data with the assumed model through least-squares

techniques. The most appropriate set of parameters to
include in the model is obtained through a statistical
significance test. The method is also limited by its
significant computation requisites.

There are other methods that can be used for non-linear
parametric identification. These include those of Gottlieb et
al.*! and Feldman ®, which employed the Hilbert transform.
Many orthogonal functions have also been introduced to
project nonlinear differential equation of motion onto
different basis function so as to identify unknown system
parameters 3. When using the method of orthogonal
function expansions, the dynamic equations of the system
are transformed into a set of algebraic equations with the
system parameters as unknowns. These algebraic equations
can then be solved in the least-squares sense.

Unlike the above-mentioned methods, the wavelet-based
procedure for the identification of non-linear systems has
dual localization properties in time and frequency domains.
The frequency localization property of wavelets can be used
to decouple closely spaced modes of vibration. On the other
hand, the time-domain localization permits the tracking of
fast variations of the states of the dynamical system that
would have been averaged out using other techniques.
Many research attempts thus apply the wavelet transform
for the identification of the non-linear system. For instance,
[14] takes advantage of the time-scale properties of the
wavelet functions to analyze non-linear vibrations. The
wavelet-transform ridges and skeletons of the system
impulse response were adopted to extract the frequency
characteristics and decay envelope. The continuous Morlet-
wavelet transform provides the necessary mode decoupling
thanks to the frequency localization of the wavelets.
Differently, in [15] the wavelet time localization property
was utilized where Daubechies scaling functions were used
to express the tangent stiffness. The hysteresis curves and
damping coefficients were identified. It is conceivable that
the dual localization properties of wavelet transform could
be very advantageous to parameter-identification tasks so
long as proper basis were chosen based on the
characteristics of system states and input signal.

Recently, the Haar-wavelet-based approach has attracted
much attention due to its simple but analytical expression
[16201 " Haar wavelet is an orthogonal set. Therefore, it
shares those nice properties possessed separately by
orthogonal series expansion and wavelet transform.
Moreover, Haar basis contains only a finite number of non-
zero values in a bounded time interval. This property
substantially reduces the computation efforts required in
obtaining the orthogonal expansion coefficients. Since
these expansion coefficients are needed in identifying
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unknown system parameters which makes Haar wavelet an
excellent candidate for implementing the on-line
identification tasks.

Il. THE HAAR-WAVELET-BASED IDENTIFICATION ALGORITHM
A. Haar Wavelet Expansions

The orthogonal Haar basis {hn ®), ne Z*} can be used
to represent any function f (t) in L? [0,1) [21], so that

f()=2ch, 0 @
where
1, 0<t<l/2
h(t)=<-1, 1/2<t<1
0, otherwise
and
h,(t) =1
h,(t) = h(t)

h (t)=h(2't-k), n=2"+k, j>0, 0<k<2’
In addition, the orthogonal property of the Haar basis
leads to the following relationship

| ‘ 27i=1=2"+k, j20, 0<k<2
Ihi(t)h'(t)dtzzjé‘n:{ | Ko < }
0

0, i=l
)
According to Eq. (2), the expansion coefficients C, in

Eqg. (1) can be determined by using the following inner
product

¢, =2'[ f(Oh, ()ct

where “j” is a non-negative integer. Its definition is the
same as that in Eg. (2). Representing a signal with an
infinite set of basis functions in most of time is not practical.
To that end, the signal can be approximated using a
truncated Haar basis functions as the following

fO~TenO=cuh,® G
where m=2', i>0, and
Cimy :[Co Cl'..cmfl]T
ho @ = [, (t) @) O @)

where “T” indicates transposition, and the subscript m in
the parentheses denotes the number of Haar basis. In digital
implementations, the following row vector can be adopted
to represent the sampled data of h,_(t) [21]

~[nfaw) (3555

for 0<n<m. Then, there is one-to-one correspondence
between the row vector Vv, and the Haar wavelet h_(t).

Take m =2% =4 as an example, we have
hy(t) &v, =L 11 1]
ht) v, =11 -1 -1]
h(t) =v,=[1 -1 0 0]

h,(t) =v,=[0 0 1 1]
v, can be interpreted as the digital representation of h_(t).
One usually replaces h (t) with v, to speed up the

associated computations. As a consequence, suppose that m
Haar basis functions h, (t) e R™ are used for expansion.

The following representation can be applied

H (®)
Here, H  is the digital representation of h  (t), and will

be denoted as the ‘“operational matrix of expansion,”
hereafter.

= [Vo Vi Vi [

B. The Off-Line Identification Algorithm

The off-line identification scheme based on “finite” Haar
series expansion is briefed in this section. In Chen [21], a
system resembling to the following nonlinear time-invariant
model represented in the state-space form is considered

x(t) = f(x)+ D(x)& + Bu(t)
where xeR" is the state vector, f:R" - R"

D:R"—>R™ are  known  functions of  the
states. § € R contains the “un-identified” parameters.
B eR™ is assumed to be known while u € R*® represents
the input. In addition, D(x)=[d,J (x)J. D(x) is assumed to

be of full rank for each x in Q where Q is the domain of
interest. @ is the unknown “constant” parameter vector. It
is worth to note that the Harr-based expansion method is not
limited to constant-parameter identification. For instance, in
[22], Chen studied a time-varying system where the un-
identified parameters are functions of time. Unlike [21] in
which an input-free case was studied, here we investigate a
forced system. Meanwhile, all the state functions of the
nonlinear time-invariant system presented in (6) are
assumed to be known while the associated parameters are to
be identified.

Suppose that all of the time functions appearing in
equation (6) are “approximated” by the truncated Haar basis
functions, h,, (t), and only one initial condition, x(t,) = X,,

is considered. Then, the following relationships hold

(6)

and

x(t) = Fh,,, (1 ()
X(t) = F,h,, (1) ®)
F(x(t) ~ F, by, (0 ©)
d, (x(®) = f, b, (10

u(t) ~Gh,, (t) (11)
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where FeR™ , F,eR™ , F eR™ , f, eR", and

G € R™™. Additionally, the following relationship has been
derived in [21]

D(x(1))d ~ D(@®1 )h,, (t) (12)

where ® denotes the Kronecker product and D is an
nxmp matrix composed of nx p blocks of dimension 1xm.

The ij-th block of D is f.”. Substituting Egs. (8)-(12) into
Eq. (6), yields

F,h,, ) =Fh,, )+ IZA)(é~ ®I1 )h,, ) +BGh (1) (13)

Here, * @ ” is adopted to represent the “estimate” of
unknown constant parameter vector because all the states
and their related functions are approximated using finite
Haar series. After some manipulation, the above equation
can be recast into

vec(F] —F] —(BG)")=vec((¢ ®1_)'D") (14)

where the operator “ vec(.) ” transforms a matrix into a

vector by appending its columns. Egq. (14) can be further
organized as

ré=a (15)
in which a =vec (F] —F —(BG)"), and T" represents an
nmx p matrix composed of nx p blocks of dimension
mx1, so that the ij-th block of I is f, . If T is of full rank,

the estimate of the unknown parameter, 0 , can be solved in
the least-square sense, yielding

6=T"T)'T"a (16)

Convergent identifications can be accomplished if T is

of full rank. To ensure the full rank of I" , the initial

conditions and input signals should be rich enough so that

the resultant state responses can fully demonstrate the

system’s characteristics or span the entire state space.

Separate and specific conditions for gaining a full rank T’
were discussed in [21].

The implementation of the off-line process begins with
the calculation of the Haar coefficient matrix F. From Eq.
(7), F can be determined using F = XH(’ml). Here X e R™"
is the digital representation of the measured state vector x.
In contrast, F, can be computed using the integration
property of Haar basis and the knowledge of F. In other
words, F, =(F-[x, 0---0)P,, , where P_ is the

“operational matrix of integration.” P, can be obtained

iteratively from the following equations [19]
2mP . —-H |
1 ) )

P =
™ 2m|H? 0
(?)

17

Next, F,, f,, and G, can be calculated according to Egs.
(9)-(11). Based on these results, T" and « can be formed,

and then @ is calculated.

The content introduced so far are developed in [21] and
denoted as the off-line identification algorithms. A couple of
issues regarding the off-line scheme are of our concerns.
Firstly, although Haar basis functions are defined for
t €[0,1), in the real situations, the state responses and input

function might exist for 0<t<t,, or t, <t<t,. Thus, a
time-scale regulation is necessary. The regulation can be

done by normalizing the real time variable or by modifying
the values of H =~ and P, according to the length of the
real time interval. The latter is adopted in this study. It
turns out that only the value of P, changes when the real
time interval is facing. The value of the other key

operational matrix, H =, remains the same.

To that end, the following expression for P is derived
as a substitute for Eq. (17) when a practical time interval is
encountered

( 2mP_ —-H |
=) =)
P(m) — f . 2 2
2m|{H 0
(7

2

(173a)

where t; =t, —0, or t, —t, depending on the initial time
state.

Secondly, the calculations of F and F, involve many

matrix inversion operations, namely H _ and P_ . These

calculations are very time-consuming when the number of
basis, m, is large. For instance, when m =512, it takes

about five seconds for a PC to compute H using the

commercial software such as MATLAB. This is
unacceptable since the real-time updating is quite
impossible under such a slow speed, especially when more
than one matrix inversion is involved in the scheme. To
make the on-line identification task feasible, the
cumbersome direct matrix inversion must be removed.
Hence, simplified or indirect matrix-inversion algorithms
are proposed in the next section.

I1l. THE ON-LINE IDENTIFICATION SCHEMES

On-line parameter identification has several advantages
over the off-line counterpart. The primary one is that it can
be used to progressively generate more accurate models,
based on which the associated controllers can be
continuously refined to improve the performance of the
controlled  system. Among the existing system-
identification works employed orthogonal function
expansions, very few are suitable for “on-line” identification.
To the author’s knowledge, the previous attempts can be
found in the works done by Wu and Juang @ and that by
Chou et al. ™. This study extends the existing off-line
Haar-based scheme developed in [21] to handle the “on-
line” adaptation task.
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To accomplish the task, the computing time and
computer memory of the original off-line schemes are to be
reduced as much as possible. The proposed on-line, Haar-
based identification algorithm consists of the indirect matrix
inversions of H =~ and P and the recursive identification

formula. The derivations of these algorithms are covered
below.

A. The Indirect Matrix Inversions of H and P,

Since the direct matrix inversion takes a lot of time
when the number of basis is large, it has to be averted in the
on-line scheme. Fortunately, by making use of some special
features associated with H =~ and P, one can actually

obtain H ' and P without

To explain, let us first revisit the definition of H

)
involving direct inversions.

(m » Namely

(5)

can be

H(m) =[Vo \/1"'\/m-1:|T
Next, we assume that the inverse of H
expressed as the following

H(_n:) :[ao al'”am—l] (18)
where a, eR", i=0---,m-1 are column vectors with

values undetermined. According to the matrix-inversion
definition, the following relationship holds

H(m)H(’"f) =L (19)

Moreover, the orthogonal property presented in Eq. (2)
has the following digital representations
27m, i=1=2"+k, j=0, 0<k<?2!
ViVTI:{O m, i +k, ] < } 20)

where m is the dimension of the row vector V. Based on
Egs. (5) and (18)-(20), one can find out that the column
vectors, a,, i=0,...m-1, of Eq. (18) has the following
simple form

)

il

i
a, :Z—VI, i=2'+k, j=0, 0<k<2' (21)
m
Thus, Egs. (18) and (21) can be used to obtain H .
This approach is denoted as the indirect matrix inversion of

H ., - In contrast with the direct-inversion approach which

takes about five seconds to compute H g, , the indirect

inversion approach needs only less than one second to
accomplish the same job.

We proceed to deal with the indirect inversion of P .

According to Eq. (17a), one can obtain the following
indirect matrix inversion of P without much difficulty

0 H
4 2m &

®7F SHT @mHIPH,
(?) (E) (?

(22)

-1
f m
) )

where t; =t, —0, or t, —t, depending on the initial time

P from

state. Using Eqg. (22) one can iteratively compute P

-1
where H

H—l

(m/2)

and P

the knowledge of H , , 2 1
can be determined using the indirect approach presented in
(21). Egs. (18), (21), and (22) are denoted as the indirect

matrix-inversion schemes of H =~ and P respectively.

) (m) !
These schemes, when incorporated with a recursive
identification formula which will be derived in the next
section, form the crux of the “on-line” identification

algorithm.

B. The Recursive ldentification Formula

In order to real-time update the system information the
input-output data should be continuously fed to the
identification process. The algorithm is denoted as a
“moving” scheme in the literature, because the data-
processing window is continuously marching forward to
cover the most recent data. By moving the data window,
iteration process is commonly employed to derive recursive
formula. The recursive formula, computing the new
parameters based on the knowledge obtained at the previous
step and the incoming information, has a constant
computation demand. Thus, it is suitable for on-line
identification.

When windowing the data, a data-replacing action takes
place at each updating step. In other words, during the
replacing, the incoming data will replace all or part of the
old data. The ratio of the length of the new-data vector to
that of the old-data vector is denoted as the “data-replacing”
ratio. In order to show how the iteration process works, let
us suppose that the data-replacing ratio has been determined.
Also, the following matrix representation is defined

F:[Fa Fb]T (23)
where T, represents the sub-matrix corresponding to the

“old” data, whereas I', indicates the “new” data counterpart.

If Eq. (23) is applied, Eq. (16) can be recast into the
followings

" :{[r; 7] Eb Dl[ﬂ Iy ] {ZJ

gupdated = |:1—‘aT Fa + FJ Fb ]71 [FaT aa + FbT ab]
Multiplying both sides of the above equation with

[CTT, + 17T, ] leads to

or

[I + (r; 1—‘(;\)71 (rl;r 1—‘b )] gupdated = éold + (r; 1—‘a)71 rk;r ab (24)
in which 6, =(I'T,)'TTa,. Eq. (24) can be further
arranged into

eupdated = [I +G1 ]71 [eold + gnewJ (25)
where G, =(I'T,)*(I'T,) and 6,, =(T'T,) ‘T a,. As
expected, Eq. (25) indicates that the complete updated
estimate indeed comprises of two parts: the information

obtained from the previous step, [IJrGl]'lgo,d , and the

correction made at the current step, [1+G,|"6,,. Eq. (25)
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is the so-called recursive formula, which can be applied to
replace Eq. (16). The computation demand in implementing
Eq. (25) is much less than that of Eq. (16). Hence, Eq. (25)
when working with the indirect matrix inversion schemes
can handle the on-line identification problems well. In the
next section, the convergence of the infinite Haar-based
identification algorithms under noise-free condition is
shown.

I\VV. THE CONVERGENCE OF THE HAAR IDENTIFICATION
ALGORITHMS

The identification schemes proposed here base on the
orthogonal expansion theory. To that end, states, state
functions, and input signal involved in the state equations
are projected into different Haar basis. By doing that the
state equations of the system are transformed into a set of
algebraic equations with system parameters being the
unknowns. These algebraic equations can then be solved
using the least-squares criterion. In general, the number of
the unknown system parameters is small while the number
of Haar basis involved in the expansion can be increased
without limits.  Therefore, there always will be more
equations than those required for solving the unknown
parameters provided the states and input signal carry enough
information.

In order to show the convergence of the Haar-based
identification algorithms, we first denote the L*[0,1) space
spanned by the orthogonal Haar basis, {h, (t)}, as V . In
addition, the subspace spanned by the finite Haar basis
h,,(t)eR™ is denoted as V, while its complementary

subspace, which is spanned by the “remainder” of the finite
Haar series is denoted as V, . Then, the following expression
holds

V=V, eV,
Next, upon revisiting Egs. (7)-(12) one can recast the
followings

x(t) = Fh,, (t)+r,(t)
X(t) = Fyhg, (1) + 1. (1)
f(x(t) = Fhg,, () + 1, ()
dij (X(t)) = fijT h(m) (t) + rdu (t)
u(t) =Gh, (t) +r,(t)
D(x(1))0 = D(O® I, )h,y, (€) +T, (t)
Here, r (t), r, (t), r, (1), , (t), r,(t), and r, (t) stand for
the m-term finite Haar series “remainders” with respect to
x(t) , x(t) , f(x(), d;(x(t), u), and D(x(t))é ,
respectively. When the above expressions are substituted
into Eq. (6), the following can be obtained

Fhe (0 + 1,0 = F,h,, (0 +1,(0) + D@ ® 1 )h,,, (1)
+1,(t) + BGh,, () + 1, (1)

Here 6 designates the parameter vector with “true” values
obtaining using infinite Haar series expansions. Subtracting
Eg. (13) from Eq. (26) yields

(26)

D((6-0)® 1 )h, ) =r, &) —r (t) —r, (t) —r,(t)

Based on the orthogonality and completeness properties

of the Haar basis, the norm of all the remainders in the right-

hand side of the above equation approach zeros when
m — oo . This leads to,

D(@-6)®1,)—0,

as mo o,

or

I (6-6)—0 27
where I’ e R™". It is worthy to note that ", has the same

content as that of Eq. (15), except that here the matrix
dimension is closes to infinity. From Eq. (27) one can

conclude that provided that T is of full rank, (6 -8)— 0,

and @ — 6. Itis evident that eventually T will be of full
rank because in general nm is much larger than p. Hence,
when the response and input signal carry sufficiently rich
information, a full-rank I", can be easily obtained, which

in turn guarantees the convergence of the infinite Haar-
based algorithms.

In practice, infinite dimensional representation of a
function is not making much sense because it is difficult to
implement numerically. Hence, the approximation approach,
which applies finite dimensional space, is often adopted.
This is what has been done in the off-line and on-line
schemes presented here. The trade-off of the finite Haar
expansion is that the identification is no longer as accurate
as in the infinite-series case. Fortunately, when the signal is
noise-free, Bessel’s inequality ?*! shows that every states or
state functions in the state equations can be approximated by
finite Haar series to some reasonable accuracy so far as m is
large enough. As a consequence, the identification error
induced from the truncated Haar series will depend on the
number of the basis used. For the noise-free situations,
better estimation accuracy can be obtained when the number
of Haar basis is increased (?2.

The identification accuracy will inevitably deteriorate
when noise measurements are met in the real situations.
Two types of noise are commonly seen in the experimental
works. These are the random and interference type of noise.
The former one belongs to high frequency regime while the
latter one is often in low-frequency range. Our other study
28] indicated that the proposed algorithm is robust when the
interference type of noise is facing. On the contrary, the
identification error deteriorated when the random-type of
noise was met. However, the experiments performed later
in this study showed that by low-pass-filtering the raw data,
the identification accuracy could be improved and the
estimation convergence could be assured. The results are
consistent with what have been observed in [22]. The
approach also makes sense because so long as the
bandwidth of the signals are limited, one can always find
enough number of Haar basis to represent the signals to
reasonable accuracy. Accurate estimates can be obtained
accordingly. In the next section, numerical investigations
focus on a simple numerical example is illustrated which is
followed by experimental validations.
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V. NUMERICAL VALIDATIONS

The system investigated here is the double-well potential
problem that can be described quite adequately by a
nonlinear differential equation of the Duffing type "

X+ & —ax+ px° =A o’ cos(at)
where « and f represent the linear and nonlinear

components of the system stiffness while § indicates the
viscous damping effect. These coefficients are assumed to
be the un-identified parameters during the numerical study.
Details of the system’s behaviors and their associated
analysis can be found in [27]. The equation shown above
can be recast into the following state-vector form, which is
ready for the identification process
G
A,o° cos at

] [x,7 [0 o “
R L
2 1 2 ﬂ

Proper parameter values are applied to the MATLAB
ODE solver to generate responses. During the numerical
test, the following parameters were first adopted: « =1896,
0=311, p=741, ©=27(10), and A, =3.0. Then, in
order to check whether the proposed algorithm can capture
parameter variations, the above parameter values were
switched to the following set of values: « = 2500 ,
6=472, =921, w=27(10) , and A, =3.0, in the
same simulation trial. Both the state response and the input
data were recorded in one batch. These data were then fed,
in smaller batches, to the “on-line” identification algorithm.
Thus, the numerical validations were performed in an off-
line manner, although it was the on-line algorithm that was
supposed to be scrutinized. The identification results are
presented in Figs. 1-3.

0
—Xf

2600

2500

w=2500 - ..',..-..-..\-...\.ﬁ,__ g . B
2400+
2300}

2200

ncregsing m fixed m(=512)
.

estimation of o«

2100} *

2000}

20 25
updating no.

o 5 10 15

Fig. 1 The estimation of & of the numerical system

As mentioned previously, the proper number of Haar
basis needed to expand a particular signal in fact depends on
the characteristics of the signal and the accuracy required in
the expansion. In order to gain an idea about what a proper
m would be required in this example, m had been increased
gradually in the power of 2 (also commencing from 2)
during the identification process. The increment action
terminated when the estimations seemed to converge. After

that, m remained at that constant value throughout the rest
of the process. As one can observe from Figures 1-3, the
proper value of m is about 512, since the estimates
essentially converge to the given value after m reached 512.
After m was set to 512 and remained at that value, the
iteration began, so did the data windowing action. Here, the
window size N was equal to m (equal to 512). Therefore,
the data-replacing ratio equated to one. The “unity-data-
replacing ratio” means that at each updating step, an “old-
data” vector of a length 256 will be given away while a
“new-data” vector of the same length is joining in.

E increasing m fowed m(=512)
72 | —

0 5 10 15 20 25

updating no.

25
updating no

45

Fig. 2 The estimation of /3 of the numerical system

55

5=4.72 "
45 [

estimation of &
F-9

increasing m

fixed m(=512)

25
o

25 40
updating no.

5 10 15 20 0 35 45

Fig. 3 The estimation of O of the numerical system

From Figures 1-3, one can observe that the proposed
algorithm not only accurately estimates the unknown
parameter values but also captures the parameter variations.
The parameter variations manifest themselves as abrupt
jumps appearing in Figs. 1-3. The convergences of the
estimates were fast. This is true no matter which parameter
or what portions of the identification process are considered.
Although all the estimates seem to fluctuate a little bit, they
remain very close to the given values. It turns out that the
largest errors of « and g are well below 1% while the

largest error of & is around 3.5%. These accuracies are
quite acceptable.

It is worth to note that in Figs. 1-3, the “overall
computing time” required in each updating was less than
one second when m was taken as 512. Such a high
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computation speed shows the feasibility of the proposed on-
line identification algorithms. Next, the proposed schemes
are further examined using an experimental system. Details
of experimental study will be elaborated in the next section.
In addition, although according to [21], rich initial
conditions or persistent excitation conditions are required to
guarantee a full rank T", and consequently the successful
estimations. Our experiences show that it is in fact not
difficult to gain successful estimations. The experiences are
consistent with those reported in [21].

VI.EXPERIMENTAL VALIDATIONS

The experimental system is a mass-spring-damper
system forced by a harmonic base motion. The base motion
was generated by an electromagnetic exciter. Figure 4
shows a photograph of the experimental set-up. An
important feature of the testing apparatus is that a U-shaped
air curtain surrounds and supports the sliding mass of the

system. There is no physical damper mounted in the system.

Thus, the damping effect of the system which includes the
viscous and dry-friction elements stems from the air
resistance. The system can be modeled as the following

mX + c(t)X + kx + F (t) sgn(x) = ku(t)
where x(t) , x(t) , and X(t) represent the dynamics

associated with the sliding mass while u(t) indicates the

input base motion. m denotes the system’s inertia, and
c(t) and F(t) designate the viscous-damping coefficient

and the dry-friction force. The above differential equation
can be recast into the following process-ready form

x] [x] 0 o 0
x| |0 " —-x, —x —tanh(zx,)

0
L/ }ku(t)

Here, the hyperbolic tangent function, tanh(zx,) , is

used to replace the sign function. The former could be
extremely close to the latter if 7 is large. In this study, »

was taken as large as 55,000.

—ct)/
— K/

—F(t)/@| (28)

In order to examine whether the proposed algorithm can
real-time capture parameter variations, we artificially
disturbed parameter values during the experiments. The
disturbances were produced by suddenly adding an extra
mass on the top of the sliding mass. Therefore, m has two
constant values during the test. One was equal to the
original sliding mass, 1.04 kg, while the other was equal to
the sum of the two, namely 1.541 kg. Actually, m is not the
only parameter affected by the added mass. Since the
sliding mass was supported by an air curtain, the size of the
bottom gap between the sliding mass and the U-shaped
guide would decrease (or increase) when the extra mass was
put on (or removed from) the top of the sliding mass. These
disturbances would presumably affect the viscous damping
of the system. To that end, three parameter values were

monitored during the experiments. They are k/m, c(t)/m,

and F(t)/m.

Fig. 4 The experimental system consists of helical springs, a sliding mass
sitting on the top of a U-shaped guide, and a vibration shaker

Two LVDTs were mounted on the experimental system
in order to measure the displacement responses of the
sliding mass and the base excitation. In addition, to avoid
the effects of high-frequency noise, a low-pass filter with
the cut-off frequency equal to 100 Hz, was applied in the
measuring process. The velocity response was obtained by
differentiating the displacement response. The resultant
velocity signal was then smoothened by a five-point moving
average to reduce the fluctuations introduced by digital
differentiation.  Several MATLAB routines  were
coordinated with a LabVIEW program to carry out the
identification calculations. Figures 5(a) and (b) show the
input and output signals of the experimental system. The
signals resemble a sinusoidal wave which can be verified in
Figs. 5(c) and (d). From Figs. 5(a) and (b), one can observe
that a disturbance occurred during 160 to 360 seconds which
corresponded to the events of adding and removing the extra
mass. One can also observe from Figs. 5(a) and (b) that
when the shaker suddenly faced a greater inertia, its output
decreased, so did the displacement of the sliding mass. The
phenomenon makes sense if one considers that the
eletromagnetic shaker itself is a mass-spring-damper system
with finite stiffness. After the extra mass was removed, the
amplitudes of the input and output responses simultaneously
returned to their original levels.
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Fig. 5 The input and output signals that were fed to the on-line
identification scheme

A process similar to the one used in the numerical study
was adopted to determine the proper number of Haar basis
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m and the window size N needed here. It turned out that m
and N were both set to 512 while the data-replacing ratio
was set to one. This means that the parameters were
updated at every 256 sampling steps, which is
approximately equivalent to 3 seconds because the sampling
rate was 100 Hz. Although we never came across the limit
of the proposed algorithms, the algorithms seemed to be
comfortable in accomplishing the real-time identification
tasks presented here. A rough estimation indicated that the
computing speed of the proposed schemes was at least 30
times faster than the off-line ones when m was equal to
512. The experimental estimation results are presented in
Figures 6-8.

Fig. 6 shows the real-time estimates of k/m, while
Figures 7 and 8 present the counterparts of c(t)/m and

F(t)/m, separately. Noted that the value of k can be off-

line estimated using the natural frequency of the system.
The stiffness calculated from m (1.04 kg) and the natural
frequency of the system (5.97 Hz) was 1463 N/m. The
estimates of k and m are required in implementing the
identification process which can be observed from Eq. (28).
Based on the calculated K and the known m (1.04 kg), the
estimate of k/m should be equal to 1463/1.04 ~1407 .
Compared to this value, the result shown in Figure 6 was
about 1330. The associated error was about 5.5 %, which is
quite acceptable. On the other hand, when the extra mass
was added, m became 1.541 kg. As such, k/m changed to
1463/1.541~950 . Figure 6 indicates that during this
period, the identified k/m value fluctuated slightly with a
mean value close to 950. This again shows the reliability of
the proposed algorithm. Moreover, Fig. 6 also demonstrates
the fast convergences of the estimates when parameter
variations occurred. Due to the presence of the air curtain,
the viscous damping, c(t)/m shown in Figure 7, was very
low before the extra mass was added. Nonetheless, when
the extra mass was added, the viscous damping suddenly
increased to a higher level. The averaged value of c(t)/m
during that period was about 8.5. The increasing is
reasonable since the size decrement occurred at the bottom
gap of the air curtain
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Fig. 6 The on-line Kk / M identification of the experimental system
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Fig. 7 The on-line C(t) / M identification of the experimental system

Compared to c(t)/m, no obvious change except for two
kinks had occurred on the estimates of F(t)/m, which is

presented in Figure 8. The close-to-zero estimate of
F(t)/m makes sense, because the sliding mass was

generally not in direct contact with the U-shaped guide. In
contrast, the two kinks appearing at the beginning and
ending of the disturbance could possibly be attributed to the
temporary contacts between the sliding mass and the U-
shaped guide. These contacts might be introduced by the
lose motion of our hands in handling the extra mass.
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Fig. 8 Theon-line F(t)/m identification of the experimental system.

It is worth to note that because the velocity signal was
obtained through digital differentiation, there were
irregularities at the beginning and ending of each updating
velocity vector. These irregularities caused the estimate to
fluctuate with small amplitudes. The fluctuations can be
seen as the ripple features appearing in Figures 6-8.
Furthermore, although the computing speed seems to be
quick enough for the experimental investigations, the speed
can be improved further if better hardware and software
were used.

VII. CONCLUSIONS

This paper proposes a new “on-line” identification
algorithm which extends the existing off-line schemes
developed in [21]. The values of the current study are two
fold. Firstly, the computation efforts required in the off-line
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schemes are greatly reduced by using the indirect matrix
inversion schemes together with the recursive formula.
Therefore, the on-line identification task can be tackled.
The results indicate that roughly, the proposed algorithm is
about 30 times faster than the original algorithm when m is
taken as 512.

Secondly, the convergences of the off-line and on-line
algorithms under the noise-free condition have been shown.
For the infinite Haar series expansion, we show that the
estimation can be perfect so long as T is of full rank. In
contrast, when finite Haar expansion is adopted, we argue
that the estimation errors are bounded although no specific
forms of the bounds have been found. Regarding the noise
issue, the proposed method is robust to the interference type
of noise. When high-frequency random noise is facing, a
low-pass filter can be applied to limit the bandwidth of the
signal.  Then, sufficient number of Haar basis can be
collected to treat the problem in a regular way. The
proposed algorithm is validated through numerical and
experimental examples in which the results illustrate the
reliability and effectiveness of the proposed schemes.
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