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Modules that Have a δ-supplement in Every Extension
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Abstract. Let R be a ring and M be a left R-module. In this paper, we define modules with
the properties (δ-E) and (δ-EE), which are generalized version of Zöschinger’s modules with the
properties (E) and (EE), and provide various properties of these modules. We prove that the class
of modules with the property (δ-E) is closed under direct summands and finite direct sums. It is
shown that a module M has the property (δ-EE) if and only if every submodule of M has the
property (δ-E). It is a known fact that a ring R is perfect if and only if every left R-module has
the property (E). As a generalization of this, we prove that if R is a δ-perfect ring then every left
R-module has the property (δ-E). Moreover, the converse is also true on δ-semiperfect rings.
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1. Introduction

In this paper R is an associative ring with identity and all modules are unital left
R-modules. Let M be a module X ≤ M means that X is a submodule of M or M is an
extension of X. Recall that a submodule N ≤ M is called small, denoted by N � M,
if N + L 6= M, for all proper submodules L of M. We call T a supplement of N in M
if M = T + N and T ∩ N is small in T. A module M is called supplemented if every
submodule of M has a supplement in M [14]. L ≤M is said to be essential in M, denoted
by L EM , if L ∩ K 6= 0 for each nonzero submodule K ≤ M. The singular submodule
of a module M (denoted by Z(M)) is Z(M) = {x ∈M | Ix = 0 for some ideal I ER} . A
module M is called singular if Z(M) = M. Every submodule and every factor module of a
singular module is singular. We refer to [6] for the further properties of singular modules.

In [15], Zhou introduced the concept of δ-small submodules as a generalization of small
submodules. A submodule N of M is said to be δ-small in M (denoted by N �δ M) if
whenever M = N + K and M

K is singular, we have M = K. And we denote the sum of
all δ-small submodules of M by δ(M). A submodule L of M is called a δ-supplement of
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