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1. Introduction

A bitopological space (X,%,£2) is known as a set X together with two arbitrary
topologies # and £ which are defined on X, for the detail definitions, terminologies
and notations we refer to [1]. In [3] and [4], the authors introduced and studied the
idea of pairwise continuity and pairwise Lindelofness in bitopological spaces and give
some results concerning these ideas. Recently the authors in [5], [6] introduced and
studied the notion of pairwise almost Lindelof and pairwise weakly Lindelof spaces
in bitopological spaces. In this paper, we are concerned with another concept of pair-

wise regular Lindel6fness and pairwise continuity in bitopological spaces.

In section 3, we shall introduce another concept of pairwise regular and pairwise
normal bitopological spaces, i.e., p;-regular spaces and p,-normal spaces and obtain

a result. Furthermore, some examples will be given to describe its properties.

In section 4, we shall define another concept of pairwise Lindelof spaces, i.e., p,-
Lindelof spaces. We obtain a result about subset of such spaces. The main result we

are obtain here is every p,-regular and p,-Lindel6f bitopological space is p,-normal.

In section 5, we extend idea of continuity to a bitopological space, namely, p,-
continuity and study their properties where the purpose is to study the effect of map-
ping and p,-continuity on p,-Lindelof bitopological spaces. We also show that this
mapping preserve p,-Lindelof property. The main result here is that the image of a

p,-Lindelof space under a p,-continuous function is p,-Lindelof.



A. Kiligman and Z. Salleh / Eur. J. Pure Appl. Math, 2 (2009), (325-337) 327

2. Preliminaries

Throughout this paper, all spaces (X, %) and (X, %, £2) (or simply X) are always
meant topological spaces and bitopological spaces, respectively. In this paper, we
shall use p- to denote pairwise. For instance, p-Lindelof stands for pairwise Lindelof.
While p;- and p,- are used to denote other concepts of pairwise. Sometimes the au-
thors write the term “pairwise Lindel6f spaces" which means that pairwise Lindelof

bitopological spaces.

Kelly [1] was the first one who introduced the idea of p-regular spaces and p-
normal spaces. Later these spaces will be generalized to p,-regular spaces and p,-

normal spaces respectively.

Definition 2.1 (Kelly). In a space (X, %, ), & is said to be regular with respect to 2
if, for each point x € X, there is a & -neighbourhood base of £-closed sets, or, as is easily
seen to be equivalent, if, for each point x € X and each @ -closed set P such that x ¢ P,

there are a & -open set U and a £-open set V such that
xeU,PCV,andUNV =0.

Similarly, (X,2,2) is, or & and 2 are, p-regular if @ is regular with respect to 2

and vice versa.

Definition 2.2 (Kelly). A bitopological space (X, %, L) is said to be p-normal if, given
a P -closed set A and a 2-closed set B with AN B = 0, there exist a £-open set U and a
P -open set V such that ACU,BCV,and UNV =0.

Further, in [3] the authors introduced the concept of p,-normal spaces. Moreover
in the same paper, the authors also introduced the concept of p-Lindelof spaces and

p;-Lindelof spaces as the following.
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Definition 2.3 (see [3] ). A bitopological space (X, ,L) is said to be p-Lindelof if
the topological space (X,#) and (X, &) are both Lindeldf. Equivalently, (X,%,2) is
p-Lindelof if every & -open cover of X can be reduced to a countable & -open cover and

every £-open cover of X can be reduced to a countable 2-open cover.

Definition 2.4 (see [3] ). In a bitopological space (X, ,2), & is said to be Lindelof
with respect to £ if, every & -open cover of X can be reduced to a countable £-open cover
and similarly, (X,#?,2)is, or # and £ are, p,-Lindeldf if & is Lindelof with respect to

2 and vice versa.

3. Bitopological Separation Axioms

In this section, we shall introduce the concept of p,-regular spaces and p,-normal

spaces. Before that we need the following definition.
Definition 3.1. Let (X, %, 2) be a bitopological space.
(i) A set H is said to be p,-open if H is (% U 2)-open in X.
(i) A set M is said to be p,-closed if M is (2 U 2)-closed in X.

Definition 3.2. A bitopological space (X, %, 2) is said to be p,-regular if for each point
x € X, there is a p,-neighbourhood base of p,-closed sets, or, as is easily seen to be
equivalent, if, for each point x € X and each p,-closed set P such that x ¢ P, there are

p;-open sets U and V such that
xe€U,PCV,andUNV =0.

Note that, below we shall use the notation p,-cl(U), which means that, the closure

of U with respect to & U £, or, in other words (# U £)-cl(U).



A. Kiligman and Z. Salleh / Eur. J. Pure Appl. Math, 2 (2009), (325-337) 329
Theorem 3.1. A bitopological space (X, , L) is p,-regular if and only if for each point

x € X and p,-open set H containing x, there exists a p,-open set U such that

xeUCp;-cl(U) CH.

Proof. (=) : Suppose (X,#,L) is p;-regular. Let x € X and H is a p,-open
set containing x. Then G = X\ H is a p;-closed set which x ¢ G. Since (X,%,2)
is p;-regular, then there are p;-open sets U and V such that x € U, G € V, and
UNnV = 0. Since U € X\\V, then p;-cl(U) € p;-cl(X\V) =X\V € X\G = H.
Thus, x € U C p,-cl(U) € H as desired.

(&) : Suppose the condition holds. Let x € X and P is a p;-closed set such
that x ¢ P. Then x € X\ P, and by hypothesis there exists a p,-open set U such
that x € U C p;-cl(U) € X\ P. It follows that x € U, P € X\p;-cl(U) and U N
(X\\p1-¢cl(U)) = 0. This completes the proof.

Definition 3.3. A bitopological space (X, %, 2) is said to be p,-normal if given p,-closed
sets A and B with AN B = (), there exist p,-open sets U and V such that AC U, BCV,
and UNV =0.

Theorem 3.2. A space (X, %, 2) is p,-normal if and only if given a p,-closed set C and
a p,-open set D such that C C D, there are a p,-open set G and a p,-closed set F such

that CC GCF CD.

Proof. (=) : Suppose (X,#,2) is p,-normal. Let C be a p,-closed set and D a
pr-open set such that C € D. Then K = X\D is a p;-closed set with K N C = (. Since
(X,2,2) is p,-normal, there exists p,-open sets U and G such that K C U, C C G,
and UNG = 0. Hence G € X\ U C X\K =D. Thus C € G C X\U C D and the
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result follows by taking X\U = F.

(<) : Suppose the condition holds. Let A and B are p,-closed sets with ANB = 0.
Then D = X\ A is a p;-open set with B C D. By hypothesis, there are a p,-open set
G and a p,-closed set F such that BC G C F C D. It follows that A= X\D C X \|F,
B € G and (X\F)N G = 0 where X\ F and G are p,-open sets. This completes the

proof.

Example 3.1. Consider X = {a, b,c} with topologies @ = {0, {a},{c},{a,c},X} and
Q2 ={0,{a},{b},{a,b},{b,c},X} defined on X. Then

PUL2=1{0,{a},{b},{c},{a,b},{a,c},{b,c},X}.

Observe that 2 U £ is a discrete topology and p,-closed subsets of X are
0,{a},{b},{c},{a, b}, {a,c},{b,c} and X. It follows that (X,#, L) does satisfy the
condition in definition of p,-regular and p,-normal. Hence (X, % ,2) is p,-regular and

p,-normal space.

Example 3.2. Consider X = {a, b,c,d} with topologies & = {0,{a,b},X} and £ =
{0,{a},{b,c,d},X} defined on X. Then

P UL =1{0,{a},{a,b},{b,c,d},X}.

Observe that p,-closed subsets of X are 0,{a},{b,c,d}, {c,d} and X. Hence (X, ,2)
is p,-normal as we can checks. However (X,%,2) is not p,-regular since the p,-closed
set P = {c,d} satisfy b ¢ P, but do not exist the p,-open sets U and V such that b € U,
PCVandUNV =0.

Note that 2 U 2 is not a topology of X since {a, b},{b,c,d} € 2 UL, but {a,b} N
{b,c,d}={b} ¢ P U 2.
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4. On p,-Lindelof Spaces

In this section, we shall introduce a new concept of pairwise compact spaces and

pairwise Lindelof spaces as the following.

Definition 4.1. A bitopological space (X, 2, L) is said to be p,-compact if every p,-open

cover of X has a finite subcover.

Definition 4.2. A bitopological space (X, %, 2) is said to be p,-Lindeldf if every p,-open

cover of X has a countable subcover.

It is very clear that, every p,-compact space is p,-Lindelof but not the converse by

the following counter-example.

Example 4.1. Let %A be the collection of open-closed intervals in the real line R
B =1{(a,b] :a,b €R,a < b}.

Hence A is a base for the upper limit topology & on R. Similarly, the collection of
closed-open intervals,

B*={[c,d):c,d eR,c <d}

is a base for the lower limit topology £ on R. Observe that 3B U 3B* is the set of the form
(a,b],[a,b),(a,d),[c,b] and (a,b] U [c,d), i.e., BURB* is a base for the # U 2.
Thus (R, 2, 2) is a p,-Lindelof space. But (R, 2, ) is not p,-compact since for example

{(n,n+ 1] : n € Z} is a p;-open cover of R contains no finite subcover.
Lemma 4.1. Every p,-closed subset of a p,-Lindelof bitopological space is p,-Lindelof.

Proof. Let (X,2,£) be a p,-Lindelof bitopological space and let F is a p;-closed
subset of X. If {U,: a € A} is a p;-open cover of F, then X = ( U Ua) J GON\F).

aceA
Hence the collection {U,:a € A} and X\F forms a p;-open cover of X. Since
(X,2,2) is p,-Lindelof, there will be a countable subcover {X \F, U

ap?

Uy,---}. But
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F and X'\F are disjoint; hence the subcollection of p;-open set {Uai i€ N} also

cover F, and so {U, : a € A} has a countable subcover. This completes the proof.

Theorem 4.1. Every p,-regular and p,-Lindelof bitopological space (X,%,2) is p,-

normal.

Proof Let A and B are p,-closed sets in X with ANB = . Since (X,%,2) is
p;-regular, then by Theorem 3.1, for each x in B and p,-open set X\ A containing x,

there is a p;-open set P, such that
x € P, Cp;-cl(P,) S X\A,

i.e., p;-cl (P,) NA= 0. The collection {P, : x € B} forms a p,-open cover of B. Since
(X,2,2) is p,-Lindelof, then B is also p,-Lindelof by Lemma 4.1. Hence we obtain a
countable p,-open cover of B, which we denote by {P; : i € N}.

Similarly, for each y in A and p,-open set X\ B containing y, there is a p;-open
set Q, such that

¥y €Q, Spi-a(Q,) SX\B,

i.e., p;-cl (Qy) NB = (. The collection {Qy 1y EA} forms a p,-open cover of A. Since
(X,22,2) is p,-Lindelof, then A is also p,-Lindel6f by Lemma 4.1. Hence we obtain a

countable p;-open cover of A, which we denote by {Q, : i € N}. Let

U, =Q\|J{pi-cl (V) :i <n}
and
Vn :Pn\U{pl'CI(Ui) | S Tl}.

Since U, N py-cl (V,,) = 0 for m < n, it follows that U, NV,, =0 for m < n.

Similarly, V,, N p;-cl(U,) = 0 for n < m, it follows that V,, N U, = 0 for n < m.

Thus U, NV,, = 0 for all m and n, and consequently U = | J{U, : n € N} is disjoint
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from V = J{V, : n € N}. Finally, p;-cl(V;) NA and p;-cl (U;) N B are empty set for
all i and hence the set U contains A and is p;-open, whilst the set V contains B and is

p;-open. The proof is complete.

5. On p,-continuous Functions

Now we shall give another concept of pairwise continuous functions and pairwise

homeomorphism in the sense of A. Tallaftha [5] and study its properties.

Definition 5.1. A function f : (X,2,2) — (Y,%,7) is said to be p,-continuous if
the inverse image f 2 (U) € @ U 2 for every U € ZU T, or equivalently, f*(U) is
p;-open in X for every U is p;-openin Y.

Definition 5.2. A function f : (X,#,2) — (Y, 2,7 ) is said to be p,-homeomorphism
if f is bijection, p,-continuous and f~': (Y, %,T) — (X,%,2) is p,-continuous. The
bitopological spaces (X,?,2) and (Y, Z,T ) are then called p,-homeomorphic.

A. Tallatha et. al. [5] called p,-continuous function in Definition 5.1 as p-

continuous function and p,-homeomorphism in Definition 5.2 as p-homeomorphism.

Theorem 5.1. If (X, %, 2) and (Y, %, T ) are bitopological spaces and f : (X,#,2) —

(Y,Z,T) be a function, then the following statements are equivalent:
(i) f is py,-continuous,

(ii) foreach x € X and each p,-open set V in Y containing f (x), there exists a p,-open

set U in X containing x such that f (U) C V.
(iii) f~'(V)is p;-closed in X for every p;-closed set V in Y,

(iv) for every ACX, f (p1-cl(A)) S p;-cl(f (4)),
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(v) forevery BCY, pi-cl(f1(B)) € f~* (p;-cl(B)).

Proof. (i) & (ii) : Let x € X and V is a p;-open set in Y containing f (x).
By (i), f7*(V) is a p,-open set in X containing x. Take U = f~'(V), and then
fay=fFfrwm)cv.

Conversely, let U be a p;-open set in Y and let x € f ' (U). Then f (x) € U and
by (ii), there exists a p;-open set V in X containing x such that f (V) € U. Hence
xe€VCft(U)and f'(U)= |J V. Thisshows that f!(U) is p;-open set in

xef 1)
X. Thus f is p,-continuous.

(i) & (iii) : Let V is p;-closed set in Y. Then Y'\\V is p;-open set in Y. Hence
FH(Y\\V) is p;-open set in X by (i). Since f 1 (V) =X\f 1 (Y\\V), it follows that
f~1(V)is p;-closed in X.

The converse can be proved similarly.

(iii) = (iv) : Let V be any p;-closed set in Y containing f (A). Then f~'(V) is
a p;-closed set in X containing A by (iii). Hence, p;-cl(A) € f~1(V), and it follows
that f (p;-cl(A)) € f (f~*(V)) S V. Since this is true for any p,-closed set V in Y
containing f (A), we have f (p;-cl(4)) S p;-cl(f (4)).

(iv)= (v):LetBCY andA= f ' (B). Then f (A) € B, and by (iv), f (p;-cl(A)) €
pi-cl (f (A)) S py-cl(B). This means p,-cl(A) € f ™' (f (p1-cl(A))) S f~" (p1-cl(B)).

Thus we have
pi—c(f(B) S (pi-cl(B))

by substituting A= f 1 (B).
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(v) = (iii) : Let V be a p;-closed set in Y. Then V = p;-cl(V). By (v), p;-

d(fr (V) € fH(pi-cl(V)) = £71(V). Since f71(V) € py-cl (f1(V)), we have
fH(V)=p;y-cl (f 1 (V)). Therefore f 7' (V) is p;-closed in X.

Definition 5.3. A function f : (X,?,2) — (Y,Z,7) is said to be p,-open if f (U) is
pr-open in Y for every U is p;-open in X, and p,-closed if f (V) is p;-closed in Y for
every V is p;-closed in X.

Theorem 5.2. Let f : (X,2,2) — (Y,Z,T) be a p,-continuous, surjective and p,-
open function. If (X, ?,2) is p,-Lindeldf, then (Y, R, ) is p,-Lindelof.

Proof. Let (X,%,2) is a p,-Lindelof space. Suppose {G;:i€ A} is a p;-open
cover of Y, ie., Y € |JG; with G, € ZUZ. Since f : (X,2,2) — (Y, %,T) is
€A
p,-continuous and surjective, then f ' (G;) € 2 U2 and

X=f1Y)cr! (UGi) =Jr(@G).
€A €A
Hence {f~'(G;):i€ A} is a p;-open cover of X. But (X,2,2) is p,-Lindeldf,
so there exists a countable subcover of X, say { f! (Gin) ‘ne N} such that X C
Ur (Gin). Accordingly,

r=foocs (Uf‘l (Gin)) U (6)) < UG,

Thus we obtain {Gin ‘ne N} is a countable subcover of Y since f : (X,2,2) —

(Y,%,T) is a p,-open function. This shows that (Y, %, ) is p,-Lindelof.

Example 5.1. Consider X = {a, b,c,d} with @ is discrete topology and topology 2 =
{0,{a},{a, b},{a,b,c}, X} on X, and Y = {x,y,z,w} with topologies
& =1{0,{x},{y}.{x,y}.{y.2,w}, Y} and 7 = {0, {x},{y,2,w},Y} on Y. Observe

that Z U £ is a discrete topology and

20T ={0,{x},{y}.{x,y}.{y, 2w}, Y}
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on Y. Define a function f : (X,2,2) - (Y,Z,7)by f(a) =y,f(b)=f(d) =2
and f (c) = w. Thus the function f : (X,2,2) — (Y,Z,T) is p,-continuous since the

inverse image of each member of Z# UJ on Y is a member of # U L on X.

Example 5.2. Consider X = {a, b,c,d} with @ = {0, {a},X} and topology

2 =1{0,{a},{a,b},{a,b,c},X}on X, and Y = {x, y,z, w} with topologies

& =1{0,{x},{y}. {x. ¥}, {y,z2,w}, Y} and 7 = {0,{x},{y,2,w},Y} on Y. Observe
that # U 2 = {0,{a}, {a, b}, {a,b,c},X} and

RUT =1{0,{x},{y}.{x,¥}.{y.2,w},Y} on Y. Define a function g : (X,?,2) —
(Y,2,7) by g(a) = g(b) = x,g(c) = z and g(d) = w. Thus the function g :
(X,2,2) - (Y,%,T) is not p,-continuous since {y,z,w} € #UJ but its inverse
image g7 ' ({y,z,w}) ={c,d} ¢ Z U 2.

Example 5.3. Consider a function f : (X,?,2) — (Y,%,T) as in Example 5.1. Ob-
serve that the function f : (X, ,2) — (Y,%,T) is not p,-open since {b} € Z U 2 but
fUb)={z} ¢V T.

Example 5.4. Consider a function g : (X,2,2) — (Y,2,7) as in Example 5.2. Ob-
serve that the function g : (X,2,2) — (Y,%,T) is not p,-open since {a,b,c} € Z U L2
but g({a,b,c})={x,2} ¢ 2 UT.

Example 5.5. The function f : (X,2,2) — (Y,%,7) in Example 5.1 is not p,-
homeomorphism since f ' : (Y,%,7) — (X, %, 2) is not p,-continuous, and the func-
tiong:(X,2,2)— (Y,2,7) in Example 5.2 is not p,-homeomorphism since it is not

Do-continuous.

Recall that, a property P of sets is called topological property if whenever a topo-
logical space (X, 1) has property P, then every space homeomorphic to (X, 7) also
has property P. In the case of bitopological space (X,%?,2), there are three types

of topological properties since now we have three types of pairwise homeomorphism.
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The first two types, the reader is suggested to refer [3] for the detail. Now if p,-
homeomorphism considered, we shall call such property as p,-topological property. It

is very clear that, Theorem 5.2 yields the following corollary.

Corollary 5.1. A p,-Lindelof property is p,-topological property.
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