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Abstract. In this paper, we take into account the opinion of involute-evolute curves which lie on fully
surfaces and by taking into account the Darboux frames of them we illustrate these curves as special
involute-evolute partner D-curves in E3. Besides, we find the relations between the normal curvatures,
the geodesic curvatures and the geodesic torsions of these curves. Finally, some consequences and
examples are given.
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1. Introduction

In differential geometry, there are many important consequences and properties of curves.
Researchers follow labours about the curves. In the light of the existing studies, authors
always introduce new curves. Involute-evolute curves are one of them. C. Huggens discovered
involutes while trying to build a more accurate clock, [1]. Later, the relations Frenet apparatus
of involute-evolute curve couple in the space E® were given in [2]. A. Turgut examined
involute-evolute curve couple in E", [4].

In this study, we consider the notion of the involute-evolute curves lying on the surfaces
for a special situation. We determine the special involute-evolute partner D-curves in E°.
By using the Darboux frame of the curves we obtain the necessary and sufficient conditions
between K, T,, k, and k), for a curve to be the special involute partner D-curve . Kz and
Tz of this special involute partner D-curve are found. Finally, some special case and examples
are given.
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2. Preliminaries

In this section, we give information about Involute-evolute curves and Darboux frame. Let
a(s) be a curve on an oriented surface M. Since the curve a(s) is also in space, there exists
Frenet frame {T,N, B} at each points of the curve where T is unit tangent vector, N is principal
normal vector and B is binormal vector, respectively. The Frenet equations of the curve a(s)
is given by

T = &N
N'=—«kT+ 1B
B'=—1N

where k and 7 are curvature and torsion of the curve a (s) , respectively. Since the curve a (s)
lies on the surface M there exists another frame of the curve a(s) which is called Darboux
frame and denoted by {T, g, n}. In this frame T is the unit tangent of the curve, n is the unit
normal of the surface M and g is a unit vector given by g=nXxT. Since the unit tangent T
is common in both Frenet frame and Darboux frame, the vectors N, B, g, n lie on the same
plane. So that the relations between these frames can be given as follows

T 1 0 0 T
g | =0 cosp sing |-| N €y
n 0 —sinp cosy B

where ¢ is the angle between the vectors g and n. The derivative formulae of the Darboux
frame is

T 0 Kg Kp T
g |=| *x O T, 1-]8 (2)
n —K, —Tg O n

where, K, is the geodesic curvature, x,, is the normal curvature and 7, is the geodesic torsion

of a(s). Here and in the following, we use “dot” (-) to denote the derivative with respect to
the arc length parameter of a curve.
The relations between «,, k,,, T, and k, T are given as follows

d
=KCOSp, K, =KSsin, Tg=T+—(p 3)

K ds.

8

Furthermore, the geodesic curvature x
calculated as follows

¢ and geodesic torsion 7, of the curve a(s) can be

da d*a da dn @)
= _ — X = —_— X —
K ds’ ds? njo T as " ds

In the differential geometry of surfaces, for a curve a(s) lying on a surface M the followings
are well-known

i) a(s) is a geodesic curve <k, =0,
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ii) a(s) is an asymptotic line < k,, =0,
iii) a(s) is a principal line < 7, =0, [3].

Let a and f3 be two curves in the Euclidean space E3. Let {T,N, B} and {T*,N*,B*} be Frenet
frames of a and f3, respectively. Then the curve f3 is called the involute of the curve a, if the
tangent vector of the curve a at the points a (s) passes through the tangent vector of the curve
B at the point 3 (s) and

(T, T*) =0,

Also, the curve «a is called the evolute of the curve 3.

3. Special Involute-Evolute Partner D-Curves in E>

In this section, by considering the Darboux frame, we define involute evolute partner
D-curves and give the characterizations of these curves.

Definition 1. Let M and N be oriented surfaces in three dimensional Euclidean space E* and
the arc length parameter curves a(s) and f (s*) lying fully on M and N , respectively. Denote
the Darboux frames of a(s) and f3 (s*) by {T,g,n} and {T*,g*,n*}, respectively. If there exists
a corresponding relationship between the curves a and f3 such that, at the corresponding points
of the curves, the Darboux frame element T of a coincides with the Darboux frame element g* of
B, then a is called a special evolute D-curve of 3 and f3 is a special involute D-curve of a. Then,
the pair {a, B} is said to be a special involute evolute D-pair.

Theorem 1. Let a(s) and 3 (s*) be two curves in the Euclidean space E*. If the pair {a, 8} is a
special involute evolute D-pair, then

B(s)=a(s)+(c—s)T(s)

Proof. Suppose that the pair {a, 8} is a special involute evolute D-pair. From definition of
special involute-evolute D-pair, we know

B(s)=a(s)+A(s)T(s). ()

Differentiating both sides of the equation (5) with respect to s and use the Darboux formulas,
we obtain

*

ds ;
T (s*) Fr T(s)+A(S)T(s) + x4 ()A(s)g(s) + K, (s)A(s)n(s)
Since the direction of T coincides with the direction of g*, we get

AGs) = —1 6)

and

Als)=c—s (7
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where c is constant. Thus, the equality (5) can be written as follows

B(s)=als)+(c—s)T(s). (8)

Corollary 1. Let a(s) and B (s*) be two curves in the Euclidean space E°. If the pair {a,f} is a
special involute evolute D-pair, then the distance between the curves a(s) and 3 (s*) is constant.

Theorem 2. Let M and N be oriented surfaces in three dimensional Euclidean space E® and
the arc length parameter curves a(s) and f3 (s*) lying fully on M and N , respectively. f3(s*) is
special involute D-curve of a(s) if and only if the normal curvature x, of 3 (s*) and the geodesic
curvature K, , the normal curvature x,, and the geodesic torsion T, of a(s) satisfy the following

equation
2 2 * :
. Ky T K, AK K g KoKn
Kp,= 0 Tg | T
Kg cos Kg

for some nongero constants A, where 0 is the angle between the vectors n and n* at the corre-
sponding points of a(s) and 3 (s*).

Proof. Suppose that M and N are oriented surfaces in three dimensional Euclidean space
E® and the arc length parameter curves a(s) and f3 (s*) lying fully on M and N, respectively.
Denote the Darboux frames of a(s) and 8 (s*) by {T, g,n} and {T*,g*,n"}, respectively. Then
by the definition we can assume that

B(s)=als)+A(s)T(s) )

for some function A (s). By taking derivative of (9) with respect to s and applying the Darboux
formulas (2) we have

ds* '
T*E = (14—1) T+AK,g+ Ak,n (10)
From (6) we get
T*E :AKgg‘FAKnIl. (11)
On the other hand we have
T" = cos g — sin On. (12)
Differentiating (12) with respect to s, we obtain
K“;g* +x7n* d_s* = (Kg cos 6 —x, sin 9) T+ (74— 0 sinfg+ (T4 — 6 ) cosén
ds

From the last equation and the fact that
n* =sinfg+ cosOn

we have

ds*

(KZg* +x7sin0g + «, cos@n) i (Kn sin 6 — k4 cos 9) T+ (’L'g - 9) sinfg
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+ (Tg — 9) cosOn.
Since the direction of T is coincident with g* we have
é =1, — K. —. (13)

From (10) and (12) we obtain
ds*  AKg Ak,

b =— 14
ds cos6 sin 6 19
and

—AK, = AKg tan® (15)

By taking the derivative of this equation and applying (13) we get

2, .2 :

. Ks+K AkFK K K
Kp= | —2 e B (16)

Kg cos6 Kg

that is desired.
Conversely, assume that the equation (16) holds for some nonzero constants A. Then by
using (14), (15) and (16) gives us

3
ds* . .
Ky (E) = AZKan—AZKgKn+7Lz (K% + Kz) Tg 17)

Let define a curve
B(s)=a(s)+A(s)T(s)
By taking the derivative of the last equation with respect to s twice, we get

*

ds
T*E = AKgg‘FAKnIl (18)

and
Y 2 *
(Kzg*+KZn*) (%) +T*C;2Ts2 =—2 (Krzl + K;) T+ (Akg - Kg—kknﬂ:g) g
+ (A, = K = Akg T ) 19
respectively. Taking the cross product of (18) with (19) we have
ds*)? : :
(KZn*—K:;g*) (I) = [AZ (ngn — KpKg + K;Tg + Kflrg)] T—A2 (K?1 + KnKé) g

+ 22 (Kz + K'gKTzl) n. (20)
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By substituting (17) in (20) we get
(K*n*—K*g*) d_s* 3 =—x* d_s* BT—AZ (K3 + K K2) g+A? (K3 +x Kz) n 21D
8 n ds n\ ds nooontg g "&mn)
Taking the cross product of (18) with (21) we have

ds*\* ds*\° ds*\°
kK sk K - _ _ 133 2 2 E 3 e _ * [ 70
( KU —K,8 ) (ds) =-A (Kn-l-Kg) T+7u<ni<n(ds) g AKgKn(ds) n (22)

From (21) and (22) we have

— (K:Z-FKZZ) (C;—S:)“n* = |:—KZKZ (C;—S:)4 + 2%k (KTZI + K§)2:| T

Furthermore, from (18) and (21) we get

2

ds* 12 2 2
(E) —zk (Kn-I-Kg)
«2 [ ds* _ 2 2
Kg (E) = (Kn+Kg)

respectively. Substituting (24) in (23) we obtain
4 3
2 2 [dst . 9 v (. 2 o ds* o2 [ ds*

_(Kn +Kg) (E) n —Kn{[x Kg (Kn+Kg)] E +AKn E g
3

ds* ., [ ds*

2% 2 2 %
+ K, { [A Ky (Kn +Kg)] (E) + Ak, (E) }n. (25)

Equality (18) and (25) shows that the vectors T* and n* lie on the plane Sp{g,n}. So, at
the corresponding points of the curves, the Darboux frame element T of a coincides with the
Darboux frame element g* of 8 . Thus, the proof is completed.

(24)

Special Case 1. Let 5 (s*) be an asymptotic special involute D-curve of a.

i) Consider that a(s) is an asymptotic line. Then a(s) is special evolute D-curve of f3 (s*) if
and only if the geodesic curvature Kk, , the geodesic normal x,, and the geodesic torsion T
of a(s) satisfy the following equation,

8

Kp=—TgKg.
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ii) Consider that a(s) is a principal line. Then a(s) is special evolute D-curve of f8 (s*)if and
only if the geodesic curvature x, and the geodesic normal k,, of a(s) satisfy the following
equation,

8

Theorem 3. Let the pair {a, 3} be a special involute evolute D-pair in the Euclidean space E®
Then the relation between the geodesic curvature KZ and the geodesic torsion TZ of B (s*) is given

as follows

1
* * _
Kq +Tg— 2

for some nongero constants A, where 0 is the angle between the vectors n and n* at the corre-
sponding points of a(s) and f3 (s*).

Proof Let the pair {a, 3} be a special involute evolute D-pair in the Euclidean space E°.
Then from (9) we can write

B(s)=a(s)+A(s)T(s)
for some constants A. The last equation is written as follows
a(s)=p(s)—A()T(s)

Since the direction of T is coincident with g* we have

a(s)=p(s)—2A(s)g"(s) (26)

By differentiating (26) with respect to s and since the direction of T is coincident with g* we
have

1
* X _
K +7T e T
Special Case 2. Let the pair {a, 8} be a special involute evolute D-pair in the Euclidean space

E3.

i) If B is geodesic curve, then

1
* = ——
Te= o
ii) If B is a principal line, then
1
* [ —
Kg =~

Theorem 4. Let the pair {a, 8} be a special involute evolute D-pair in the Euclidean space E>.
Then the following relations hold:
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dS F'3 * e
) — T —
Kggor = KgCOSQ+TgSIIl9
. Kn—;;* = KZ sinf + T“; cosf

* __ : _ ds
* K, = (Kn sin 6 — K cos 9) e
Proof.
e By differentiating the equation (n,n*) = cos 6 with respect to s* we have

<(—KnT—ng) %,n*> + <n,—K§T*—T;g*> = —sin@%

Using the fact that the direction of T coincides with the direction of g* and

T" =cosfg—sinfn
g" =sinfg+ cos6n

we easily get that
. ds do

K =T,—— — ——
n gds* ds*

Similarly other choices are testified.

Theorem 5. Let the pair {a, 8} be a special involute evolute D-pair in the Euclidean space E>.
Then geodesic curvature KZ of B(s*)is

ds \3
Ky =22 (KE—KE) (E) (Kg cos@+1<nsin9)
where 0 is the angle between the vectors n and n* at the corresponding points of a(s) and f3 (s*).

Proof. Suppose that the pair {a, 8} is a special involute evolute D-pair in the Euclidean 3
space E°. From the first equation of (4) and by using the fact that T is coincident with g* we

have
] ap d’p
= (—,— X
Ke ds*’ ds*2 n
d 3
= 22 (KTZI—KE) (d_ss*) (Kg cos 6 + K, sin@)

Special Case 3. Let the pair {a, 8} be a special involute evolute D-pair in the Euclidean space
E3.
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i) If a is a geodesic curve, then the geodesic curvature KZ of B(s*)is
ds \?3
* 423 :
Ky = A%k (_ds*) sinf
ii) If a is an asymptotic line, then the geodesic curvature KZ of B(s*) is
ds \3
* __ 423
Ky =2 K, (_ds*) cos 6

Theorem 6. Let the pair {a, 8} be a special involute evolute D-pair in the Euclidean space E>.
Then geodesic curvature ’L'Z of B(s*)is

ds \? ds \?
* . 2 2 _
Te= —Asin 6 cos 0 (Kn-l-Kg) (_ds*) AK K, (_ds*)

where 0 is the angle between the vectors n and n* at the corresponding points of a(s) and f3 (s*).

Proof. Suppose that the pair {a, 8} is a special involute evolute D-pair in the Euclidean
space E°. From the first equation of (4) and by using the fact that T is coincident with g* we

have
. _ /4B . an’
= X
Te ds*’n ds*
ds \2 ds \?
_ . 2.2 _ —
= —Asinfcos6 (Kn+Kg) (ds*) AKnK g (ds*)

Corollary 2. Let the pair {a, B} be a special involute evolute D-pair in the Euclidean space E°.

i) If a is a geodesic curve, then the geodesic curvature TZ of B(s*)is

. . 9 ds \ 2
Tg——ksmécosexn P

ii) If a is an asymptotic line, then the geodesic curvature TZ of B(s*) is

‘— _asingcosn? (1)
Tg—— SN ¢ COoS Kg g

35— 3sins coszs) be a curve. This curve lies on the

Example 1. Let a(s) = (sins, Cos s, sin
surface z = x> — 3xy? (monkey saddle). The special involute D-curve of the curve a(s) can be
given below

3 2

B (s) =(sins + (c —s) coss, coss + (s — ¢) sins, sin’ s — 3sins cos”s

+(1 —s)(9sin®scoss — 3 cosgs)), c €R, cis a constant

For specially, c = 1 and s € [0,27], we can draw special involute evolute D-pair {a, 8} using
Maple 12 as shown in Figure 1.
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Figure 1: Special Involute-Evolute Partner D-curves.

Example 2. Let a(s) = (s sins, s cos s,sz) be a curve. This curve lies on the surface z = x>+ y?.
The special involute D-curve of the curve a(s) can be given below

B(s)= (s sins + (¢ — s)(sins 4+ s coss),s coss + (¢ —s)(coss — ssins), s> + 2(c — s)s) s
¢ €R, cis a constant

This curve lies on the surface z = —4/ x* + y*. For specially, c =0 and s € [0, 5 7] we can draw

T

Figure 2: Special Involute-Evolute Partner D-curves.

special involute evolute D-pair {a, 8} using Maple 12 as shown in Figure 2.
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