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V E B L E N I D E N T I T I E S AND T H E I R E Q U I V A L E N C E IN 
G E N E R A L I Z E D F I N S L E R SPACES 

S.P.SINGH 

A B S T R A C T 
The generalized Riemannian space was developed by L.P. 

Eisenhart [1] . Some aspects of generalized Finsler spaces were studied by 
A.C.Shamihoke [3] and S.P.Singh [5,6]. The present author and J.K.Gatoto 
[7] have obtained Veblen identities in a conformal Finsler space . The 
objects of the present paper is to define Veblen identities and obtain the 
equivalence relation between Bianchi and Veblen identities in the 
generalized Finsler space GFn. 

I N T R O D U C T I O N 

We consider the n-dimensional Finsler space in which the metric 
tensor gtJ (x,x) is non-symmetric in general. The round and square 

brackets w i l l be used to denote its symmetric and skew-symmetric parts 
respectively, that is 

g(V)=^(gy+gj<) > g\,j]=^(g,j-gj) 

The space endowed with this metric tensor is known as generalized Finsler 
space and we denote it by GFn . 
The connection parameters for the locally Minkowskian and locally 
Euclidean GFn are denoted by P*l and T*l respectively . 

L e t X ' be a vector field of GFn , then the two processes o f differentiation 
are defined as 

( l . i ) x:j=dJxi+dhxidJxh+p£xk, 

and 



(1.2) x'\j=djx'-èkxlri^+rjxk , 

w h e r e r ; = r ; + c ; r , ; " ^ , clJk=hikF2(x,x) , dh=e/dxJAM" 

The commutation formulae involving the curvature tensor fields are given 
under : 

(1-3) 2X\jk]^XhK'hkJ-2Xi

JA\jk] 

and 

(1-4) 2 X ' ' | W ^ S A X ^ , F + X A ^ . - 2 X ' | ; , A ' [ # ] ; 

where 

( L 5 ) r W = P W = A ' w ' x',[jk]=\{x>jk-x',kj) 

and 

( l - 6 ) Kkh = K']Jr 

The unit vector V satisfies the relations 

(1-7) l J = ^ , l % = 0 

We also have 

(1.8) F \ r 0 
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The curvature tensor fields K'Jkh and K'jkh satisfy the following 

identities : 

(l-9) K'jkh--KJhk , Kjkh=—Kjhk 

(1.10) KM+Kw+Kw^^kM-jg" > 

where ; denotes covariant derivative based upon the connection parameter 

given by 

Qjkh ~ Pjkh + g(jk\h 
and 

C1 • i ) K'jkh + K'khj + Km = 2A[j\k\i,\ig"' 

where / denotes covariant derivative based upon the connection parameter 

given by R*]kh =T]kh . 

The Bianchi identities satisfied by these curvature tensor fields are given by 

(1.12) K'JkhJ +K'JMk +K'M>h +2[K'JmkP[$ +K'jmhP{k"\ +K'JmlP[lk]]= 0 

and 

(1.13) 
KM +K'jhi\k +K'jik\h + F{Koki,d »Fjl +Kô'hiKXjk +Koik^«Xj'h) 

= 2{K'jml^[kh] + K"jmAm[M} + K'jmk&'îlk]) 

2. V E B L E N I D E N T I T I E S AND T H E I R E Q U I V A L E N C E 

Theorem 2.1 [Shamihoke [3] . In the generalized Finsler space with the 

connection parameters P*k and the curvature tensor field K'jkh , the Bianchi 

identities are expressed as 
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( 2 > 1 ) | ^ * « =KJII*J] + 2K'M*PIS] ' 

where the two indices together with bar represents the skew-symmetric part 
of that tensor in two indices and the symbol [khr] gives the skew-
symmetric part of the tensor in three indices. 

We consider the following lemma which is very useful in deriving 
Veblen identities and proving the equivalence of Bianchi and Veblen 
identities. Similar lemma was used by C.I.Ispas [4] for determining Veblen 
identities in Finsler space . 

Lemma Let us assume that the quantities J jkM satisfy the following 

conditions : 

(2-2) JjM - J JIM , 

and 

(23) J{Jkh]l = 0 , 

Now i f we put 

( 2 A ) Bjai = 3 J / [ k h l ] , 

and 

(2-5) V m = JjkM + JhJlk + JlhkJ + JklJh 

then they satisfy the relations 

(2-6) V J k h l = B k j , l + B M k J 

and 
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(2.7) 2 5 ^ = 3 ^ , ] . 

Proof. Using the definition (2.4) in the right hand side of (2.6) , we get 

(2-8) BkjM + BhlkJ - JkJM + JkUj + JUjh + JMkJ + Jhkjl + JhJlk 

In view of (2.3) , the equation (2.8) assumes the form 

(2.9) BkJM + BhlkJ — —Jjhki - J!khj + Jkijh + Jhjlk • 

Applying (2.2) and (2.5) in the above equation , it yields (2.6) which 
proves the first part of the lemma . 

Now by considering the right hand side of (2.7),we have 

^ jq^ ^j[khl] = Jjkhl + Jhjlk + ^Ihkj + ^kljh +
 JJhlk 

+ Jljkh + Jklhj + J)tkjl + J jlkh + Jkjhl + J hklj + ^ Ihjk 

in view of (2.5) 

By virtue of (2.3) and (2.4) , the equation (2.10) becomes 

^ , j ^ ^j[khl] ~ Bjkhl + 3J[lhk\] + 3J[l,jl}k - Jjlhk 

+ 3J[klj]h ~ Jjklh + 3J[l,kj]l ~ Jjhkt • 

On account of (2.3) , it reduces to 

( 2-12) Wj[khi] = Bjkhi ~ 3Jj[hki] • 

In view of (2.2) and (2.4) , the equation (2.12) yields (2.7) which 
establishes the second part of the lemma . 
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Theorem 2.2 In the generalized Finsler space GFn , the curvature tensor 

field K'Jkh satisfies the Veblen identities 

(2-13) VJkhl = J j k h J + JhJ,k + J,hkj + JklJh = 0 , 

where 

(2-14) J' jkhj = Kjkhj +jmkPlh ~KjmhP]k ) • 

Proof. Interchanging the indices k and h in (2.14) , we get 

(2'15) JjkhJ~~JjhkJ 

in view of (l.9) . 

Taking cyclic permutation of the indices j , k, h and noting ( l . 10) in 

(2.14) , we obtain 

J r ; — — A rrim 1 A rr1"' 

jkh\,l ~ Q ^[j\k\h\m,lS + „ a[j\k\h].;mS,l 
(2.16) 

+ 3 (H\»¥}p»"'+^k«\h]pij'" + H\m\j]p*k") 

In view of ( l .9) and (2. l ) , the cyclic permutation of the indices k, h, 1 
yields 

(2-17) 37J [ i t v ] = B'jkM . 

On account of (2. l ) , (2.15), (2.16), (2.17) and the lemma , we get (2.13) 
which completes the proof. 

Remark 2.1 In a generalized Finsler space GFn , the curvature tensor 

K'jkh satisfies the Veblen identities 
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(2.18) V'JKHL = K'JKHJ + K'HJKK + K'LHKJ + K'KLJJL +-[K 'JMKP^ + K'HMJPK!' 

i i?< d*'" i pi p*'" v' p*'" _ v' p*'" _ vs P*m — v' p*'" — n 
+ Jilmhr]k +JS-kmlrhj ^ j,„hrlk "~ hmlrkj **lmkr}h J^km]rhl J _ u 

Theorem 2.1 In a generalized Finsler space G F N ,the Bianchi and Veblen 

identities for the curvature tensor K ' ] K H are related as under : 

(2-19) V;kM=B)kM+Biljk , 

and 

(2-20) 2 5 ^ = 3 ^ . 

Proof. I t is evident from the lemma . 

Remark 2.2 In similar way as above ,we find that the curvature tensor 
K'JKH satisfies the Veblen identities 

(2.21) 

V'jkhi =K'jkh\i +K'hji\k +K'm\j +Kkij\i, +F{Km^m

r[j)]+Ko)i^,,,r[hk]) 

~ 2(a:[jI'»i/]aTw'] + ^[/^" i - t ]^"//] ) - {^o/zt^mr j i +Ko'kid,„Thj + ^ o " A , r / ; ' 

+K„jdXki}+ i K ^ k + KLj^[ki] + KLX'W+KL,A[hj\] = o 

m view of (1.9) and (1.13) . 

Remark 2.3 Theorem 2.3 also holds good in case of the relation between 
Bianchi and Veblen identities for the curvature tensor K'JKH in GFN . 
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