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O N G A U S S I A N S U M S O V E R F I N I T E F I E L D S 

N E Ş E Y E L K E N K A Y A 

A b s t r a c t 

I n th is paper , i t has been determined the sings of normed Gaussian sums over finite 

fields. 

I N T R O D U C T I O N 

L e t p be an o d d p r i m e n u m b e r a n d Fg :— GF(q) be a finite field o f o rde r q — ps for some 

s e I N . T h e n Fq = F{6) w i t h j{6) = 0, w h e r e F = Fp; 

f(x) - ITT{9, x, F ) = xs + a ^ i i ' - 1 + . . . + tux + a 0 

is t h e m i n i m a l p o l y n o m i a l o f 8 over F. T h u s 

Fq = F © .F0 © . . . 8 W 1 

becomes a n a d d i t i v e e l e m e n t a r y abe l i an g r o u p . O n t h e o t h e r h a n d F* — Fq \ { 0 } , t h e m u l t i p 

l i c a t i v e g r o u p o f t h e field Fg, is cyc l i c o f o r d e r ç — 1 a n d F* — < p > f o r some gene ra to r p. L e t 

K : = < p 2 > t h e n 

F * — i f U p i f (disjoint). 

N o w r :— p w is a g ene r a t o r o f F * where u = ( p s — 1 ) , i .e . , = < r > . L e t * = 1 î ,/ l l ı . . . ı/ l j , be 

a n o n - t r i v i a i i r r e d u c i b l e cha rac t e r o f a d d i t i v e g r o u p o f Fq w h i c h is also ca l l ed a d d i t i v e c ha r a c t e r 

such t h a t 0 < h1}...,hB <p - 1; ( A i , . . . , / i s ) / (0 , . . . , 0 ) , 

whe r e ¡5 = fcxlF + A;20 + . . . + ks8
s~l ; 0 < k{ < p - 1 , i = 1 , . . . , s ; s = COS(2TT/P) -f i s i n ( 2 7 r / p ) 

a n d b y abuse o f n o t a t i o n we m a y also w r i t e kı,...,ks e F. O n t h e o t he r h a n d , l e t ( be t h e 

i r r e d u c i b l e c ha r a c t e r o f t h e m u l t i p l i c a t i v e g r o u p F* w h i c h is also ca l l ed m u l t i p l i c a t i v e cha rac t e r 

w i t h 

C(p') = ( - ! ) ' ' for a ny i e 2.. 

N o w def ine 

^ ) ( C ; * ) = E C ( / W ) 
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wh i c h is c a l l e d a G a u s s i a n s u m over the f i e l d Fq w i t h respect t o \& a n d 6. I f s = 1 t h e n 

TJ(C; ^ ) becomes the u sua l Gauss i an s u m rhi — Y. \ ~ ) £h^x, whe re (-f) is the Legendre 

s y m b o l a n d £ t u r n s o u t t o be t h e so ca l led Legend re s y m b o l . 

L e m m a 1 . T J ^ C ; * ) - ( - l ) * 9 " 1 ^ . 

Proo f . -

1. ( ( - 1 ) = ( - l ) ( 9 - D / 2 . 

2. A s £ is a n o n - t r i v i a l i r r e d u c i b l e m u l t i p l i c a t i v e cha rac t e r o f F* we have £ C(/3) — 0. 

3. A s \I> is n o n - t r i v i a l i r r e d u c i b l e a d d i t i v e c ha r a c t e r o f Fq, we also have £ ^ ( / ? ) — -1¬

4. N o w t a k i n g /?(S — 7 

^)(C;*) - E C{fhW + t)= E C 0 W ( i + i)] 

= c ( - i ) ( f f _ i ) + E «*) E W + 

= t - i ) ( 9 " 1 ) / 2 9 - C ( - i ) - E c w 
o - i ^ e F , 

= ( - i ) i f l - 1 , / 2 ? - E m = (-i)<«-wq 

as des i r ed . 

N o t e . B y L e m m a 1, r ^ ( ( \ ^ ) is i n d e p e n d e n t o f t h e choice o f ^ ^'o,...,o a nd 8. A n d 

T{s)((,;ty) is d e t e r m i n e d u n i q u e l y u p t o f a c t o r ±1 . 

L e t £ * ( / ? ) a n d y{s)(V) := £ *(/?). 

L e m m a 2. y{a)(V)} = { - § ( ~ V s + * ) > " K V ? + 1)} 

f + l ; i f ? = 1 ( m o d 4) . r - T 

where 77 = < , . . c „ , , , ; 1 — V ~ L 
' [ + 1 ; i f 9 = 3 ( m o d 4} 

N o t e t h a t w e sha l l keep t h i s n o t a t i o n f o r 77 t h r o u g h o u t t h i s paper . 

Proo f . A s $ is a n o n - t r i v i a l i r r e d u c i b l e a d d i t i v e c ha r a c t e r o f FQ, we a l r e ady k n o w t h a t 

- 1 = E * ( / ? ) = a ) 
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On t h e o t h e r h and by L e m m a 1 , r ^ f C ; ^ ) = Qyfq w i t h o — ~^r\. T h u s 

o-v^ = T ( i ) ( C ; * ) = ^ ) i * ) - y ( . ) ( * ) - ( 2 ) 

T h e r e f o r e (1) a nd (2 ) y i e l d t h e des ired resu l t : 

= + a n d j , ( s ) ( $ ) = - I f o ^ + 1 ) . 

T h i s c omp l e t e s t h e p r o o f o f t h e L e m m a . 

F r o m n o w on we fix f = ^1,0,..,,o a n d w r i t e T ( S ) , X ( S ) , T/( SJ i n s t e a d o f T ( S ) ( ( ; W) , z ^ C * ) , 

y ( s ) { ^ ) a n d we ca l l T ^ J t h e no rmed Gauss i an s u m over t h e f i n i t e f i e ld Fg. N o t e t h a t T { 1 J = r 

is t h e u s u a l n o r m e d G a u s s i a n s u m . T o d e t e r m i n e a is an i m p o r t a n t p r o b l e m w h i c h s hou l d be 

dea l t w i t h , n ex t . 

L e m m a 3 . (Gauss ) I f s — 1 t h e n a = 77; i .e. r — rj^/p, 

x ~ x ( 1 ) = -~[~V^/p + 1) a n d y = y ( i ) - - ^ ( 7 7 ^ + 1) . 

T h e concep t -Gauss ian sum- has been i n t r o d u c e d by Gauss h imse l f i n o r de r t o p rove h i s 

t h e o r e m on q u a t r a t i c r e c i p r o c i t y and Gauss has also gave a p r o o f o f L e m m a 3, T h e r e are some 

o t he r p r o o f s o f t h i s i m p o r t a n t t h e o r e m , b u t a l l o f t h e m are e i t h e r l o n g or r equ i r e some deep 

r e su l t s b e l o n g i n g t o a l g eb r a i c n u m b e r t heo ry . W e g ive here t h e p r o o f due t o K r o n e c k e r s t a t ed 

i n B o r e v i c h h S h a f a r e v i c h , N u m b e r T h e o r y , p .355 as exercises 13-16. 

(p-l)/2 

A s se r t i o n I. L e t p be an o d d p r i m e a n d set e — cos — + i s i n — . L e t S — f l (z* -
p P X = 1 

t h e n S2 — ( — l ) ^ p _ 1 ^ 2 p . T h u s & 2 co inc ides w i t h t h e square r 2 o f t h e Gauss i an s u m 

Proo f . S ince ex - e~x = i2sm(2?T2 : /p) f o r x — 1 , . . . , (p - l ) / 2 

(p-i)/2 

iCP-D/2 2(p-i)/2 JJ sin(27ra:/p) = i i p " 1 ) / 2 | 5 | , (3 ) 
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whe re |5j denotes t h e abso l u t e va lue o f 6 £ C . T h u s 

62 = (-l)^-lV2\S2\ . 

O n t h e o t he r h a n d , 

(p-l)/2 lP-D/2 

Since 77/2 t h e n ^ 2 , =F2.2,.... q = 2 . ( p- l ) / 2 is a c o m p l e t e res idue sys t em w i t h a c omp l e t e res id 

S3'stein m o d ( p ) , 1 , 2,. , . ,p — 1. So t h a t 

whe r e f(y) — yv~v + yp~'2 + ... + y + I. T h u s we o b t a i n t h e des i red resu l t 

Asse r t i on I I . W i t h t h e same n o t a t i o n s , we have 

t o (^)s-( ^ ; f o r i S l ( m o d 4 ) • i - y ^ r 

{ \ p ] \+iy/p;f0T q~ 3 ( m o d 4 ) • 1 V 1 . 

F u r t h e r , s e t t i n g A — 1 — e, we have t h a t t h e congruence 

(it) (jpj 6 = [E-±y.\l*-W ( m o d 

ho l d s İn t h e o r de r Z j s ] . 

Proof , (z). B y (3) a n d (4 ) i n t h e p r o o f o f A s s e r t i o n I , <5 = i ^ 1 ^ 2 ^ , t o p rove (2), i t 

e n o u g h t o show t h a t 

„ .= (zl) İÖ-ÎÎ/2 = J + 1 ; F O R p = 1 (mod 4 ) 

\ p y [ + i ; f o r p = 3 ( m o d 4) 

I f p = 1 ( m o d 4) t h e n p = 4 n + 1 f o r some 71 £ EST. I n t h i s case 

u = (-ijtp-'V^-iJtp'-WSitp-ii/a ^ + 1 _ 

I f p = 3 ( m o d 4) t l ıen p = An + 3 f o r some n £ N U { 0 } . I n t h i s case 
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( M ) L e t A : = 1 - 5 t h e n e = 1 - A a n d Z [e] = X [A] . O n t h e o t h e r h a n d , 

/ ( y ) = / - ] + i T 2 + . . . + y + I = U(y - e*) and p - / ( l ) = n ( l - c'") . 

i=l ¿=1 

p-i 

Le t y ( y ) := n ( 1 - ( 1 ~ vY) € Z j y ] , P - A y ( y ) ; i .e. p = 0 ( m o d A ) . B y Eu l e r ' s c r i t e r i o n 
! = 2 

- 9 

a n d 

T h u s , 

= ( - 2 ) ^ - ^ 2 ( m o d p ) 

f — = ( - 2 ) < ^ 2 ( m o d A) . 

^ Z [ A ] 

_ 9 \ ( P-l ) / 2 

— 5 = ( _ 2 ) < P - W 2 I ] ( ( 1 - A ) 1 - ( 1 - A ) " " 1 ) 

• D ' Z [A] * = 1 

(f-l)/2 
_ 2 ) b - i ) / 2 TT ( ^ _ 2 x ) A + ( . . . ) A 2 + . . . ) 

2 [A] 

_ ( _ 2 ) 2 ( p - l ) / 2 1 ^| A (p- l ) / 2 

Z [ A ] 

Z [ A ] 

p - 1 
U i p - l ) / 2 ( m o d A i p + 1 ^ 2 ) . 

Because , ( - 2 ) 2 ! " - 1 ) / 2 = 1 ( m o d p ) ; i .e . ( _ 2 ) 2 0 - 1 ) / 2 = 1 ( m o d A ) , 

p = ( 1 - c ) ( l - £ 2 ) . . . ( 1 - ^ " 3 ) - A ' - ^ C A ) a n d (2±i) = ( ^ ) + 1 . 

Asse r t i o n I I I . W e have t h e f o l l o w i n g congruence 

p-l 

E (j) ? = T= (Z-^.y.\to-W ( m o d A C + 1 > ' 2 ) 

i n t h e r i n g Z 
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Proof . B y Eu l e r ' s c r i t e r i o n 

a n d by W i l s o n ' s t h e o r e m . 

' p - 1 V ( - l ) ( " - 1 ) / 2 f ^ i ) ! = ( p - ! ) ! = - ! ( m o d p ) ; 

i .e. 

a n d 

(*) = x^V2 ( m o d A p ~ l s 

^ Z [ A ] 

r ; 1 z [ A ] 

Set gm(y) = y ( y - 1) • • • (y ~ m + 1) 

= ym + a^n-iy™'1 + -.. + a ^ i V + a m , o € 2 fr] 
f o r m = 1, 2 , . . . , x ; a m , m - 1. 

As. we a l r e a d y k n o w t h a t 

in _ i 0 ( m o d P) f o r 0 < m < p - 1 

4 ^ 2 1 ~ [ — 1 ( m o d p ) fo r m — p— 1 . 

N o w d e c o m p o s i n g t he s u m f z ( p ~ 1 ) / 2 ( l - A ) 1 i n t o power s o f A, by (5 ) we have 

T = E ^ - ^ a - A ) * 

Z [A] 1 = 1 

= y x i p - 1 ) / 2 [ l + ( - l ) - A + . . . ( - l ) m ^ ^ A m + . . . ] . 

Z [A] 1 = 1 

T h u s 

r = E ̂ (P^>/2 + (-1) E ^ ( P + 1 > / 2 A + • • • + 

Z [A] 1 = 1 x = 1 

+ [ H ) m i 7 E < W E ^ + i ) A m + • • • ( m o d Xb+W) 
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r = (-l^WrXra^^^arW-W ( m o d X^2) 

T h e n we o b t a i n b y (6) t h a t 

'^y^-W ( m o d A ^ ' 2 ) . r — 

Z [ A ] 

A s s e r t i o n I V . U s i n g t w o p r eced i ng asser t ions we get 

y/p ; f o r ? = 1 ( m o d 4 ) _ 

+ iy £- ; fo r g = 3 ( m o d 4) v 

Proo f . B y A s s e r t i o n I , r 2 = 52 = [ ( — ) & f so t h a t 

- ( ( ? ) * - ( ? - ) « 

I f r — 5, b y A s s e r t i o n I I , we o b t a i n t h e des i r ed r e su l t . 

A s s u m e t h a t r ^ {'y') ¿5. I n t h i s case b y A s s e r t i o n I I a n d A s s e r t i o n I I I 

2 ( p - l i W - 1 > / 2 = 2 r = 0 { m o d A< " + 1 > ' 2 ) 

Z [ A ] Z [ A ] 

i.e. t h e r e is a p o l y n o m i a l k(y) e Z [i/] such t h a t 

» ( ' - ^ ) . = A * ( A , . 

T h u s , N ( 2 ( E | i ) ! ) = N ( A ) N ( f c ( A ) } , s ince N ( A ) = N ( l - e) = / ( l ) - p, N(fc(A)) 6 Z 

and N ( 2 ( ^ - ) ! ) = [ 2 ( E f i ) ! ] P _ I we a r r i v e a t a c o n t r a d i c t i o n 2 ( ^ ) 1 = 0 ( m o d j ? ) whe re 

N ( ° ) = N Q ( e ) / Q W f o r a e Q ( £ ) = Q ( A ) . 

L e m m a 4 . L e t s = 2 n + 1 for some n 6 IN. T h e n 

r , — ̂  ; i ( 5 ) : = ~l[-ay/g + l) ; := ~[a^/q + 1] 
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is e qu i v a l en t t o 

whe re u , TJ a n d w are t h e n u m b e r s o f square e l emets 0 ^ ¡3 — ¿ ¿¿0 w i t h bi = 0, £»i = 1 a n d 
_ I = 1 

6 T — r r e s pec t i v e l y a n d r/ denotes the c o m p l e x c on j u g a t e o f 77. 

P r o o f . 1. S ince s is o d d r is n o t a square i n Fq; i .e. r ^ < p2 > 

2. B y m a k i n g use o f 1, we have 

\ { q - l ) = \K\=u+±{p-l){v + w) (7 ) 

a n d 

1 
X ( s ) = —~[—(Ty/g+ 1] — u + + (v - w) 

2 H ? > + i ) (8) 

h o l d since x^ + y ^ ) = — 1 a n d by L e m m a 3, x^ = -\{~ri^/p + 1 ) . B u t t h e n " (7) a nd (8) " 

is equ i va l en t t o 

^ - ^ ( p 2 " - i ) ; » = ^ n 0 7 * + P B ) ; w = ±pn(-TN + P

n ) 

w h i c h can eas i l y b e checked . 

L e m m a 5 : L e t 

P n : = { t A o , A 1 , . . . , A n ; / J l , . . . l M n ) e ^ 2 n + 1 ) : A 2 + a £ ^ + £ 6^? + 
¿=1 ¿=1 

l<J<fc<n l < j < f c < n 

where 0 # a, fc, c # , d , * € F\ (i = 1 , 2 , . . . , n), ( 1 < j < k < n ) a nd F < 2 n + l ) = f x , . . x F , 

n € K , here t h e n u m b e r o f p r o d u c t is 2 n + 1 t i m e s . T h e n |P u j = p " ( p n + 1 ) . 

P r o o f . ( I n d u c t i o n o n n) 

1 . L e t T i — 1 a n d cons i de r t h e e q u a t i o n A 2, + a A ^ -f bin\ = 1 denned over F. T h e n 

|Pi| - K C A o . A ^ O e P j : M l = 0 ; A j e F } | + 

+ | { ( A 0 , A l 5 ^ ) <= P i : Mi # 0; A 0 G F } | = 2p + p ( p - 1) = p(p + 1) 

as r e q u i r e d . 
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2. A s s u m e n > 2 a n d suppose t h e c l a i m is t r u e f o r (n — 1 ) . T h e n 

\Pn\ = | { (A 0 ) . . . , A n ; / J . i , . . .,ftn) € Pn : / W O ; A 0 , . . . , A„_i; / i i , . . . , pn-i € F } j + 

+1{ (A 0 , . . . , A„;/ii,... € Pn : Pn - 0; A n G F: (A 0 , . . . , A„_i;//i,... € P n - i }| 

- ( p - i ) p 2 n - 1 + p | i ,
B - i l = P , V + i ) 

as des i red . 

Note . T h e asser t i on i n L e m m a 5 r ema i n s t r u e i f we rep lace 1 i n t h e e qua t i o n by any d G< r 2 >. 

s 

L e m m a 6 . L e t s — 2 n + l . n G I N . T h e n the n u m b e r v o f t h e square e l emen ts /3 — £ 

w i t h &! = 1 equals | p n ( p " 4- 1 ) . 

Proo f . For any e l emen t 0 ̂  7 G F g we can w r i t e 

7 = Ao + f > 0 " + 1 - i + 

t=l j=l 

w i t h ( A 0 , A 1 ) . . . , A n ; / i i , . . . , A * T , ) ^ (0 ,0 , . . . ,0). Set 7 2 = £ c ^ - 1 . T h e n we have 
¿=1 

n n 

c i = A j + ( - 2 a 0 ) E A i / i i + E & i / i ? + E cjk^j^k+ E ^ f c W f c 
t=l i-1 l<j<fc<n l<j'<fc<n 

f o r some .Cjk-, djk € -F; ( i = 1, . . . , n ) ; ( 1 < j < k < n) b y m a k i n g use o f 9s ~ Q2n+l — 

—ao - a 2 0 - . . . - a2n9
2n\ a0 / 0. For any 0 ^ 7 € we have 7 ^ —7 and 7 2 — (—7) z a n d t h i s 

enab les us t o o b t a i n 

w i t h P n de f i ned in L e m m a 5. 

Coro l l a r y 7 . If s == 2 n + 1 , n G IN t h e n r { s ) = i ? - ^ , X( s ) = - | ( - T i v ^ + 1 ) , 

- — K ^ v ^ + ! ) w h e r e 

f + 1 ; i f Q = 1 ( m o d 4 ) . _ / — -
7 7 \ + i ; if q == 3 ( m o d 4) ' 1 V ' 

Proo f . S ince 5 = 2 n 4- 1, n G IN t h e n by L e m m a 4 and L e m m a 6 rja = 1 ; i.e. a = n a n d 
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N o w we sha l l d iscuss t h e r e m a i n i n g case s — 2n, n € I N . 

L e m m a 8 . L e t s — 2n, n 6 I N . T h e n rj = 1 a n d a — ± 1 ; 

T(s) =OVQ> X(S) ~ ~ J ( - ( 7 v / 9 + 1 ) . V(>) = ~ ^ ( i T v / 9 + 1) 

is e q u i v a l e n t t o 

whe r e u a n d u a re t h e n u m b e r s o f t h e square e lements 0 ^ 0 — E fy^'"1 w i t h ¿ 1 = 0 a nd &i = 1 
t=l 

r e spec t i ve l y . 

Proo f . 1 . B y L e m m a 1 , a nd s is even , i .e. q = 1 ( m o d 4) we get JJ — 1 a n d tr — ± 1 . 

2. A s s — 2 n , n € IN a n d for r — p^-^ttv-^)^ < r > — ^ fo l l ows t h a t r is a square i n 

3. B y 2 we have t h e f o l l o w i n g 

\K\ = ^(q-l)=u+(p-l)v (9) 

a n d 

^(O ~ - ^ ( - o ' v ^ + 1) = u - v (10) 

is e q u i v a l e n t t o 

u={l/2p)[{q-p)+o{p-l)y/q\ a n d « = (l/2p)[q - u^} 

w h i c h c an eas ly be ve r i f i e d . 

L e m m a 9 . L e t Pn ~ { ( A 0 , A l f . . . , A „ _ i ; p,0)...,/x^) 6 F ( 2 r i > \ ( 0 , . . . , 0 ) : A 2 + a A ^ + 
¿=1 

( - % o + E W + E CjjfcAj/A* + E ^"feMjMfc = 0 } whe r e 0 ^ a,Q ^ b \ bhcik 6 
t=l l<j<fc<n-l 0<j<fc<n-l 

F\ ( i = l , 2 , . . . , n - l ) , ( l < j < f c < n - l ) , d ^ e i 1 , (0 < j < k < n -1), a n d n € I N . T h e n 

\Pn\=P^-l + { p - l)pn~l Q 

whe r e ^j) is t h e Legend re s y m b o l . 
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P r o o f . ( I n d u c t i o n on n) 

1 . L e t n — I. T h e n we have t h e e q u a t i o n 

>i+(-b)£ = 0 

de f i ned over F. T h u s {P^ = 0 , i f (jj) = - 1 a n d \PX\ = 2 ( p - 1) i f (J) - + 1 . T h e r e f o r e 

(Pj | = p - 1 + (p - 1) ( j j as des i red . 

2. A s s u m e n > 2 a n d suppose t h a t t h e c l a i m is t r u e f o r n — 1 . T h e n 

j ^ n l - 1{(A0, • • • -An-U^O, • • • iMn-l) € P n : 

p . n _ i ^ 0; A 0 ) . . A n _ 2 ; p 0 , • • . , j U n - 2 £ F } | + 

+ | { ( A o , • • • j A „ _ i ; / io , • • • i Pn-i) £ F n ' 

/ ^ - l = 0; A n M / 0; A; = p,- = 0 f o r a l l t = 0 , 1 , . . . , n - 2 } | + 

+ ! { (Ao , • • • , A n _ i ; /J.0, . . . , /in-i) € P „ : 

Mn-i = 0 ; A n _ ! G F ; ( A 0 ) . . . , A „ _ 2 ; ^ o , - - - , ^ - 2 ) ^ ( 0 , - - - 3 0 )>| 

- (P - i ) i > 2 n ~ 2 + (P - 1 ) + P 1 P „ _ I | - P 2 " " 1 - 1 + (p - l } p " " ] ^ 

as d e s i r e d . 

L e m m a 10 . L e t s — 2 n , n G I N . T h e n t h e n u m b e r u o f t h e square e lements 0 ^ / 5 = 

Y bi9{-1 w i t h 6j = 0 equa ls 

whe r e 0 s = 02n = ~a0 - atf - . . . - a2n-i92n~l ; a 0 ^ 0. 

Proo f . For a ny e l emen t 0 7̂  7 G F 9 we have 

n-l n-l 

7 - A0 + E A ^ n _ i + E / * i * n + i w i t h ( A o , . . . i A B - i ; r t > > . . . , / i B - i ) ^ ( 0 , . . . , 0 ) 

i=0 

Set 7 2 = i f c i ^ - 1 . T h e n we g e t 

n—1 it—1 

ci = AQ + ( -2oo ) E A ^ + C~ ao)M 2 + E hrf + E CjA-Mfc + E <WjM* 
i=l i-1 l<j<k<n~l 0<j<*<n-l 
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f o r some bi,cjk G F, {i = 1 , . . - , n ~ 1 ) , ( 1 < j < k < n - 1), djk É F , (0 < J < A' < n - 1 ) . I f 

0 ^ 7 t h e n 7 7 ^ - 7 b u t 7 2 = ( ~ 7 ) 2 - T h u s 

w i t h P n d e f i n ed i n L e m m a 9. 

Co ro l l a r y 11 . I f s = 2n, n G I N . T h e n 

7 ) ^ 

Propos i t i on . 1. L e t s = 2n} n G IN t h e n ( ^ ) = + 1, i f a nd o n l y i f 8 G < p z > = 

2. F 9 = F(p) = F(p2)\ i .e. p a nd p 2 are p r i m i t i v e e lements o f Fq over i 7 . N a m e l y , 6 c a n be 

chosen as p a n d p 2 f o r a ny s G I N . 

3. a ) I f s = 2n + 1 , n G IN U { 0 } t h e n T ( S ) , a nd ^ are i n dependen t o f t h e cho ice o f t h e 

p r i m i t i v e e l e m e n t 8. 

b) I f s = 2 n , n G IN t h e n 

T ( S ) = v ^ . = + 1 ) , y(*) = ~{y/q+l) 

fo r a ny p r i m i t i v e e l emen t 8 G < p 2 > = K w h i l e 

r W = H*) = ~\(^ + *)> = - | ( - v ^ + x ) 

f o r a ny p r i m i t i v e e l emen t f? G p K . 

c) Fo r a ny s G IN a n d f o r a ny p r i m i t i v e e l emen t 6 G < p 2 > = K we a lways have 

where 
_ J + 1 ; for g H 1 (mod 4) 

+ i ; f o r 9 ^ 3 ( m o d 4) 

Proo f . 1 . A s we a l r e a d y k n o w Gal{FqjF) = < a > w i t h a ( 7 ) = -yp f o r any 7 G Fq. A n d 

a = 2n, n G IN imp l i e s t h a t a 0 = N F i / F = 89p... 0 P ' _ 1 = 0 ( P * - I } / ( P - I ) . L e t 5 = p{ f o r some 

x G I N . S ince r = A , C P , - 0 / ( P - I ) I < R > = ^ 

' a t ) = + i a o - r 2 j for some j G IN a 0 = pKp'-Wtp-i))* = p[(p J-i)/(p-i )]2j 
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l(ps - - = 1(PS

 - l)/{p - l ) ] 2 j ( m o d ( p s - 1)) ^ i = 2 j ( m o d (p - 1)} 

• i = > j = 0 ( m o d 2) 6 e < p 2 > = A ' . 

2. I f s = 1 , t h e n each non-zero e lement o f F is t r i v i a l l y a p r i m i t i v e e l emen t over F. 

s > 2. A s F* — < p > we have F ( p ) = F g ; i .e . p is a p r i m i t i v e e l emen t o f Fq over F. 

sha l l show t h a t p2 is also a a p r i m i t i v e e l emen t o f Fq over F. O t h e r w i s e Fp< — F(p2) 

some 1 < t < s. T h e n 1 = {p2)p>~1 a n d t h u s 2(p< - 1) = 0 ( m o d ( p 5 - 1))- B u t t h en 

Ps - 1 < 2(p* - 1) < p ( p £ - 1) = p < + 1 - p < p s - 1 

w h i c h is a c o n t r a d i c t i o n . 

3. B y C o r o l l a r y 7 a n d C o r o l l a r y 11 and f r o m 1 , 2 above we a r r i ve a t des i red r e su l t . 
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