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SPACES OF A N A L Y T I C FUNCTINOS OF F I N I T E 

TYPE OF T W O C O M P L E X V A R I A B L E S 

Hazcm Shaba Behnain and G.S. Srivastava 

ABSTRACT. Let f X X ' ^ ' be analytic for | z, | < 1 , / = 1,2 . Using 
niM-0 

the order and type characterization o f / ( z , , z 2 ) in terms of coefficients {«,„„}, a metric is 

defined on the space of all functions of type less than or equal to T. The properties o f this 

space and linear transformations have been studied. Necessary and sufficient conditions 

for a base to be a proper base have also been obtained . 

1. Let 

( I . I ) / < z , , 3 2 ) = 
m.ii-Q 

where -, = i\c'"', z2 - r2e'°-, aMU eC , be analytic for | z, \ < i , | z21 < I . Bose and 

Sharma |2] obtained the growth properties of entire functions of two complex variables 

and defined their order and type etc. In a recent paper [1], we have considered the 

growth of analylic functions of two complex variables. Thus we define, following Bose 

and Sharma, 

Af ( r , , r , ) = max \f{z^zA , 
!-,p'; " 

The order p o f / ( z , , z 2 ) is defined as 

. ~, .. log* l o g + A / ( r . , r , ) 
{1.2) hm sup—s h . v p y = p , 0 < p < oo, 

, - „ , w i - l o g log(/,r 2) 

and forO < p < oo , the type 7" o f / i s defined as 

,- log* M{r^f\) ns-rs 
(1.3) hm sup—~ •—— = T , 0 < T < co . 

- l o g ( r , / - 2 ) _ , > 

We have shown that the analytic function / ( z , , z 2 ) is o f type T i f and only i f 

(1.4) hm sup • = — — T , 0 < p < o o . 
(m + n)p ( 2p ) " 



Let X{p, T) denote the class of all functions f{zi,z-,)= ^ ¿ ' , „ „ - , ' " ^ 2 analytic for 
111.11=1) 

|z,| < 1 and o f order less than or equal to p, and i f of order p , then of type less than or 

equal to T, Q<T<v>. Under pointwise addition and scalar multiplication, the set 

X(p, T) is then a linear space over the complex field C. 

For any / e X(p, T), we have 

(1.5) hm sup =— 1 < — —I. 
,„,,^ (m + n)n {2pY 

Hence for any £ > 0 , 3 positive integers ma and /?„ such that for all m > /#?„./? > />„, 

(1.6) \a iKoxpHw + nr'^icrr + s)}'1'^] , 

where we put ( p + \)p+t l{2p)p = C. For each / e X(p,T), we define 

« / | „ = t k J e x p H m + {C\T + , " ' , } ] , 
Hl,/l=0 

where q = 1,2,.... In view of (1.6), \f\ exists for each q - 1,2,..., and for q{ < q^, 

M L * Ml*-
This norm induces a metric topology on X{p,T). This is given by the equivalent metric 

We denote-by Xx(p,T) the space X(p,T) equipped with above metric X . 

2. In this section, we obtain some properties of space X\{pS) and linear 

transformations on it. First we prove 

Theorem 1. The space Xl(p,T) is a Fre'chet space. 

Proof. We show that the space Xk{p,T) is complete. Therefore, let { / , } be a 

X-Cauchy sequence in XK{p,T). Then for any 17 > 0 , 3 a positive integer 

w 0 = m 0(rj) such that 

(2.1) l / « ~ / J <J1 for all a v 0 >//;„, q>\. 

Let / „ (*,,z 2) = £ a ™ z ? z " 2 , / , ( z , , z 2 ) = j P ^ ' . - - r ; . 
WI,H=0 (11.11=0 

Then we have 



(2-2) 2 > r cxp{-(m + « ) ' - " " ' { c , ( r - + V ' ) f """J < , , 
ill ¡,-1) 

for a. fi > m„. q > I . 

Nonce lor each fixed /w,«, j i / ' , " / \t^ , being a Cauchy sequence of complex numbers. 

Thus, 3 a sequence {(/,„„ }„',„_„ such thai 

lim<C/=<< = 0X2 

Now, taking / i -> a? in (2.2), we gel for a > /»„. 

(2-3) I K ' " " | c x p | - ( « , + »>" {t"(r + >}' " ""J < r,. 
Ill II -0 

Taking a = ///„. we gel for any fixed q, 

I " | exp | - ( / i / + /7)""""{c(r + £ / ' ) } " " H 1 | < 

| i C , | e x p H m + ;7)' l i '- i ,{c(7' + i / ' ) } U " + h ] +'? • 

Now, ./„ <_-,.--,)= Y^""*2'"2" e ' ^ ( P - H . Hence the condition (1.6) is satisfied for 
ni.ii-0 

I'C"''- Thus for arbitrary /?>( / , we have 

\aJ^\-{m + ny'^\c{T + ( l

 l>}"","| 

< ' i + K ; r h x p H / ^ « ) ' , ( ' ' + i ) { ( ^ + i / i)|"" , + l ,3 

Since p>qia arbitrary, the second term on the R.H.S. approaches to zero as 

(m + n) —> co . Also, since > 0 was chosen arbitrarily, the sequence , ( = 0 satisfies 

(1.6) for any q and all sufficiently large values of w, n. Therefore 

Again from (2.3), we have for arbitrary e > 0 and q = l ,2, . . . , | | / a - / ' | < s . Hence 

if.-A 
<H 1 + -A/ 

l + e ^ t I + e 



Since the above inequality holds for all a>mQ, it follows that. / „ - * / as a ^ w . 

Since we have already proved that / e Xk(p%T), this proves that XA(p,T) is complete. 

This proves Theorem 1. 

Now we give a characterization o f linear continuous functionals on Xx(p,T). We 

thus have 

Theorem 2. A continuous linear functional F on X\{p,T) is o f the form 

/ r < / > = L * ™ * ™ «f and only i f 
IM,W=0 

(2.4) |c J < I exp[-(m + fl)"*"*" {C(T + q'] ) } ' * | , + , ) ] , /» ,» > I , v > 1, 

where I is finite, positive number and / ( z , , z 2 ) = Ya»»'Z"'z" • 
»i , / i -0 

Proof. Let /*': Xx{p>T) - » C , where C is the complex field, be a linear, continuous 

functional. Then for any sequence j / ) c X A ( p , i ) with / , - > , / , we have 

F{fi) ~» Fif) as y oo. Now, let / ( z , , z 2 ) = £ am„z\z2 » w h e r e t h e sequence {a,,,,,} 

»»,«=() 

satisfies (1.6). Then feXK(pyT). Also for 7 = 1,2,..., let us put 

j 

fM>z

2)= I v M - Then / , e X A ( p , r ) for 7 = 1,2 Let q be any fixed 

positive integer and let 0 < £ <q~* • Then from (1.6), we can find a positive integer j 

such that 

k J < e x p [ ( m + « ) ^ + 1 , { C ( r + £ ) } , / ^ l ) ] V m , » > 7 . 

Now, 

f > „ „ | e x p R m + „)">*•'> {C(r + ) } , " " + " ] 

< X e x p [ ( f f l + " ) w < p + l l c , / < p + , ) i ( r + £ ) l / < p + l , - ( 7 1 + ^ H ) 1 / t " + , ) i ] • 

Since given 5 > 0 , we get I I / - / . 1 1 <S for all sufficiently large values o f /'. 

Hnnce 



I /-/I I - * 
K f J , ) ^ [ I. < Z 2 - ( - ^ - ) < ^ . 

Hence / - > / in Xx{p,T) asy~-»oo. Therefore, by continuity of we have 

Mm F(ff) = F(J): 
/-»>» ' 

Let us assume that eWB = /"XzfzJ). Then 

F ( . / > l i m ^ ( / ; ) = lim ^ V w „ = lA»> c » .» • 
m.H=0 I » ,H=0 

Further, | c m „ | = | F(z["z") | k Since F is continuous on XA(p9T), it is continuous on 

A ' i | (p,T) for each q = 1,2.... Consequently, 3 a positive constant Z independent o f q 

such that 

\F(z;-z--)\ = \cm,\<L\\8m,l , q > \ , 

where ^ U i ^ ] ) 3 ^ ' - Now, using the definition o f the norm for 5 n ) W ( z l , z 2 ) , we get 

|c„,„| < L e x p H m + j c i r + g 1 ) } " " " " ] , 
CO 

V m,M > 1, (/ > I . Hence we have F(f) = ^tf„„,c„„,, where c m i l 's satisfy (2.4). 
/(!,»= 0 

Conversely, suppose cm ) l 's satisfy (2.4) and for any sequence of complex numbers 

( O - Fif)= Y*a™c<™ - T n e n f o r ^ > t , w e h a v e mji=0 

\F(f)\ < L f > J e x p R * + „)""•»{C(r + ) } " " • " ] . 

o r , | F ( / ) | < i | | / | | i ( , ? > 1 . 

Hence F e / | | (p,T) for 4 = 1,2,—. Since 

therefore ^ A ( p , r ) - u X | , ( p , T ) . Hence F e X i ( p , 7 ) , the dual o f XApJ), This 

proves Theorem 2. 

3 . In trks section we shall study continuous linear transformations and proper bases in 

X{p,T). Following Kamthan and Gupta [3] 1 we give some definitions. Let 



{aimi , m , / i > 0 } be a double sequence of entire functions in X. The sequence {aimi } is 

said to be linearly independent i f J/',,,,/*,,,,, = 0 implies thai anw = 0 Vw,/?. for all 

sequences {amil } o f complex numbers for which the series Ya»<»a•><» c °nverges m X. 
III. II -{) 

A subspace XQ of A' is said to be spanned by a sequence { a / / ( ( ( } c X i f X(l consists of all 

•T- T 

linear combinations Ya'»»a'»» s u c n t n a l X/'""' a>''» converges in A'. A sequence 
lll.ll-i) I H , / i - - ( l 

{«,„„} c ^ which is linearly independent and spans a subspace A' 0 of A' is said to be a 

base in X{). Finally, a sequence { o t m ) J } c X wil l be called a 'proper base' i f it is a base 

and satisfies the condition: 

"For all sequences {anm } of complex numbers, the convergence of in A' 
lll.ll-O 

implies the convergence of ^ f „ H I 5 I J I H in X, and conversely". 
w.u=0 

To prove our next result we define for / e X(pS) and any 8 > 0 . 

\\f;p;T + 8\ = f > J e X p [ - ( m + » ) - " ' , { C ( 7 - + &)}' ] . 

where / ( . - , . S j ) = | > , , , „ ^ " • 

-1) 

IIIJI—{) 

Theorem 3 . A necessary and sufficient condition that there exists a continuous linear 

transformation F : X{pS) -> X(p,T) with 

F(.8„) = P m,n = 0,1,2,... ;S m ,(_-, ._-,) = ;p„„, eX(p,T) 

is that for each S > 0 , 

„ , ,. (//7 + /7)'1 1 
i 3 , l ) h m s u p - j — TTJ^<7^-

/*/•»«/.' Let F be a continuous linear transformation from A'(p,7') into X{p,T) with 

F(i) n„,) = pmn ,m,/7 = 0,1,2,... . Then, for any given c">>0, 3a5i-ôl(ô) and a 

constant £ = K(S) such that 



i-e- \\pmil:p;T + S\\<K e x p H ^ + » ) i , ' " , , l , { i 1 { r + d V ) } " t " + " j 

i.e. hm sup , — — ^ — — - — — — — < < . 

Wi\\D ;p;T + 5Vtf* W + S,) CT 

Conversely, suppose thai the sequence {/?,„„} satisfies (3.1). Then, for any 

if > 0, 3A'„ = Nti{jf) such thai 

(3.2) ^± w ) " • . | | $ — L _ , V ) B , W > ^ , 

and all 5 > 0 . Let f(zrz2) = ¿ r t Í M H ^ ; " r 2

, E X(pS) and choose 0 < ? 7 < ^ ' . Then 

from (1.5). 3Nl(i]) = Nl such that for all mji>N{ 

(3.3) |« i B H | < exp|(/H + » ) • ' T | H H { C ( T + ^ 7 ) } " , ' ' , l , ] . 

Let /;„ = max (TV,,. A 1 , ) . Then from (3.2) and (3.3). we have for all w,w > w 0 , 

k j / * ; p ; 7 " + ^ | | < 

expí(/7/ + / 7 ) ' M ' , , h c ' , i ' , , h { ( r + / 7 ) , ' l ' l i , l ~ ( ^ + / 7 ' ) , ' " , 4 l l } ] . 

Since 0 < / / < / ? ' , this inequality implies that the series ^ u ^ ^ , converges absolutely 
/»,«=0 

in A ' ( p , 7 ) and A'(p, 71) being complete, we infer that this series converges to an 

element of A ' ( p J ' ) . Hence, let us define a transformation F:X(p,T) ~» X(p,T) by 

pulling F ( a ) = £ f o r « e X{p,T). We note thai F is linear, - Pmtt and, 

for A* > 0.3 (>' > 0. such that 

(m + n)r 1 
t v - T - < for OT,H>/V(O\S') 

'•c ; p ; r + 5 l < A e x P H m - f » ) ' • " " t l , { C ( r + 5 ' ) } i / ( " + l , ] 

for all 7K,/7>0, h-h{5) being a constant. Hence 



| | F (a ) ;p ;7 - + 5 | |< f > p ;p;T + 5j 
III,11=1) 

* ZkJ h e x p H m + / 7 ) ' , ' ( " + i l { C { r + ô-')}" ," +"] 
111.11 = 0 

<h'\\a:p-T + $'\\, 

where h' = max(/r ' J ) . Thus F is continuous and Theorem 3 is proved. 

From (1.5), we know that Yl

c<»»a»>» converges in X{p,T) i f and only i f 

fiA\ r ( l o g + k | ) ' ' + l 

(3.4) hmsup ' — - — < C T . 
(m + /?)'' 

lll.ll-

Now, we prove 

Lemma 1. The following three conditions are equivalent: 

(3.5) hmsup-7 y-y- < , <5 > 0 , 

{\og+$p„;p;T+ô\-y)\p*1 C T 

ill./}—*"> 

(3.6) For all sequences {aUM} of complex numbers, the convergence of Y,a»»fi»<» m 

X(p,T) implies the convergence o f ^tf,„„/?„„, in .V(p, 7 1), 
mji=(i 

(3.7) For all sequences {amn} of complex numbers, the convergence of J*tttm„5mn in 
lll.ll=(\ 

X(p,T) implies that lim am„Pmi =0 in X{p,T). 
«).»»-»<« 

Proof. In proving the sufficiency part of Theorem 3, we have already proved that 

(3.5) ^> (3.6). The implication (3.6) => (3.7) is evident. Hence we have to prove that 

(3.7) => (3.5). 

Let (3.7) be true but for some <5 > 0 , (3.5) be not satisfied. Then, say for 

6=8', 3 sequences {mk\ {«,} o f positive integers such that for, m = mk, n = /?, and 

kj = 1,2,... 

(3 8) ( « + «) ' ' > 1 

| l o g ^ ( l ^ ; p ; r + 5 I - 1

) } , " + i l c t + ( * 0 - ' } ' 

We define a sequence {a,,,,,} as 



„ =\\\P,^P^ + Sf\ m = mk,n = n , 
"mu I 

[0 oiherwi.se 

Then for all large values of k and / 

Hence 

hmsup-^—— —t <Ci . 

« 1 , « - . « (m + «)'" 

Thus, the sequence {amH} as defined above satisfies (3.4) and hence Y>a»><fi<><" converges 

in X(pJ'). Hence by (3.7), we have lim am/ipmi! - 0. However 
111,11-*"' 

\\a„h,„P,v,;p;T + 8'\\ = \a \\p „;p;T + s\=i . 

Therefore ^tm„P„,„\ does not converge to zero in X{p*T). This is a contradiction. 

Hence (3.5) must hold for all 8 > 0 and the proof of lemma I is complete. 

Lemma 2. The following three conditions are equivalent: 

(3.9) For all sequences {a } o f complex numbers, lim ami,P„m=0 in X{p,T) implies 
III.II— 

that £ X A „ , converges in X(p,T), 
111,11=0 

(3.10) For all sequences {amn} o f complex numbers, convergence of 2L«„,„/?„„, in 

X{pS) implies that Y<a»<»ô»»> converges in X{pJ), 

ni.ii=(i 

m, 11 -0 

(3.11) lim [lim inf 7 ( « + "V j > 

^ — { i o g + ( i p ^ ^ ^ ^ i r ) } ^ 1 & 

Proof. Obviously (3.9) => (3.10). Thus we prove that (3.10) => (3.11). Assume that 

(3.10) holds but (3.11) is not true. Then, we have 

Inn [hm mf 7 1 \,—r-1 < 

~ {log + ( | /3 : K r + 5 j - t CT 

Hence for any 8 > 0 , 

http://oiherwi.se


(.1.12) Inn inf — — — y — j - < — . 
- \\og^(\\p,ll,•p:T + ( ^ , ) f , < T 

Lot / /> ( ) be a fixed number, from (3.12). we can lined increasing sequences j w j , ' / / , ! 

of positive integers such that 

l or //, , 0 < qt < i). we define a sequence \oHm} as 

e x p | ( / ; / + » ) ' * " " , , i r f / , + / ï 1 ) [ ' M ' H " . m = nh,,? = n/  

0 olhcmi.se 

I hen for any Ö > 0 . we have 

<^> ¿1« Ill/* ^ + ¿1= ¿1« .|||/> rP:T + ö\\. 
A I I 

Now, for any S > 0 , we omit those terms on the R.M.S. series for which d' <{kl) '. 

Then the remainder of the series (3.13) is dominated bv 

Consequently by (3.1 I ). we obtain 

Z k „ , P ;p;T + W) 11 < 
A./ I 

2>PK'"A + /7, )" ' " ' " ( ' " {(7' + / ? l ) » - ( 7 + //),",,,,}j. 

Since rj, < n . the series on the R.I LS. is convergent. Since amil = 0 for m*mk and 

/7 * /?,. the series Y , a c o n v t - T g e s for the above choice of \aim}. Since this is true 
III . 11 -U 

T 

for any Ö > 0, 2//,„„/3,„„ converges in X(pJ'). On the other hand, for this sequence 
111.11 = 0 

{</,„,, j , we also have 

(3.14) lim sup 1 ° g \a""'\[— = C(T + ih ) > CT 

,».,!->> (m + w) ' 1 

which is a contradiction. Hence (3 .10 )^ (3 .11 ) . Lastly, we prove that (3.1 I) (3.9). 
Hence, suppose that (3.1 I) holds but (3.9) does not hold. Then, 3 a sequence \at\ 

http://olhcmi.se


of complex numbers Tor which o„u,pn„, - » 0 inA'(/>,/ ') but ^ i / , H , , £ , W H docs not converge 
111 II- 11 

in X(p, T). I fence from the equivalent condition (3.4). we have 

Y'nn, f . . . . 

Mm sup 1 — > C I . 
a, ii >> (in + //)'' 

Thus. 3 a positive number e and a sequences ], {/7; 1 of positive integers such thai 

>C{T + ,;)• 

Let ( ) < / ; < i ; / 2. From (3.1 I) . we can fined a positive number <"> such that 

,- • , (w + n)'' 1 
iim Ml I -, -v -~ > III.II--}- - W(\P :p:r + s\\')Y'"'(V- + n)-

I lenee 3 an integer /V = N{i]) such thai Tor mji > A . 

( w + /?)'' 1 

{ log ' ( | | ^ : P : 7 ' + <1')P" "?< ̂ ' 
Therefore. 

"Hk.«/* ; p-T+d1l= m a x ! 1"...« I llA-: T+6II1 

-maxiK'JIKv',;^;7'+<i)1l} 
>cxp\{mfi ^ • H / ) ' M ' , , L , ( ' L " , , , , { ( 7 ' + í ; ) , , - + 2 i i ) ' ! 

since £ > 2f]. I lence the sequence \cim„P„,H\ does not converge to zero for the S chosen 

above; Hence, {aM„pm„} does not converge to zero in X(pJ'). This is clearly 

contradictory lo (3.1 1) and hence we obtain lhal (3.1 I) => (3.9). This proves Lemma 2. 

The following result, which gives a characterization of a proper base in X(p.T), follows 

from Lemma I and Lemma 2. Thus, we have 

Theorem 4. A base {/?„,„} in a closed subspace Xt)(pS) is proper i f and only i f the conditions 

(3.5) and (3.1 I) stated above are satisfied. 
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