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Abstract. We consider the existence, both locally and globally in time and the
asymptotic behavior of solution of Cauchy problem for a viscous Cahn-Hilliard type
equation. Under rather mild conditions on nonlinear term and initial data we prove
that the above-mentioned problem admits a unique local solution, which can be
continued to a global solution, and the problem is globally well-posed. Finally,
under certain conditions, we prove that the global solution decays exponentially to

zero as tends to infinity.
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1 Introduction

In this paper, we investigate the following Cauchy problem for the viscous Cahn—Hilliard type

equation

Ut — Ugy + Uzgaat T Uzgox = g (U)Ig; P MRS Ra t> Oa (11)

u(z,0) (1.2)

I
AS)
O

where u (z,t) denotes the unknown function, g (s) is the given nonlinear function, ¢ (z) is the
given initial value function, the subscripts = and ¢ indicate the partial derivative with respect
to x and t.

The standard viscous Cahn-Hilliard equation is as follows:
Ut — QUggt + Ugzzz = Y (U)xm )
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where a > 0 is the viscosity coefficient, v (u) is the intrinsic chemical potential with a typical
form 7 (u) = —u + 6u? for a constant § # 0.

The viscous and non-viscous (in absence of tzz.q+ term) Cahn—Hilliard equations are very
important in materials science which describe spinodal decomposition, in the absence of me-
chanical stresses, of binary mixtures which appears, for example, in cooling processes of alloys,
glasses or polymer mixtures (see [1,2] and the references therein).

There is a considerable mathematical interest in Cahn-Hilliard equations which have been
studied from various aspects (see [1-14] and references therein).

Miranville presented some models of Cahn-Hilliard equations based on a microforce balance
proposed by M. Gurtin. He then studied some existence and uniqueness results for initial and
boundary value problems [9,10]. Gal and Miranville [2] were concerned with non-isothermal
viscous and non-viscous Cahn-Hilliard equations with initial and dynamic boundary conditions.
Changchun et al. [1] studied large time behavior of solutions for viscous Cahn—Hilliard equation
with initial and boundary value conditions. Yin et al. [8] investigated the existence, uniqueness
and asymptotic estimates of solutions to the Cahn—Hilliard type equations with time periodic
potentials and sources.

Carvelho and Dlotko [3] were concerned with dynamics of the viscous Cahn—Hilliard equation
with initial and boundary conditions. Liu et al. [11] studied the global existence, optimal
temporal decay estimates and asymptotics of solution to the Cauchy problem of the Cahn-
Hilliard equation.

The purpose of this paper is to give the existence, both locally and globally in time and
the asymptotic behavior of solution of (1.1)-(1.2). The equation (1.1) is a typical higher order
equation. Therefore, we need some a priori estimates of higher order terms.

The outline of the paper is as follows. In section 2, we study the existence and uniqueness
of the local solution of problem (1.1)-(1.2). First, we solve the linear version of problem (1.1)-
(1.2) and obtain estimates for the solution. Then we are going to give the proof of existence
and uniqueness of the local solution of the Cauchy problem (1.1)-(1.2) by contraction mapping
principle. In section 3, we prove the existence and uniqueness of the global solution of the
problem, namely, the solution is extended to all times. In Section 4, we show that the solution
depends continuously on the given initial data, so the problem is well-posed. The proof of the
asymptotic behavior of the global solution is given in Section 5.

Throughout this paper, we use the following notations and lemmas.

H* (R) = H* will denote the L? Sobolev space on R for the H* norm, we use the Fourier
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transform representation Hu||§{ = / (1+ 52)5 1T (€)]? d¢. We use |lull, and ||u|| to denote L>
R

and L? norm, respectively.

Lemma 1.1 ( [15]) Assume that f (u) € C¥ (R), f(0) =0, u € H*NL>® and k = [s] + 1, where

s > 0. Then we have

L )l e < K (M) [[ull s

if ||ul o £ M, where Ky (M) is a constant dependent on M.

Lemma 1.2 ( [15]) Assume that f (u) € CF (R), u,v € H* N L™ and k = [s] + 1, where s > 0.

Then we have
1f () = [ ()l < Ko (M) [lu =0l g
if ||ull o <M, |jv||,, £ M, where Ko (M) is a constant dependent on M.

Lemma 1.3 (Minkowski’s inequality for integrals) ([16]) If1 < p < oo, u(x,t) € LP (R") for

a.e. t, and function t — |lu (., t)|| is in L' (I), where I C [0,00) is an interval, then

< [ o,
P I

I
I/ ot

2 Existence and uniqueness of local solution

In this section, we prove the existence and the uniqueness of the local solution for problem (1.1)-
(1.2) by the contraction mapping principle. For this, we construct the solution of the problem
as a fixed point of the solution operator associated with related family of Cauchy problem for

linear equation.

Lemma 2.1 Let s € R, for any T > 0, ¢ € H® and h € L' ([0,T]; H?®), then the Cauchy

problem for the linear equation

Ut — Upg + Uzzawt + Ugzez = (R (2,1)),0 r €R, t >0, (2.1)

w(@,0) = o) (2.2)

has a unique solution in C ([0,T); H®) and the following estimation holds

t
@l < el + [ B @edr, 0<e<T, 23)
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Proof. Applying Fourier transform in (2.1) and (2.2) with respect to x, we obtain

~ i PR S
ut+<1+£4)U—_1+€4h(§at)v (24)
u(£,0)=2(¢) (2.5)

Then, it yields the solution formula

452

4, .2 4+ 2 el
7(51:554 )t@ (€) — £1+5£4 / Ferve /. (577') dr | . (2.6)

u(ﬁ,t): 1+£

We obtain the estimate (2.3) from which the proof follows. m

Let us define the function space

X(T) ={ueC([0,T]; H") : u(x,0) = ¢ (z)}

which is endowed with the norm

lell ey = gmax lu (@), Vue X (7).

It is easy to see that X (T) is a Banach space. For s > 1

5, and any initial value ¢ € H?, let

a = ||¢| - - Take the set
Y (A,T) = {u cue X (), |lullxer < A}.

Obviously, Y (A, T) is a nonempty bounded closed convex subset of X (T) for any fixed A > 0
and 7' > 0. Here A is related to a. This means that the setting of Y (A, T') depends on [|¢|| ;. -
For w € Y (A, T), we consider the problem

Ut — Ugz + Upzzzt + Uzzzz = § (w)mm ) (27)

u(z,0) = ¢(x). (2.8)

We observe that with g (w (z,t)) = h(x,t), this problem is reduced to the problem given by
(2.1) and (2.2). Thus, Lemma 2.1 can be applied. We let S (w) = u(x,t), where u (z,t) is the
unique solution of problem (2.7)-(2.8). Here S denotes the map which carries w into the unique
solution of problem (2.7)-(2.8). Our aim is to show that S has a unique fixed point in Y (A,T)
for appropriately chosen T'. For this purpose we shall employ the contraction mapping principle

and Lemma 2.1. First, we prove the following lemma.
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Lemma 2.2 Assume that s > %7 w € H® and g € CBITY(R), then S is a contractive mapping
from'Y (A, T) into itself for T sufficiently small relative to A.

Proof. Let w € Y (A,T) be given. Then, for t € [0,T], from Sobolev imbedding theorem and

Lemma 1.1, we have
[w ()]l < dllw ()] - < dllw @) x () < dA,

lg (w )l gze < K (dA) [lw )]z »

where K1 (dA) is a constant which depends on d and A. We get from (2.3) that

IS @lxery = guax lu
t
< X
< el + g [l (o)l dr
<
< el + (g Lo (w )1 )
<

el = + TE1 (dA) w7
< a+TK, (dA) A.

To prove the lemma, we need to show that S (w)| x(r) < A4, so that S(Y (4,7)) C Y (4,T),
ie,a+TK; (dA) A< A. Let A= ka, k> 0. Thus we obtain

a+ TK; (dka) ka < ka.

By choosing k = 2 and T small enough to have T'K\ (dka) k < 1, we get ||S (w)||x () < 2a = A.
Therefore, S (Y (A, T)) CY (A, T).

Now we are going to prove that the map S is strictly contractive. Let w,w € Y (A,T) and
u=S(w),u=5(w).Set V=u—u, W=w—w. Then V satisfies

V(z,0) = 0. (2.10)
Making use of Lemma 1.2 and Lemma 2.1, we get

V@Ol < /0 lg (w (7)) = g (w (7))l - d7

IN

[ K2 @) o (r) =@ @)l dr
Ty (dA) g [V (0]

A
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Hence,

IVlix(zy < TK: (dA) Wl x () -

By choosing T small enough, so that TK» (d4) < 3, S :Y (A, T) — Y (A, T) becomes strictly

contractive. Thus, the lemma is proved. m

Theorem 2.3 Suppose that s > L, o € H®, g € CEIHL(R). Then the problem (1.1)-(1.2)

2
admits a unique local solution u(x,t) € C([0,To); H®), where [0,Ty) is the mazimal interval.
Moreover, if

li Ol e : 2.11
thr(ljsupHu()llHKOO (2.11)

then Ty = oo.

Proof. From Lemma 2.2 and the contraction mapping principle, it follows that for appropriately
chosen T' > 0, S has a unique fixed point u (z,t) € Y (A, T), which is a strong solution of problem
(1.1), (1.2). It is not difficult to prove the uniqueness of the solution which belongs to X (7”)
for each 7" > 0.

Let uy,us € X (T”) be two solutions of problem (1.1)-(1.2). Let u = u; — ug then

Ut — Ugpy T Ugpgxt T Uzzer = (g (ul) —g (UQ));cx .

Multiplying the equation above by u and integrating the product with respect to x, we obtain
that

| =

2 2 2 2
[IIUH F uaa ™) + luall” + [[uae||

/ (9 (u1) — g (u2)),, udx
R

[N
Q

t
_ /R (g (w) — g (uz)) tgodz.  (2.12)

From the definition of the space X (T”), s > % and Sobolev imbedding theorem we have
lui ()| < C1(T") for i = 1,2 and 0 < ¢t < T’ < T, where C; (T") is a constant depends

on T". Thus, we get from Cauchy inequality that

‘/R (g (u1) = g (u2)) taadz| < llg (u1) — g (u2)l| [[taz ]| < C2 (T7) [lull [[uaz]l

where Cs (T”) is a constant depends on C; (7”) . From the above inequality and (2.12) we have
t
Jull + el < Co (7) [ (o ) (2.13)

By the Gronwall inequality, we get from (2.13) that [|u]® + ||uze|” = 0 for 0 < ¢ < T”. Hence

u=wu; —ug =0for 0 <t <T, ie., problem (1.1)-(1.2) has at most one solution which belongs
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to X (T7).

Now, let [0,Tp) be the maximal time interval of existence for u € X (Tp) . We want to show that
if (2.11) is satisfied, then Ty = co.

Suppose that (2.11) holds and Ty < co. For each T” € [0,Tp) , we consider the Cauchy problem

Ut — VUzz + Vzzaat + Vagax = @ (v)ajgp s (214)
v(z,0) = wu(z,T). (2.15)
By (2.11),
u( Ol g < K,

where K is a positive constant independent of 7" € [0, Tp) . From Lemma 2.2 and the contraction
mapping principle we see that there exists a constant 77 € (0,Tp) such that for each 77 € [0, Tp)
problem (2.14)-(2.15) has a unique solution v (z,t) € X (Ty). Take T" = Ty — 11 /2 and define

- u(z,t), te[0,T7],
u(x,t) =
’U(:L’,t—T/), te [TlvTO +T1/2]7
then @ (x,t) is a solution of equations (1.1), (1.2) on interval [0,y + 71/2], and by the unique-
ness, u extends u, which violates the maximality of [0,7p) . Therefore, if (2.11) holds Ty = oo.

Theorem 2.3 is proved. m

3 Existence and uniqueness of global solution

In this section, we prove the existence and the uniqueness of the global solution for problem
(1.1)-(1.2). For this purpose we are going to make a priori estimate of the local solution for

problem (1.1)-(1.2).

Theorem 3.1 Assume that s > 2, g € CFIFH(R), and for any s € R, ¢’ (s) > —1. Then
problem (1.1)-(1.2) admits a unique global solution u € C ([0,00); H?).

Proof. We first prove the theorem for the case s = 2. By virtue of Theorem 2.3 we only need
to prove that condition (2.11) holds. Multiplying both sides of (1.1) by v and integrating with

respect to x over R, we arrive at

2 2 2 2
**[IIUH + e 7| + lluell” + [luas|l

/Rg(u)m udx
- -/ () ()

[ (3.1)

IN
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From the above inequality we get
[l + [Juga||* < CL(T) < 00, ¥t €1[0,T]. (3.2)
Furthermore, by the lemma on page 133 in [17], inequality (3.2) implies that
ul|32 < 00, ¥t e[0,T]. (3.3)
Now, we prove for the case s > 2. From the estimate (2.3) it follows that
[u @l < el + | I (@Dl dr < ol + [ Ca (Il (7)) Il (Pl e dr. - (3.4)
Taking into consideration that ||u (t)]|,, < oo in (3.3), we get from (3.4)
lu ()] ge < C3(T) <00, Vtel0,T].

Consequently, there is a unique global solution u € C' ([0,00); H®). m

4 Continuous dependence on initial data

We now want to show that solution of problem (1.1)-(1.2) depends continuously on the initial
data so that the problem is well-posed. For this purpose, we take two solutions uq, ug of (1.1)
with initial data ¢, @5, respectively defined on some interval [0,77].

Let v = u1— us. Then v satisfies

V¢ — VUzg + Vgt + Vogoe = (g (ul) -9 (UQ))zz )
v(2,0) = ¢ () =9y (2).
By Lemma 2.1, we have
t
Jur = uzl| e < [loy — @oll e +/ lg (u1) — g (u2)| 4= dr-.
0

By the Sobolev imbedding theorem, u; and ug are in L. Letting M = max {||u1 ]| , |2l },

from Lemma 1.2, we get
lur — wall g < llor — @all g + K2 (M) /; lur = wall g dr
The Gronwall inequality implies that
lur = sl o < (lpr = Pallgre) €520, Vi€ [0,T].

Therefore, the solution depends continuously on the given initial data since it is bounded by a

continuous function related with the difference of the initial data.

114



Necat Polat, Nurhan Diindar

5 Asymptotic behavior of solution

Theorem 5.1 Assume that g’ (s) > 0 and E (0) = 1 (H(pH2 + H(pm||2) > 0. Then for the global
solution of problem (1.1)-(1.2) there exist a positive constant 01 such that

1
B(t) =5 (Iul + lual?) < E@e™, ¢ >0.

Proof. Let u(z,t) be a global solution of problem (1.1)-(1.2). Taking the L? inner product of
(1.1) with w it follows that

d
GEO+ual 4 el = [ g, udz =0, >0, (5.1)
R

Multiplying (5.1) by €% gives

GEEO) + (4l + [ f @@l e) =sE@. 62

Integrating (5.2) over (0,t) we get

t
B+ [ o <|uz||2 el + [ o) <um>2dx> dr
R

0
E(0) +5/t eTE (1) dr
0

5 (" s 2 2
EO)+35 [ e (Jull® + fues*) dr. (5.3)
0

By using (5.1) and integration by parts, we will estimate the second term on the right-hand side

of (5.3) as

5[t s 2 2 § (" s 2 2 2
3 [ (P ) ar < 5 [ (P ol + el ) o
0 0

1) 2 2 o 2 2
= =76 (Il + e 2) + 5 (ol + o)

4 4

2

L s 2 2
T [ e (P + e )

_g/: o7 (/Rg/ () (um)ng;> d¢+g/; €87 (||u||2) dr.

Substituting the above inequality into (5.3)

IN

t
B+ [ o (|uz||2 el + [ o' <ux>2do:) ar
0 R

0 st g 0 [ 5
< B0)-5e E(t)+§E(0)+5/Oe E(r)dr

_g/: 57 (/Rg/ () (ux)zda:> d7+g/; €57 (||u||2) dr.

115



Global existence and asymptotic behavior of a solution of Cauchy problem

Since ¢’ (s) > 0, we obtain

& +4 [
B (t) < E(0) + * / TE (1) dr. (5.4)
Applying the Gronwall inequality to (5.4) we obtain the result
E(t) < E(0)e 53¢,

where ﬁ =61 >0. m
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