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1 Introduction

The following inequality is well-known in the literature as Hermite-Hadamard inequality: Let
f: I CR — R be a convex function on an interval I of real numbers and a,b € I with a < b.

Then the following holds

f(a+b>§ 1aa/bf(l“)dx§f(a)+f(b)' (1.1)

2 b— 2

Both inequalities hold in the reversed direction if the function f is concave.

Inequalities in (1.1) have become an important cornerstone in mathematical analysis and
optimization and many uses of these inequalities have been discovered in a variety of settings.
Recently, Hermite-Hadamard type inequality has been the subject of intensive research. For
recent results, refinements, counterparts, generalizations and new Hadamard’s-type inequalities,
we refer [1,2,8-11,16-21].

In [8], some inequalities of Hermite-Hadamard type for differentiable convex mappings con-

nected with the left part of (1.1) were proved using the following lemma:
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Lemma 1.1 Let f: I° C R — R be a differentiable mapping on I°, a,b € I° (I° is the interior
of I) with a <b. If f' € L([a,b]), then we have

b_la/bﬂx)dx—f (“‘2”’)

3 1

= (b—a) /tf’(ta + (1 —t)b)dt + / (t—1) f'(ta+ (1 —t)b)dt| . (1.2)

0

1
2
One more general result related to (1.2) was established in [9]. The main result in [8] is as

follows.

Theorem 1.2 Let f: I C R — R be a differentiable mapping on I°, a,b € I with a <b. If the

mapping | f’| is convex on [a,b], then

@/bf(ﬂdx‘f(a;b) <o (If’(a)lglf’(bN). a3

It is well known that convexity plays a key role in mathematical programming, engineering, and

optimization theory. The generalization of convexity is one of the most important aspects in
mathematical programming and optimization theory. There have been many attempts to weaken
the convexity assumptions in the literature (see, [1,2,8-11,16-21]). A significant generalization
of convex functions is that of invex functions introduced by Hanson in [12]. Ben-Israel and
Mond [14] introduced the concept of preinvex functions, which is a special case of invexity.
Pini [15] introduced the concept of prequasiinvex functions as a generalization of invex functions.
Noor [5-7] has established some Hermite-Hadamard type inequalities for preinvex and log-
preinvex functions. In recent papers Barani, Ghazanfari, and Dragomir in [3] presented some
estimates of the right hand side of a Hermite- Hadamard type inequality in which some preinvex
functions are involved. His class of nonconvex functions include the classical convex functions
and its various classes as special cases. For some recent results related to this nonconvex

functions, see the papers [4-7,12-15].

2 Preliminaries

Let f: K — R and 7(.,.) : K x K — R", where K is a nonempty closed set in R" be
continuous functions. First of all, we recall the following well known results and concepts given

in [4-7,13] and the references therein.
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Definition 2.1 Let u,v € K. Then the set K is said to be invex at u with respect to n(.,.), if
u+tn(v,u) € K, Yu,v € K, t €10,1].

K is said to be an invex set with respect to n, if K is invex at each u,v € K. The invex set K

18 also called n-connected set.

Remark 2.1 We would like to mention that Definition 2.1 of an invex set has a clear geometric
interpretation. This definition essentially says that there is a path starting from a point u which
is contained in K. We do not require that the point v should be one of the end points of the
path. This observation plays an important role in our analysis. Note that, if we demand that
v should be an end point of the path for every pair of points, u,v € K, then n(v,u) = v —u
and consequently invezity reduces to convexity. Thus, it is true that every convex set is also an
inver set with respect to n(v,u) = v — u, but the converse is not necessarily true, see [4-7] and

the references therein.
Definition 2.2 The function f on the invexr set K is said to be preinver with respect to n, if
Flu+tnv,u) <1 —=1) f(u)+tf (v), Vu,v € K, t €[0,1].

The function f is said to be preconcave with respect to n if and only if —f is preinvex. Note

that every convex function is an preinvex function, but the converse is not true.

Definition 2.3 The function f on the invex set K is said to be logarithmic preinvex with respect

to n, such that

F (u+ tn(v,u) < (F @) (F )", wve K, te0,1],
where f(.) > 0.
Now we define a new definition for prequasiinvex functions as follows:

Definition 2.4 The function f on the invex set K is said to be prequasiinvexr with respect to n,
if
futn(v,u)) <max{f (u),f(v)}, v,ve K, t€0,1].

From Definition 2.3 and Hélder preliminary inequality, we have

fluttnw) < (f @) ™" (f (@)
(1—=1) f(u) +tf (v)
max { f (u), f(v)}.

IA

IA
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We also need the following assumption regarding the function 7 which is due to Mohan and
Neogy [13].

Condition C Let K C R be an open invex subset with respect to n : K x K — R. For any
xz,y € K and any t € [0,1],

Ny +tn(z,y)) = —tn(z,y),

n(x,y+tn(z,y) = (1-1t)n(z,y).

We say that 7 satisfies Condition C, if for any z,y € K and t1,t5 € [0, 1], we have

n(y + tan(z,y), y + tin(z, y)) = (t2 — t1) n(z,y). (2.1)
In [5], Noor proved the Hermite-Hadamard inequality for the preinvex functions as follows.

Theorem 2.2 Let f : K = [a,a+ n(b,a)] — (0,00) be an preinvez function on the interval of
real numbers K (the interior of K) and a,b € K® with a < a + n(b,a). Then the following
inequality holds:

a+n(b,a)
PR < s [ feae < JOHIGTIRA) JOETE )

a

In [3], Barani, Gahazanfari and Dragomir proved the following theorems.

Theorem 2.3 Let A C R be an open invexr subset with respect ton: A x A — R. Suppose that
f: A= R is a differentiable function.Assume p € R with p > 1. If |f’|ﬁ 1S prequasiinveT on

A, then for every a,b € A the following inequality holds:

f@)+ fatnba) 1
d n(b, - a/ Fl@)dz
< 0D o (i @i )]

2(p+1)»
Theorem 2.4 Let A C R be an open invexr subset with respect ton: A x A — R. Suppose that
f: A= R is a differentiable function. If |f’| is prequasiinvex on A, then for every a,b € A the

following inequality holds:

fla) + fla+n(ba) 1
2 n(a,b)

< O {1 @15 )1
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In this article, using functions whose derivatives’ absolute values are preinvex and log-preinvex,
we obtained new inequalities related to the left side of Hermite-Hadamard inequality for non-

convex functions.

3 Hermite-Hadamard type inequalities for preinvex func-

tions

We shall start with the following refinements of the Hermite-Hadamard inequality for preinvex

functions. Firstly, we give the following results connected with the left part of (2.2):

Theorem 3.1 Let K C R be an open invex subset with respect ton : K x K — R. Suppose that
f: K — R is a differentiable function. Assume p € R with p > 1. If |f’|ﬁ is preinver on K,
then for every a,b € K the following inequality holds:

a+n(b,a)

”(bl’a) / f(x)dxf(ng(b’a)) < ”(iéa) (pil);

a

<[GIr@E o) T s (Far o) T | e

Proof. Since K is invex with respect to n, for every t € [0,1], we have a + tn(b,a) € K.
Integrating by parts implies that

/tf’(a + (b, a))dt + /(t ~ 1) (a+ tn(b,a))dt
0 1

_ {tf(aﬂn(b, a))F s {(t - 1)f(a+tn(b,a))y

n(b7 a) 77(3% a’)

1
0 3

. 1
- O/f(a+t77(b, a))dt

n(b,a)
1 9 (b ) 1 a+n(b,a)
_ a—+n(b,a B N
- n(b,a)f( 2 ) (b, o) / f(x)da. (3.2)
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From Holder’s inequality and (3.2), we have

a+n(b,a)

f(z)dz — f <2a+277(ba))

n(b, a) J

< nba) / EF (ot (b)) de + / (L= ) |f(a+ tn(b,a))| dt
0

Nl

< n(ba) / wdt / F(a + tn(b,a))|7T dt
0 0
1 % 1 p;1
+ /(1—t)pdt /|f’(a+tn(b,a))\ﬁ di

p—1

P

+ / (=01 @I +¢]7®)77] dt

w <pi1) (@ + 7o) 7 + (i@ o) T |

which completes the proof. m

Theorem 3.2 Under the assumptions of Theorem 3.1, for every a,b € K the following inequal-
ity holds:

e 2a + (b, a)
a no,a
o | s (20
b 4 \7»
< () @i+ iro. (5:3)
Proof. We consider the inequality (3.1), i.e.,
e 2a + (b, a)
. (20t n(b.a)
o | S (R0)

a

1

< 2o (L) [Glr@r o) T = (F@r o) T .
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Let ap = 3|f/(a)|7° 1, by = |£/(b)|7°7, ag = |f'(a)|7° 7, by = 3| f'(b)|7 7. Here 0 < (p—1) /p <
1, for p > 1. Using the fact
D ak+be) <D ai+ > bi, (3.4)
k=1 k=1 k=1

where 0 < s < 1, a1,as2, -+ ,a, > 0 and by, by, -+, b, > 0, we obtain

w0 (L)
77(117,6@) (pj;) ’ (3; + 1) [1£/(a) + |f (B

< M () @i+ rol

=

(1@ o) 7+ (@R alrmr) T

IN

which completes the proof. m

Theorem 3.3 Let K C R be an open invexr subset with respect ton : K x K — R. Suppose
that f : K — R is a differentiable function. Assume q € R with ¢ > 1. If | f'|? is preinvex on K

then, for every a,b € K the following inequality holds

. a+n(b,a) 5 (b.a)
a+no,a
de — £ 2259
g | e ()
a
b 2 / q / b q % / q 2 ! b q %
<7Kﬂ)K|fWN+U(N) +<U@N+|fﬂl>]' 55)
8 3 3
Proof. Firstly, we suppose that ¢ = 1. By the preinvexity of the function |f’| and (3.2), we
have
) a+n(b,a) 5 (b,)
a+mn(0,a
g | s (B500)

twm+mm@nﬂ+/u—wwm+mwwnw

1
2

A
3
=
=
S
S~—
o — .

IN

n(b, a)

O\MH

L =) [ (@) + 1 £ B)]) dt + /(1 — ) (1=t [ (@) +t|f (B)]) dt

s [L LI,

IN

243



On Hermite-Hadamard type integral inequalities for preinvex and log-preinvex functions

Secondly, we suppose that ¢ > 1. Using the well known power mean inequality and (3.2) in the

proof of Theorem 3.1, we have

a+n(b,a)

1 3 2a + n(b,a)
wa ) IO (55
[ 3 1
< qb,a) | [ tif'(a+tyb,a)|dt+ | (1—1t)|f (a+ tn(b,a))|dt
/ f

1
L 2

S

n(b, ) /tdt /ﬁ|f’(a+tn(b, o))" dt
0 0

<
H| fa=oa| | [a-vir@rmea)ra
< ”ff) Jtﬁl@ﬁ%@ﬂ+tf%mﬂdt
1 :

+ /(1 (=81 @)+t b)]] dt

1
2

— “@wl(ﬁﬂwwu-ﬁwW)3+(ummq+mwa>ﬂ’

8 3 3

where % + % = 1. The proof is completed. m

Theorem 3.4 Under the assumptions of Theorem 8.3, the following inequality holds:

a+n(b,a)

! f@ﬂw—f(

n(b, a)

2a+n(b,a)> <77(b,a) 23 +1

5 g ; VIS @I+ 17O (36)

Q=

Proof. We consider inequality (3.5), i.e.,

a+n(b,a)

f@ﬂxf<

2a + n(b, a))

n(b,a) 2

a

< mhw[(%f@WUﬂWwW)é+<U%@P+ﬂf@ﬁ)ﬂ.

8 3 3
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Let a; = 2|f"(a)|? /3, b1 = |f'(b)|" /3, az = | f'(a)|? /3, ba = 2| f'(b)|? /3. Here 0 < 1/q < 1, for
g > 1. Using the fact (2.2), we obtain

100 [(w(a)w; If’(b)q); ) (f/(a)l" t 2|f’<b>|Q>i]

n(baa) 2%4_1 ’ ’
2 17 @)+ 17O

q

IN

4 Hermite-Hadamard type inequalities for log-preinvex func-
tion

In this section, we shall continue with the following refinements of the Hermite-Hadamard
inequality for log-preinvex functions and we give some results connected with the left part of

(2.2):

Theorem 4.1 Let K C R be an open invex subset with respect ton: K x K — R. Suppose that
f: K = R is a differentiable function. If |f'| is log-preinvex on K, then for every a,b € K the
following inequality holds:

a+n(b,a)

1 , % 2
L[ swan g (e 200) Sn(b,a)( 0 17 (@) >

n(b; a) 2 log |f(b)| —log |f"(a)]

a

Proof. By assumption and (3.2) in the proof of Theorem 3.1, integrating by parts implies that

a+n(b,a)

fw)da — f (

2a + g(b, a))

t|f (a+tn(b,a))|dt + /(1 =) |f (a+tn(b,a))|dt

1
2

AN
3
—~
=
S
~—
O\MH

Nl

1

n(b,a) / EF (@) 1) e+ / A=) |7 @) 7o) dt
0

— 4(ba) ]If’(a)lt <||J{:EZ))||>tdt+/l(1_t)|f/(b)| (||JJ:’/EZ;|I>Hdt
0 3
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1

B . |F/(a)| B 1 |f'(D)]
= b, )llogf’(b)—loglf’(a)[ log [ //(5)] — log| f/(a)] (If’(a>|>]

1 <|f’<b>|)”
og [/ —Tog |/ @] \IF (@] |,

—2|f"(a)| | £ ()] /' (a)]
= b,a
vbe) l(logw >| Tlog @) (og 7'(0)] — log | (@)])°

0

|f'(a ]
(log [ f"(b)| — log\f
_ n(ba)l PO - |f (@) ]

2
log | f(b)] = 10g|f’( )|
which completes the proof. m
Theorem 4.2 Let K C R be an open invex subset with respect ton : K x K — R. Suppose that

f: K — R is a differentiable function. Assume q € R with q > 1. If |f'|? is log-preinvex on K,
then for every a,b € K the following inequality holds:

. a+17(b,a)f(x)dz s (W)
n(b,a) J 2
1/ (a)|? rOE - 1r@
= L; (p+1)Fqr (bgf’( )l —k’g'f'(a)) ] |

sy | S <2+2](b)>

. 1
< y(b.a) /t\f’(a+tn(b a))ldt+/(1—t)|f( T t(b, a))| dt
0 }
< n(b,a) tPdt |f'(a+ tn(b,a))| dt
fee) |
1 . :
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Tl=

< nba) || [ tar S @1 o)
() {{ oy
+ det) ( F@l o) a

=

a

Q

CL

|% 2
= b,
( a) 213 p+ )%q% <1Og|f/( )

—|f'(a))?
log| (@] ) |

Now, we give the following results connected with the left part of (1.1) for classical log-convex

1,1 _
whereg—i—a—l. [ |

functions.

Corollary 4.3 Under the assumptions of Theorem 4.1 with n(b,a) = b — a, the following in-

b 1 1 2
1 atb L) —1f'(a)|?
dx — < (b-—

aa/f(“"” 7(557))| < a)<logf()log|f’(a)>
Corollary 4.4 Under the assumptions of Theorem 4.2 with n(b,a) = b — a, the following in-

1 / b

a+

o= [ (45

: FoE - ir@E \
=5 \ g [P0~ loa [7/(@)

5 An extension to several variables functions

equality holds:

equality holds:

In this section, we shall extend the Corollary 4.3 and Corollary 4.4 to functions of several

variables defined on invex subsets of R"™.
Let K C R™ be an invex set with respect to 7 : K x K — R"™. For every x,y € K the n-path
P,,, joining the points x and v := x + 7n(y, x) is defined as follows

Po={z:z=x+tn(y,z) :t €0,1]}.

Proposition 5.1 Let K CR"™ be an invex set with respect ton: K x K - R" and f: K - R
s a function. Suppose that n satisfies Condition C on K. Then for every x,y € K the function
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f is log-preinvex with respect to ) on n-path Py, if and only if the function ¢ : [0,1] — R defined
by
o (t) = f(z+tn(y, )

is log-convez on [0,1].

Proof. Suppose that ¢ is log-convex on [0, 1] and 21 := z+t17(y, z) € Py, 22 := x+1tan(y,z) €
P,,. Fix A € [0,1]. By (2.1), we have

fzr+Mn(22,21) = fz+((1-Nt+ M2)n(y,))
= (1 =Xt + Mt2)
< eV p )
= [FE"V )

Hence, f is log-preinvex with respect to n on n-path P,,,.
Conversely, let x,y € K and the function f be log-preinvex with respect to 17 on n-path P,,.
Suppose that ¢1,t5 € [0,1]. Then, for every A € [0, 1] we have

P((L=Nt+ M) = f(z+((1— Nt + AM2)n(y, z))
= flz+tn(y,z) + Iz +tan(y, z), z + tin(y, x)))
< [f (@ + tn(y, )]V (@ + tan(y, o))

= )"V p).

Therefore, ¢ is log-convex on [0,1]. m

The following theorem is a generalization of Corollary 4.3.

Theorem 5.2 Let K C R"™ be an invex set with respect ton: K x K — R" and f : K — RT
s a function. Suppose that n satisfies Condition C on K. Then for every x,y € K the function
f is log-preinvex with respect to n on n-path Py,. Then, for every a,b € (0,1) with a < b the
following inequality holds:

atb
b 2

a/ /f @ +tn(y, x)) dt ds—o/f($+8n(y,x))ds

f @+ bn(, o)) = If @+ an(y,2)? |
logf + by, z)) —log f (z + an(y,z)) |
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Proof. Let z,y € K and a,b € (0,1) with a < b. Since f is log-preinvex with respect to 7 on
n-path Py, by Proposition 5.1 the function ¢ : [0,1] — RT defined by

o (t):=f(z+tn(y,z)),

is log-convex on [0, 1]. Now, we define the function ¢ : [0,1] — R* as follows

¢
¢(t)r=/<p /f x4 sn(y,x)) ds.
0
Obviously, for every ¢t € (0,1) we have

¢ (t) =@ (t) = f(x+tn(y,z)) 2 0.

Hence, |¢' (t)| = ¢’ (t). Applying Corollary 4.3 to the function ¢ implies that

1 1 2
ath GO - ¢
/‘f’ nar-s(*30) <0 “)<1og|¢f<>|—1og|¢/<a>|>

and we deduce that (5.1) holds. m

Remark 5.3 Let ¢ (t) : [0,1] = R be a function and q a positive real number, then ¢ is log-
convex if and only if the function p? (t) : [0,1] — RY is log-convez. Indeed for every x,y € [0,1],

it 1s easy to see that
q

e @' eI = e @' e )]

Therefore, if t € [0,1], we have

p(tr+ (1 =1)y) < [p @) [p @)
if and only if
o7 (tr + (1= t)y) < [¢* (@)])' " [¢* W)]"-
The following theorem is a generalization Corollary 4.4 to functions several variables.
Theorem 5.4 Let K C R"™ be an invex set with respect ton : K x K — R™ and f : K — RT
is a function. Suppose that n satisfies condition C on K. Then for every x,y € K, the function

[ is log-preinver with respect to n on n-path Py,. Then, for every p > 1 and a,b € (0,1) with
a < b the following inequality holds:

b s a;rb
1
—/ 0/f<x+tn<y,x>>dt dS—O/f(x—i—Sn(y,x))ds

R | FACE Y 0)) ([ (x + bu(y,2)]* = [f (@ + an(y, o m;))“ C (52)

2% (p+1)r gi \logf (z+bn(y,x)) —log f (v + an(y, x
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1,1 _
whereg—i—a—l.

Proof. Let 2,y € K and a,b € (0,1) with @ < b. Suppose that ¢ and ¢ are the functions which
are defined in the Theorem 5.2. Since |¢/| : [0,1] — R™T is log-convex on [0, 1], by Remark 5.3
the function |¢'|? is also is log-convex on [0, 1]. Now, by applying Corollary 4.4 to function ¢

we get

bfa/bqb(x)dx—da(“;b)

2 O 10 @F \°
» qi \log|¢/'(b)| —log|¢'(a)]

and we deduce that (5.2) holds. The proof is complete. ®
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