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Ozet: Bu caismada, [1]'de incelenen ve sdf-adjoint genislemeleri yazilan Bessdl potansiyelli Sturm-
Liouville operatérleri icin cevirme operatori tipinde gosterilimler elde edilmistir.
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Integral Representations for Solutions of Sturm-Liouville Differential

Equations With Bessel Potential

Abstract: In this study, representations with transformation operator have been obtained for Sturm-
Liouville operators with bessel potential which have been written self-adjoint extensions and have been
consideredin [1].
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problemini ele alalim. Burada q(x) reel degerli fonksiyon, a >0, a* 1, d1 (0,p]
seklindedir.

Araligin i¢ noktasinda sireksizlige sahip simir-deger problemleri matemeatik,
mekanik, fizik ve jeofizik gibi bilim dallarinda siklikla karsimiza ¢ikar ve boyle
problemler materyalin streksizlik ¢zelliklerine baglidir. Sireksizlige sahip olmayan
diferansiyel operattrlerin ters ve diz spektral problemleri [6]-[10] calismalarinda
incelenmistir. Sureksizligin varligi operatorlerin  incelenmesinde temel niteliksel
gelismeler saglamistir. Sireksizlige sahip sinir-deger problemleri icin diz ve ters
problemlerin gesitli formilasyonlar: [11]-[12] ve diger calismalarda ele alinmustir.

Araligin i¢ noktasinda singileriteye ve streksizlik kosullarina sahip diferansiyel
operatorler, R. Kh. Amirov, V. A. Yurko[2] tarafindan calisilmistir. Bu ¢alismada x=0
noktasinda singuleriteye sahip self-adjoint olmayan Bessel potansiyelli Sturm-Liouville
operat6rii icin sonlu araligin i¢ noktasinda ¢oziimin sireksizlige sahip oldugu durumu
incelenmistir ve verilen operatorin spektral 6zellikleri ve bu spektral 6zelliklere gére
ters problemin konumu ve ¢ozimii icin teklik teoremleri ispatlanmustir.

Benzer sekilde R. Kh. Amirov [3] calismasinda, self-adjoint olmayan Bessel
potansiyelli Sturm-Liouville operatdri icin sonlu aralikta sonlu sayida sireksizlik
noktalarina sahip oldugu durum incelenmistir. Burada verilen diferansiyel operatoru
Ureten diferansiyel denklemin ¢oziimlerinin davranislari, operatorin spektral 6zellikleri,
spektrumu basit oldugu durumda yani yalmzca Ozdegerlerden olustugu durumda,
Ozdegerlere karsilik gelen 6zfonksiyon ve kosulmus fonksiyonlara gore operattriin
ayrilisimi, spektral parametrelere gore ters problemin konumu ve bu ters problemlerin
¢Ozumi icin teklik teoremleri ispatlanmustir.

R. Kh. Amirov'un [4] calismasinda, sonlu araligin i¢ noktasinda sireksizlige
sahip Sturm-Liouville diferansiyel operatorler sinifi igin ve [5] calismasinda Dirac
operatoril icin cevirme operator, cekirdek fonksiyonunun bazi Ozellikleri, spektral
karakteristiklerin 6zellikleri ve ters problem igin teklik teoremleri 6grenilmistir.

2. integral Denklemin Olusturulmas:
(1) denkleminin x® 0" iken vy, (x)=x"[1+0()], ¥,(xX)=( +1)X [1+0(D)]

kosullarini saglayan asimptotik ¢ozumleri meveuttur. Fakat |21 <1 iken y(0) vey'(0)

degerleri mevcut degildir. Dolayisiyla (1) denklemi ve (2) simir kosulu ve (3) slireksizlik
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kosulunun Urettigi operatorin bu ifadelere benzer degerleri de tammli olacak sekilde
yeni bir operatdr tammlamamiz gerekir. Yeni tanimlanan bu operatdr, verilen
diferansiyel operattriin self-adjoint operatori olarak alinabilir.

Amirov ve Guseinov [1] caismalarinda /(y):= - y"+I(1 +1)x? +%+q(x))

diferansiyel ifadesi ve ayrik sinir kosullarimin Grettigi operatorler icin simir kosullar
dilinde self-adjoint genislemeleri vermiglerdir. Bu calismalarinda su lemmayi

ispatlamuslardir. Burada ci R, |2I|<1, 1<a <2, q(x)1 L;(0,p).
Lemmal: y(x)T D(L',) olmak iizere,

(GY)(X) = X"Y(x), (GY)(¥) =X xy'(x) + £y(X)]
fonksiyonlarinin x® 0" iken limitleri vardir. Yani,

iM(GY)() =(GY)0), =12

Burada L', verilen L , operatdriniin eslenik operatoridir. L,ise D, =C; (O,p)
kimesinde tamml1 L, =L,y =/y operaoriinin kapamsidir. Dolayisiyla L, operaori
L, operatdrinin minimal operatoridur. Belli ki L, operatori L,(0,p)uzayinda
simetrik operatordur.

Simdi - y"+I(I +)x?y+q(x)y=1y diferansiyel denklemi icin sinir deger
problemini yazalim. |2I|<1 iken y(0) vey'(0) degerleri mevcut olmadigindan sinir
kosullarim ancak (G y)(x) ve (G y)(x) fonksiyonlar: dilinde verebiliriz. Bunun igin
denklemi (G y)(x) ve (G,y)(x) fonksiyonlar: yardimiyla sisteme indirgeyelim.

-y I )X Py +g(X)y =- X [X Y+ IX Ty +q(x)y =1y esitliginde

(GY)(9 = %(¥) =X y(X), (GY)(X) = Y, () =X {xy'(x) + £y(¥)]

U(¥) =X - L uy(x) = X" - 1, y,(X) = kys(X)
alirsak,

1 hon =~ K00y a0,
Fyi- kys =ku, (0,

sistemini elde ederiz.
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problemini ele alalim. (4) denkleminin _(0) g baslangu; kosullarim ve (6)
2

e
1 1 o 16
stireksizlik kosulunu saglayan ¢ozimi, a ™ = _a% +— = _8 "ot olmak Uzere,
x<d iken,
iR kojl(x)yl(x)smk(x t)dt+k012(x)y3(x)cosk(x Ot 2
9 N
¢ 1 i . N
¢ —d 'q(t) y,(t)sink(x- t)dt +
2,0 _¢ Ko * .
(;y +-C — ( )
€70 gue'kx kojl(x)yl(x)cosk(x t)dt+k012(x)y3(x)sm k(x- )t
; I
¢ +E 6'2'q(t)y1(t)cos(x- dt -
e 0 (%]
x>d iken,
d
y, =a‘e“+a e 0 kepTsink(x- t)- a” sink(x+t- 2d)u,(t)y, (t)dt
0
d
+k " cosk(x- t)+a” cosk(x+t- 2d)u,(t)y,(t)dt
0
+%da*sin K(X- t)- a” sink(x+t- 2d))t 2 q(t) y,(t)dlt (8)
0

- kz‘jsin K(x- t)u, (t)y,(t) - cosk(x- t)u,(t)y,(t)dt

+%E§in(x- tt2q()y, ()ct
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d
y; =ia "€ - ia e 9 - kep T cosk(x- t)- a” cosk(x+t- 2d)u,(t)y, (t)dt
0

d

- K " sink(x- t)+a” sink(x+t- 2d)u, (t)y,(t)dt
0

+%&a*cosk(x- t)- a” cosk(x+t- 2d))t"?q(t)y,(t)dt ©

i k&cosk(x- U0y, () +SnK(x- U, () y,(t)dt
+2- gpos(x- DE 2 aO Ok

seklindedir.

Simdi (4) denkleminin Q _(0) ?0 baslangi¢ kosullarint ve (6) streksizlik
2

kosulunu saglayan her bir ¢coziminan,

x<d iken,
%ikx jkx X\ ikt - X\ ikt O
. cE€” ta(x)e +0K11(x,t)e dt +i QK (x,t)e"dt +
55/10_(; -X =+
+_(; « - (10)
e)z0 ge”"‘+ia(x) +OK21(X t)e ktdt+|0|<22(x t)edt s
1
x>d iken,
e k(2d X) jkt ikt O
3 gy10+a(x) +b(X) +OK11(X t)e dt+I0K12(X t)e“dt =+
o=t o
Cv>7¢C - (11)
eY: o

éy“”o +ia(x)e" - ib(x)e 9 + (‘)KZl(x,t)eik‘dt +i (‘)Kzz(x,t)é"‘dtj
-x - X 1]

seklinde bir integral gbsterilime sahip oldugunu ispatlayalim. Burada

aejloo o e +a g o

+Alkx ik(2d- x)—
4]

c Ky (xt),i,j=12. fonksiyonlar: reel  degerli,
eysog E.a e’ -ia’€

a(x) =a(x) +ia,(x), b(x) =b (x) +ib,(x) olmak tzere a (x), b(x), i =1,2. fonksiyon-
lart mutlak strekli fonksiyonlardir. (10) ve (11) ifadeleri (8) ve (9) ¢oziminde yerine
yazilirsa,
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a(x)e™ +b(x)e @ + K (x,t)e dt +i Ky, (x t)edt =
d h B . .
-k¢p " sink(x- 1)- a” sink(x+t- 2d)u, (){* +a(t)e"
0
t ) t ) .U
+ OKy(t,s)€ds +i Ko, (, s)e"‘sdsgdt
-t -t
d

+k(p " cosk(x- t)+a” cosk(x +t- 2d)u2(t){ieikt +ia(t)e"

0

t t
+ Kt 9Eds+i R, s)é"sdsgdt
.t 't
+% ga “sink(x-t)-a” sink(x+t- 2d))t'2'q(t){eikt +a(t)e"
0
t ) t ' 'U
+OKu(t s)€ds+i Ko, (, s)é"sdsgdt
-t -t
- kfsink(x- t)u,(t)dt {a*eikt +a g 4 5(t)e +b(t)e@Y
d

t t
+ K (t, s +i Ko (t, s)e”‘sdsgdt
.t 't

+K Cposk(x- t)uz(t){iav;.ikt - ja" €40 1ja(t)e - ib(t)eE
d

t t
+ ot 9Eds+i (Kot s)e”‘sdsgdt
.t 't
+% Cein(x- t)t'z'q(t){a @M g d @D 4 qt)d +b(t)ek?dD
d

t t
+ OKu(t,9€5ds +i (Ko t, s)e“‘sdsgdt
.t 't

ve
X

ia(x)€" - ib(x)e® X + K, (x,)e dt +i K, (x,t)e"dt =

d N t t
~K{p " cosk(x- 1)- a” cosk(x+t- 2d)u,(t)| € +a(t)e” + Kyt e ds+i O, (t, )" dsy
0 T -t -t

d

> t t
~k@p* sink(x- t)+a" sink(x+t- 2d)u,(t) | i€ +ia(t)e™ + Y, (t, )" ds +i (‘j(zz(t,s)e“‘sds%dt
0 T -t -t



X pS t t 3
%d * cosk(X- t)- a" cosk(x+t- 2d))t'2'q(t)£ & + a(t)eM + OKn(t, 9eds+i OKlz(t, s)e”‘sdsgdt
0
- kdcosk(x- t)u, (t)dt %{a*e”‘t +a e @ 4 a(t)e™ +b(t)e ) + OKu(t s)e"‘sds+|0K12(t s)e"‘sds dt
d

i k@;in K(x- t)uz(t),%{ ia e - ia” @I 1ia(t)d" - ib(t)e @ + (‘j<21(t,s)e‘ksds+i OKzz(t,s)é"sdsgdt
-t -t

>~—I|—\

X I t t &
+ pos(x- t)t'”q(t)ia*ei“ +a" @ 4 a(t)e +h(t)e ) + (K, (t, 9eds+i (K., (t, e dsy ot
d -t -t

integral denklemleri elde edilir. Gerekli hesaplamalar yapilirsa,

N i +k2d g +7 O +7 O Aikz a-k X\ ® o] ) O A
OKll(x,t)ek‘dt = oulgs‘zz Y2, 72 S dz = oW 2, & x2td  dz
x- 2d
a.+ 2d- x 2 - X 2l -2l -2l
hY +z 0 +z 0 +z 0 qjkz N & x-z0 & x-z0 & x-z0 ikz
a OFst afyiafyie o 055 A’y &gy e
a+k X i d U +k2d-x} d U
= O1 OKp(tz +t- x)ul(t)dtye'kzdz +2 5 O1 OKy(tz +x- t)ul(t)dtye'kzdz
wHb b B b
a-k X } d U k X; d .I[.J )
+— Oi O Ky(tz +2d- x- t)ul(t)dty €< dz 'T Ol O Kelt.z +x+t- 2d)u, (t)dtye* dz
il |D e b
a+k Zd\X B+z 04 F+z 0 |kz a X\ 20, & x-z0kz
- OU gy gy e dz - — QUyga-*7-a, ¢ 7€ dz
4 e 2 4  od 2 2
a+k X i d :’I ) +k2d-x.i. d U
+ Of OKalt,z +t- X, @)dtye dz + 5 O OKu(tz +x- tu,(t)dtye" dz
e b B b
i U i U
.k x\ . d\ 2d-x.. d
+""7 ol O Kultz +2d- x- Hu,(dtye d +""—2k Ol O Kaultz +x+t- 2y, (t)dtyed
P e |o
a.+ X Td t+x-s a X Td t+x+s- 2d
= N FES)s? O Kn(sz)dzd it - - N FE)S? O Ku(sz)dz ds ot
-xTO t- x+s -xTO t- x- s+2d
k X\ o] +zo |kz k hY z0 & x-z 0 kz
+12d0“1a‘7aaz§‘ 2 O U2 b, 06 oz
kx-Zd} X :’I " k X .Ix ”
-~ 01 OKp(tz +t- Xu(t)dtye™dz - - 1 Ktz +t- Xy, (t)dt e'zdz
2 Tixz 2, 214 l\;
I 2 b
k2d-xtx k X I X U
-5 0 +5<12(tz +x- O Odrye dz +2 O OKu(tz +x- u,(t)dtyedz -
-x 1d 2d- x| x+z b
I 2
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2d- x

&B+z 0 &B+z 0 Aikz N\ & x-z0 & x-z 0 kz
- — -~ e V4
dz 4 XOUZ gd+ 5 ﬂbz gd+ 5 ﬂé d

k
T4 OYgn g, 5

2d- x
i u . .
kx-id.[ X\ T, ikz k X\lx\ dU ikzd
+— 01 OKalt,z +t- Xu,(t)dtye“dz +- 1 OKalt,z +t- X)u,(t)dtye“dz
2 - X Ix-z T 2x-2de
s b
K iz wx- tmodbedz +5 5T gtz +x- tu@dthe= dz -
> O} 2tz U, ( % > Ol Ohalh 2 i;
-x Id 2d-x] xtz.
I 2
Sy e gm0y me ok dfz + 1 3o (S)S'Z'HX‘-SK (s,z)dz dsf'je““dt
ak 0825 9525%5% 5 2 QOIS 0 BalS Y
X +1, 2d-x - X
i N 6 a'k L e ek
atxnerdr=- 2 gupstdeaz - 2K qu g tear
- X - X x-2d
a‘k* 1204 @z 0k aK L e 67w ok
g OUESTARTLETdz T QU A e
+ 2d-x - X
a N iz 60 +7 0 +7 6 jkz a N ® xz00 @ xz04 @ xz04k
T 085 gy e dz o Og725 A3 2 50 dz
X i d u + Zd-X.i. d u
’ i a‘*kgy i
+""2k O OKu(tz +t- Xu(D)dtye* dz - 5 O OKu(tz +x- u(D)dtye* dz
x2df xz A x [xz A
) I 2
i 1
- X o d .
i % O O Ku(tz +2d- x- tu,()dtye dz
x-2d] 4. %z b
| 2
a.kZd-x.} d :J "
+=- 01 0 Kultz +x+t- 2d)u1(t)dtie”dz
- X ld.ﬂ
| 2
a‘k® +2 0 ke a'k \ a6k a‘k iz 0 4 x4z 0 ke
+ QU grse“dz +—— Qu,e-X2edz + 2 QU gza, gr-e“dz
4 - X 4 x- 2d -X
a+k2d-x.} d :J '
+ 5 Oi OKx(t,z +x- t)uz(t)dt)'/eIkZ dz +

|
e b
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d U

a-kZd-X.;: a.+ 2d- x »
\ \ IkZ N +Z'j +ZO
" 06 0 Kaltzmxrt-2d (Odtyedz +7 P qpidedz
12 b
- X 21 . + x 3d I+X s
x-2d -XTO es
a  *ji d t+x+s- 2d
- \[ b (S)S.ZI O Klz(SZ)dZd Ik[dt
2 -xTo t- x- s+2d
a‘k | +2 6 ke a‘k® 6k x o
} 4 Oul?(?ge dZ_T Oulg%-?ge dz _Z Oula(?ga1? Oe dz
2d- x N e

i
k N -z Oy &, X-2z ikz b | X‘
2 QU@ b e dz + 2 01 OKult2
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;
+x- tuy(t)dty e dz +

b

Ttz +x- tuodderdz - X ol Kutz +x- tubadedz +
2x-2de l\; -x Td l\;
k X i X U k2d-x X
-= @} OKult,z +x- t)ul(t)dty gedz += @} K, (t,Z +X- t)ul(t)dt e“dz +
22d-x1£ 2 5 Td l\g
I 2 L)
k X i X U + X 2d- x
+2 O OKultz +x- uOdyedz +25 Ju, stz +25 QU Pty e oz
22d-x1><+72 2d-x 4
I 2 L)
X 2d- x k2d-x.i. X U
2 OU, & ta &2 oe“ dz *a OUzgd+ 2°h G 2oe e dz s Of OKnlt,z +t- x)uz(t)dty d¥dz +
2d- x X {% b
.k X i d U
+2 5 1 @ Knltz +2d- x- u,(dtyed
2 x-2d] 4 %tz
| 2 L)
STz +t- ou@dedz +X @} N (62 +X- D, ()dtye® dz
2x-2de % 2 - X T %
k X i X U + X - 2d-x
2 Ot OKn(tz +x- u,(Hdtye dz +2 @?%g qgr o€ dz +a— Ogm&% Qg+ 7€ dz
2 2d- xJ Xz ) 4k 2d- x
I 2 L)
1 X 2 2d- x L
N FJ+z O B&+z 04 B+z O ikz N & x-z0 aexzo & x-z 0Aikz
Y, 08 n A5 M2y O dp e dz
1 x\i. x\ » t+x-s ”
+= q FIS)s™ O Ki(sz)dz ds dt
2-x d t- x+s



~ ikt — a k2d g a<+zo ikz
OKalxtEdt=- 25 gu e d

6 a k2d ” +z 0 +z 0 4
Xz 2 Oula;_al?;_ekzdz
- X x-2d - X
+a_-k X‘ & x-z0 xzoelkzdz + +2d-\)(83<+z'52 &+z 0 a(+z('_ieikzdz
7 Oug a7 K 0825 555385,
x-2d - X
- X +k X i d U
a N @ oxz00 N® k280 4@ xz0 Ak a N dke g
T OFST apvs APyl @dz- TN O1 OKu(tz +t- Yubdyet
x- 2d x-2d] x-z
I 2 L)
+ 2d-x.i. d U - X i d U
KT Ak, (tz +x- O, (t)dtye* dz + 2K AT S Ktz +2d- x- tu(dthedz +
2 Tixz b 2 x-2d] 4. %2 b
I 2 | 2
- 2d-x.i. d U + X
L2KOST ) Kutz +x+t- 20y ()dthedz +2 k O Eita mrteedy - 3K 8y = xroghe g,
2 x J g2 b - X 4 %
| 2
+k2d g &x+z O a<+20 ikz a k X\ x-z 0 &, x-z 0 kz a+k X\} d\ :,J ikz
+2 Ou2 R é dz - — O Y. g TBalgd ?E,é dz - > ol OKx(t,z +t- X)uz(t)dtyé dz
x-2d x-Zd%? b
a+k2d-x} d U a-k X : d U
+ 01 OKx(t,z +x- t)uz(t)dty degz - 22 Oi 0O Kx(t,z+2d- x- t)Uz(t)dt dk gz +
2 i b 2 o), xz b
I 2 | 2
a.kzd-x.i. d U + 2d-x '
DL O Kaltz +x+t- 2dp,@dtyedz +2 g e geerteaz
2 - X Id Xtz b - X
| 2
- X + X I X U
a N @ w00 ' k287 gk a NN ikz
e OF 2 ar €z +7 1 OKu(tz +t- X dtye” dz
x-2d x-2d ] *-z
I 2 L)
+2d-x.i. d U . X i d U
+2 51 OKultz +x- Ot ?dyedz - 2§t ¢ Ky(tz +2d- x- @)t dtye dz
2K e b 2k . af g1z b
I 2 | 2
a- 2d-x.i. d :’I . a+k X
e @% O Ku(t,z +x+t- 2)q(t)t ?dtye* dz - O W & ta, &2 e dz
2k - X Id X+z T 4 2d- x
12 b
-1, 2d- x X 2d- x
2k O W fi-x2%e  dz - k O U & 2a &t dz +_ Oulgf“ﬁobl G+ X 2 2 dz
4 X 42d X
k2d-x.i. X :'I . k X 1 ]J .
S (‘),ll, O Ky (t,z +t- Xu,()dtye*dz - > (‘)} L6,z +t- X)u, (t)dtye' dz
-x L xz b x-2d
I 2

48



i u
kZd-x.‘.x X o X o
K ekutz +x- humdyecdz - € Ol OKu(tz +x- uOdtye” dz +
2 - X Td % 22d x] Xtz )
I 2 b
+ X 2d- x
ak O U, 2 te  dz - ak O Uy &+27 2€" dz
4 2d- x 4 X
k X kZd-x
Y +z O +ZO N\ & x-z0 & x-z 0 Akz
+ZZdOU2&kTEalgk “dz - Z Ouzng; gd+T;e dz
kX-Zd'} X U k X .i.x
-— 01 OKx(tz +t- XU, (t)dtye"‘zdz = 01 OKn(t,z +t- Xu, (t)dt
2 3 Ixz 2, 5l i;
I 2 b
kZd-x.i.x k X : X U
+— 01Ktz +x- t)uz(t)dt e’dz += O OKx(t.z +x- )y, (t)dty
2 - X Td % 22d x| x+z.
I 2 b
a’t X 21 5 ik - 2d-x ] 5 ik
N X+z O B+z 04 N & x-z0 & x-z04
Ya 0875 95550 02y Ogy A dz e
i X‘EBHZQ- &+z 0 33(+20e dz_iZdX xzf)-I bla? sze
ak 0820 9528625 O PG AE e
1 x-2d.|. X :’j ) 1 X .‘[x U
+— (‘3% OKu(t,z +t- Xt qt)dtyedz +— ¢ Ku(t,z +t- Xt ?q(t)dty e dz
2k x [ xz T 2kx-szd %
I 2 b
1 Zd;x.i.x‘ ’l ” 1 X E X :’j
+— i Kalt,z +x-t)t q(t)dt dz +—- i OKultz +x- )t q(t)dty €' dz
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\
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X +k 2d- x _y. 2d-x

OKZZ(X,t)eiktdt =- 1 0 Ula“'z 982 ?L;;e'kz dz +aT 0 Ulgj-%gaz ?j.%geikz dz

2 & ;
2d- x + X i d U
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2 -x [ xz 2 x2d] 4 x2
I 2 b | 2 b
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2 - X 1ﬂ 2 X'ZdId_ﬂ 1
I 2 b | 2 b
- 2d-x.i. d U + X i d U
a k=T a I\ 2l ik
-—— 01 O Kaltz +x+t- 2d)Uz(t)dty “dz + O1 OKy(tz +t- X)qt)t *dtye'dz
2 'XIdﬂ 2k x-2d] x-z T
| 2 b | 2 b
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i
+2 a1 Ku(tz +x- ot 2dte 'kZdz-‘;—k 3O Kotz +2d- x- @)t 2dtye dz

_x}x;z b X-Zd{d_% b
a- 2d-x.‘;. d U k X ) o
"ok Ol O Ky(tz +x+t2d)g(t)t 2'dtyeIkZ dz - 2 O U &7 2, & 26 dz
=X 1d Xtz b 2d- x
| 2
k2d-x . o kX_Zd} X U
+ OURSfeidedz - o 1 OKa(tz +t- Yu(Odye”
" Y b
X 3 X 2d- x3 x o
K oKtz +t- Yu@aheraz - & gl g,z +x- @l
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k X i X U +1, 2d- x
-2 O OKultz +x- t)ul(t)dtI ddz +2 OU2§”—296255£9e'k2d2
22d-xI x4z 4 2o
(2 b
i U
a_k X\ & o] & x-z 0kz kxid X\ T i
s Oduzgd.%gaggd x2oedz 0% OKalt.z +t- Yu,(t)dtye dz
X- 2 - X X-z
e A
X FX 2d- x3 x o
+X (‘ﬂ Ka(t,z +t- x)uz(t)dt Veredz - X (‘)} K, (62 +x- tyu, (Hdth & dz
2, 21 d % 2 T4 %
« 1y U aal i
k N T N |kz k hY T N T, ikz
-5 010 Ku(t,z +x- t)Uz(t)dty dz - 5010 Kz (t,:z +t- X)u,(t)dty € dz
2d- x{% b - x }T b
K 0} Ko, (t,z +t- x)uz(t)dtyeikZ dz
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X 2d- x
2l -2l
N\ 7z 6

1 &K+z 04 &B+z 0 1 N2 x-z0 ® x-z9
@ O e agTia gy dz'@ O 5 g+ bz 4y oe

X -l.-j X 3 X )

OKall.2 +1- Xt 2 q(t)ty € dz +ik o1 Kotz +t- x)t'z'q(t)dtge"‘z dz
) x-2d1 d

7 b

| U
Ltz +x- )t Z'q(t)dti;e"‘zdz +2—'L (‘3% OKy(t,z +x- it 2q(t)dty € dz

d s L

i
16|
— i
2 X%

/ x

+i2d-éx.‘%.
2k T

+y,d X X X
a,(x) =- azk G (Da, (t)at - g(‘yl(t)az(t)dt- g(‘yz(t)az(t)dt+2—1k6'2'Q(t)az(t)dt
0 d d d
+1, d + d

2k 5 OA0a 0k +2 g a0a,0c
Ojl(t)dt+ sz(t)dt+ sz(t)ai(t)dt kd 2'q(t)dt+a2k (bt

+ X +X X

oxz(t)dt +— oxz(t)ai(t)dt o & §%qat- 2—1k(‘j'2' q(t)a, (t)dt

d d

az(x)—a

X E‘yl(t)ai(t)dwa
2 d

X d
a+ +

+ 2k OnL(Da(t)dt - Zk “Zq(t)ay(t)dt - —wl(t)az(t)dt —olz(t)az(t)dt+ikd'2'q(t)a2(t)dt

d

-5 Ba0d- 5 5T ava 0

B9 =- 2 X GLOA O+ GLOBO 5 FObO- ¢ OO

- a0 +% § a0,

0

b,(X) =— Ojl(t)dt LaxK 042 (t)at LaxK 012 (t)a,(t)dt - k — ¢ ?q(t)dt - ;k Ojl(t)dt
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d d
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Simdi

1-)d<x<2d, - x<t<x-2d<2d- x
2-)2d<x, - x<t<ad- x
3)d<x<2d,x-2d<t<2d- x
4-)2d <x, x<t<x-2d

5)2d<x, 2d- x<t<x
6-)d<x<2d,x- 2d<t<x

bolgelerinde K (x,t), (i, j =1,2) fonksiyonlarimin ifadelerini aip archgik yaklagimlar
yontemini uygularsak;
1-)d<x<2d, - x<t<x-2d<2d- x araig1igin,

+ +

©) - S S — @ xt0 w10, & @mui6” amad, a0
u(}) ==, “18%53282}*_“18 Rl i er il ey it oy
_ a & x.tt_i’ZI ® x-t0, & x-t0 +k B+t 0 B+ a’k & 60,4 @® x-t0
ETE AR TR R T T LR o LE SRR
d +, d
K™, (x,t)=- @ Dz ,t+z - X)u,(z)dz +2K OKS (@@ t+x- z )uy(z )dz
o 2
- d
+a_2k O K§ Pz t+2d- x- z)u(z)dz - ak O K&z, t+x+z - 2d)u,(z )dz
d- % d-%"
a+k ! a+k d . a~+ d 2It+><-s L
OKS Pz t+2 - Xu,(z)dz + OKS (@ t+x-2)u,(z)dz +——J9)s? O K P (sz)dzds
xt x+t 2 0 t- x+s
2 2
t+x+s- 2d k k X
- m(s)s‘z' O K{?(sz)dzds- > OKS Pz t+z - XYu,(z )dz - > "Dz, t+z - X)u(z)dz
0 t- x- s+2d xt d
2
k (n-1) k K (n-1)
+Ed<12 (z,t+x-z)(z)dz +E oK: D(z,t+2z - X)u,(z)dz += 5> 0% (z,t+z - xX)u,(z)dz
d xt d
2
AL Dz ,t+x-2)u,(z)dz + +K &y merog merogie g FLEA 2%, &2 %€/ dz
2d<21 ) 2 42d0u1 TBaZ 2 5 4 Oul TE g TE
t+x s
+= Oq(s)s K (s,z)dz ds
t- x+s
(0) a+k + 0 +t0_ a-k & x-t0, & x-t0 a+ +02I + 0 + 0 a-o’SXOZI & x-t0, & x-t0
Kp'(x ) =- = Ui g — Wi Siai so 05 apsiaitst i s apiaiss
a+k + 0 a_k & x-t0 a+k + 0 ak xba+k +t 0 + 0 a_k & x-t0, & x-t0
S U T WE S T W LR S LA L AR
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a+k d +k d

KO = 5 KOz t+z - X)u,(z)dz - OKI Pz t+x- z)u(z)dz
th x;—t
ak ° a'k
e O Kz, t+2d- x- z)u(z)dz +— 0 KOD(z ,t+x+z - 2d)u,(z )dz
a-xt -
2 2
+k KD a’k . (1)
+ OKz% 7@, t+2 - X)u,(z)dz + OK2 7 (Z ,t+X- 2)u,(z)dz
th x;—t
ak ¢ (n-1) ak 9 (n-1)
+T O Kz 7@z, t+2d- x-2)u,(z)dz +—— ) Ky 7 (2, ,t+x+2z - 2d)u,(z )dz
t+x s t+x+s- 2d k
O K& (sz)dz ds- Oq(s)s O K3 ?(sz)dzds+ E OKI ™ (z t+z - xu,(z)dz
t- x+s t- x- s+2d x-t
2

"'gd(l(ln'l)(z t+2z - X)u(z)dz - g K (z ,t+x- z)u(z)dz +I; 59z t+x- z)u(z)dz

d d

g OKED(zZ t+2 - Xuy(z)dz +~ d((” Yz ,t+2 - X)u,(z)dz += d<(” Yz, t+x- z)u,(z)dz
5

X t+X S
%@q(s)s 5 KUY (s2)dz ds

t- X+s

+
-2l

+
o A "k Lt¢+a &+t 0 3+t 0

ul?:z@ S wE ARy 8 9yl

- + - + -
a_ae.;?fﬂqg%.g?alg%.;?— a ku1§&+‘°+a K 1%% Xt°+a kuzge‘i? AL
29 29 29 4 29 4 4 290 4

a aE3<+t0 &+t 0 a a%x-t"

R Ay T e AR T 8, G5 i, 985S

+

(‘)K‘” Yz t+z - Yu(z)dz - % OKi (@ t+x-2)u(z)dz
- X+t
7 2

~
R3

|

‘QJ
N +

N - d
+a_k é K(ﬂ 1)(Z,t+2d' X- Z)Ul(Z)dZ +% é Kl(zn-l)(z’t+X+Z _ 2d)U1(Z)dZ

gt x
2 2
+ +, d
a_2k OKS Yz, t+2 - Xu,(z)dz 2K OKS Y (Z t+x-Z)u,(z )dz
g E
ak U m a’k ¢ KD
-— O Ky @ t+2d- x-2)u,(2)dz +—— O Ky 7@, t+x+z - 2d)u,(z )dz
2 9 9
2 2
+ + d
a2_ (‘) K&D(z,t+z - X)q(z)z *dz +2 K&D(z ,t+x-2)q(z)z *dz
X- x+t
5 Z
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=

f) KUz, t+2d- x- z)q(z)z ?dz - 2k K(” Yz, t+x+z - 2d)q(z)z ?dz
5

x+t

d-
2

I\Jl?\_

OKl(l”'l)(z t+2 - X)u,(z)dz - g B0z ,t+2 - X)u,(z)dz - g "z, t+x-z)u,(z)dz -

xt d d
2

OK(” Y(z,t+2z - X)u,(z)dz - d(z(; Yz, t+z - X)u,(z)dz += d(z(; Yz, t+x-2)u,(z)dz

N x

I\J||_\ ,\,‘x

OKl(l” Y(z,t+z - X)q(z)z ?dz + d(l(l” V(z,t+z - X)g(z)z ?dz + d(l(l” Y(z,t+x-2)q@z)z ?dz
7

+ - +
5 a’k 5 5, a 2
&+ 04 &+O & x-t04 & x-t0 83<+tg 33<+t9 33<+t9
R e M ey el e AT T ey e

(0) —
22(X1t) - 4 2 2 4 25

a’k & x-105 @ x-t0
4 UZSdTEaQSdT

-2 s a'k
& [ & x-t0 & x-t0_ &+t 0 a(+t0_
A Y R L Py L

[SENE
[SERed

2)®

+ +k d

KO =- a OK(” Yz t+z - X)u,(z)dz - ax OKS 2z t+x- z)u(z)dz
X- X+t
7 7

0 K&z ,t+2d- x- z)u,(z )dz +a_2k O K5z t+x+z - 2d)u,(z )dz
g Xt
2

QD
+
=
o
m\x

+ d
a’k OKS ™z ,t+x- 2)u,(z)dz

OKE Pz ,t+2 - X)u,(z )dz -
%t x;—t
ak ¢ a'k °
= O KEP@ . t+2d- x-z2),@2)dz - == ) K§ @ t+x+2z - 2d)u,(z )dz
2 d_ﬂ d-X—+t
2 2
a.+ d
Pdz +=— QK Pz t+x-z)q(z)z ?dz
x-t 2k X+t
2 2

d

- d
- O Ky Yz t+2d- x-z)a(z)z Pdz - == ) KLV (z, t+x+z - 2d)q(z)z Pdz
d X+t

o}

23\ 2k

-7 T2

I\Jl?\_

c‘) KUz, t+2 - Xu,(z)dz - c‘j<fz”'1’(z 42 - X)u(z)dz - gdqz”'”(z tHx- Z)u(z)dz -
X- d d

7

d((” Y(z,t+x-z)u(z)dz +

KDz, t+2z - Xu,(z)dz - g 8Dz ,t+2 - X)u,(z )dz
d

I\Jl?\_

I\JI>~‘

x
m‘;’o,x

OKS (z,t+2 - X)u,(z)dz - K
X-t
2

) X

I\Jl?\_

D (z,t+2 - X)u,(z)dz +2_1k OKS Y (z,t+z - Xa(z)z ?dz
d xt
2

+2_1k U(z,t+z - X)q(z)z ?dz + d((" Y(z,t+x-2)(z)z dz
d



integral denklemlerini aliriz. Her bir denklemin 6nce mutlak degerini alir ve sonra

[- X,x] ardiginda t ye gbre integrallersek

k
dKn (x Ol £ 2 "aw(z)ag(z)|dz+| “|o|ul(z)a2(z)|dz+ |k|0" "|a )a,(z)|dz

| d

1k
+E o7 )@z +2 X g 0ae ) e +@ Olux(@)a, 2 )| dz

2|k| d- x 0 d-
dKu (x Dt e > | |ajul(z)ai(z ) dz _al “ a¥ Qu@)ae)dz +2|k| & *la@)a(2) oz
k X d
|2a|k| 0Oz *|a@z)a(z)|dz + a’l |du1(z)|dz +| “ ¥ 0|ul(z)|dz + 2| |du2(z)|dz +| “ 5 |u (z)|dz
2k |9u2(z)a1(z ) dz +""7d9|u2 TR &7 otz + |2|k| 07 [ate) dz
dK21 (X, t)|dt£ | |dul(z)al(z )| dz +| “ {4 2|k|@’Z'|q(z)al(z )| dz
K| X 1% d
|2|k|d02 etz +2 |dul(2)|dz +| | L ou@)dz *aTH?UZ(Z oz +aT||d9|u2(z ez
+Jdu (z)a,(z)|dz +Ldu (z)a(z)|dz + a’ X@’Z'|q(z)|dz - |i d‘z’z'|q(z )|dz
2 9 2 & 20 2K.9
+ k k + X
OKzz (x,t)dt £ l |011(z)a2(z)dz +| H | OU1(Z)a2(Z)dZ +;|k|6 “q(z)a,(z)dz
Ia‘ a’[k| 2K
2|k| d02 “q(z)a,(z )dz + > 0012(2)612(2 )dz + > dguz(z)az(z)dz

olur. a(x) vea,(x)fonksiyonlart mutlak strekli fonksiyonlar ve dolayisiyla sinirl

olduklarindan [a,(x)|, [a,(x)| <M olacak sekilde M >0 sayisi var oldugundan
d !

KD (x Hfdt £ (

'|)Xdz'2'q(z )z

|)dul(t)|+|u2(t)|

2JK]
I)dui(t)l Ju )]+ || M

:
x Q> x

a” ) ?a()|dz

21

I)dui(t)l |u, )] + | |

“+la Pz o) dz

|)du1(t)|+|u2(t)|

22

W ‘P )| dz
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a’[)=M, olarak alirssk
AK (x, bt £ M, Guy (8] +]u, (0] + [a(®)fdt = Ms (%)
- X 0

olur. Burada's  (x) = ¢ju, (t)] +|u,(®) +t ? [q(0)ldt, i, j =1,2. Ayrica
0

X + d z + d z
dKl(f)(x,t)|dt £aT|k| Ow(@)| dK;;-” (z,9)fdsdz + a 2|k| Qu@)| dK;;-” (z,9)|dsdz

a- a 2X+Z - 2d
+| “ § olui(Z )| " (z,9)dsdz +| “ L olul(Z ) O [K§ @, 9)dsdz
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N (D a |k N (D
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- 2X+Z - 2d
|a “ | |u2(z )| " (z ,5)(dsdz +Ia “ i O|u2(z ) O K&, 9)fdsdz
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s? (z, s)|dtdz yds+ dq(s)| 210 O |Ki(z,s)dtdz yds
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+%ckul(z ) QK (2, 9)dsdz o |ckul(z )| OKS™ @ sz o |ckul(z )0
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X
2x-2

+@Xd;2(z)sz (2, s)|dsdz +| |012 Dz, s)|dsdz + |dUz(Z

" (z,9)dsdz
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2X-S Z+X-S
2|1

*3 dq(s)l

(z, s)|dtdz yds

SZx z- x+S p

|d.11( )|dK1‘f V(z,s)dsdz + a’lk |dul( )|dK<“ Y(z,5)dsoz

dK‘”)(x t)\dt £

‘a H | O|U1(Z )| O ‘K(n 1)(Z ,S)‘deZ + | | O|U1(Z )|2X+202d‘K(n 1)(Z ,S)‘deZ
2d-2x-z
|k| dJZ( )|dK‘” Y(z, s)\dsdz +_du2( )|dK<“ ”(z,s)‘dsdz
+‘a- Hk| X0|U2(Z |) é ‘Kz(gl) (Z ,S)‘d&jz + ‘a 2“k| Xé|u2(z |)2x+zé.2d‘K2(2-l) (Z ’S)‘deZ
d- x 2d- 2x-z - X
+a_+ céiq(s)| » l 2x sz+x s ds+‘ 2x+s‘2d Z +X+s- Zd‘K(n 1)(2 S)‘dtdz .Pds
2 0 Tstz X+s % 2dgs z-x-s+2d %
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X z 2X%-2
+Mdu1(z )|dK Y (z,9)|dsdz M |du1(z )| O[K{ (2 ,5)|dsdz 4 |du1(z )| K (z,5)|dsdz
z-2X
2x-2
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| | X 2Xx-2 2| 2x S Z+X-S p
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i a’[k° i (01 a’lk ¢ "\ (0D
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+ 0 |u1(z )| (z,s)fdsdz +—— O|u1(z )| K{?(z ,9)|dsdz
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Ia‘ll | :
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% o)z dK;f-”a stz % o)z dKff'” (2,9)dsdz
0 -z

|a | Z\ (1) N |a_‘ d\ " 2x+z\- 2d oD
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+gdu1(z)|dK Yz, s)|dsdz +| |011 "Dz, s)|dsdz +| |dU1(Z)| 1(1”‘1)(z,s)|dsdz
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X z 2Xx-2
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0 -z zZ-2X

d z
+ﬁdq(z)|z‘2'dK Yz, s)|dsdz+ |dq(z)|z 2 y|KE (2, 9)|dsdz

z-2Xx
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2|k| dq(z Nz

-z

K (z,9)|dsdz

X + d z + d z
KD (x|t EaTMc‘jul(z )| OKS (@, 9)dsdz +aT|k|5ul(z ) dK;;-D (z,9)jdsdz
- X 0 -z -

a” |k

‘ ‘ 2x+z - 2d
+ 1Tt

O|u1(z )| 0 ‘K‘“ Uz, s)‘dsdz +‘a H K O|U1(Z )| 0 ‘K‘“ l)(z,s)‘dszdz
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d

2 'd P )ZdKéi e, ojosz +2 K ' P )ZdKéi 3 (2, sydsdz
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|a - ||k| 2X+Z - 2d
+— U2
2 d- 2d-2x-z

e gz + M & o) o [ e

+%dq(z)|z-z| dKl(zn-D(z ,s)|dsdz +%dq(z)|2'2' dKl(zn'l)(Z,S)|deZ

|a | L z\ | . 2x+z\- 2d 1)
Ola@)lz® @ |K§? (@, 9)dsdz +L— O|q(z Nz o [KEP(z,s)dsdz
2|k| d- 2d-2x-z | | -z
+gdu1(z)|dK Y(z,9)|dsdz AL |du1(z)| K$ ™ (z,9)[dsdz
-z z- 2x
LN K K
6u1(z " (z,9)|dsdz + du )| dK Y(z,9)dsdz +1 du @) 0 K{9(z ,s)| dsdz
d z-2x
| | X 2x-z 2x-z | | -
d (z)| (z,9)fdsdz + duz(z $(@,9)dsdz +1 duz(z )| K$?(z,9)|dsdz
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K$(z,9)ldsdz

22x

L q(z)z‘2I ‘K Y(z,9)dsdz +—— q(z)z 2 Z‘

X-Z

2
"¢ Ul o|Kie 2 sz

esitsizliklerini kullamrsak,

29,2’k 5700, RIIK s209, [l sPe 8tk s

JKL (x|t g2 2|k| M,

2 2 ' o2l 2 Lol 2 Lo 2t o2l
a'lk,, s209 [l sz K si0 aty, s () Rl sz K sE
2 M, 12! ¥ 2 M, 12! ¥ 2 M, 2 Me = 2 M., 12! +EM1 12!

2 2 2 2 2
+MM131(X) +MM131(X) +MM131(X) +MM131(X)+UM131(X) +}M1 Sl(X) =
2 2! 2 2! 2 2! 2 2! 2 20 2 2!
s7(¥)
2!

§2a |k|+2a |k|+3k+ cl+| |c “M

sf(x)+a*|k|M s, RIM, si,a [k, si9, @tk s

XdK(l)(xt)|dt£a+|k|M M
e 2 2 2 2 2] 2 2 2 2
L PAEHC NG LIV HC NN IV HC IEMW {00 Bl st K, sEk

2 b2 2 2 2 2! Ma=o o MG My
+MM133(X)+MM133(X)+MM133(X)+MM133(X)+UM131(X)+MM13 (x) 1Mcle(X)
2 20 2 202 202 20 2 20 2 20 2 2!

& + 0
=§2a+|k|+m+_1+a C1+|a2|c M Sz(|X)

a
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ke Cenjare 2K, 209 2 Ky 5209, UK 5709 oI 5709 @Ky 5209
2 2! 2 2! 2 2! 2 2! 2 2!

2y sie K si0g oI sie et sig at ) si ] s SHU
2 2! 2 2! 2 2! 2|k| 2! 2|k| 20 ok

Bl s (x) Wy 5200 Ky 5709 Ky s (x) LI
i 20 20 B 00 2200 Wl s e

+MM Sl(X)+MM S]_Z(X)_'_iM S]_Z(X)_'_ Mslz(x)+ 1 Mslz(x)

2 2 22 2kt 2 2kt 2t 2kt 2

e - o) 2
o2l Ko 2 s 2 S 508
B WK 2Kz " 2

ke 0enjare ™, S50, Ky 5209, UK 5709 oI 5709 @Ky 5209
_x 2 2! 2 2! 2 2! 2 2! 2 2!

2y sie K si0g ol st at g si0g at si ] 09
2 2! 2 2! 2 20 2Kt 20 2kt 2t 2l

B |M HC K 8200 K, 8200 K 8200 K, 8200, 1K, 8209, Ky, S0
2|k| 2 b2 27t 20 27t 20 27 2 2 20 20 2
& ) 0 2
o+ 2+ + g3 Gy, 800
¢ CRCRET P
%]
el ,a k30
2a+|k|+2a |k|+4|k|+ C1+_C2+_ —+—+M,=C alirsak
¢ 2 % W2
L 2S2(X) e : .
dK‘)(x,t)‘thC 12—| esitsizligini, ayni sekilde n=2 icin

3
dK<2>(x,t)\dt£c3‘°‘lT(lx) esitsizligini elde ederiz. TUmevarim yontemini kullanirsak

n+l
dK‘“)(x t)‘thC””SEl ()) esitsizliginin gecerli oldugunu aliriz. Ayni islemler diger

bolgeler icinde yapilirsa bu esitsizlikler kolayca alinabilir. Bu esitsizliklerden
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o

dKiﬁ")(x,t)‘dt serisinin L (0,p) uzayinda diizgiin yakinsak oldugu agiktir ve bu

0.

>
I}

serinin toplami olan K (x,t)T L,(0,p) fonksiyonu

¥ X
a K xn)|dt£e™® -1

=0 -

>

esitsizligini saglar. Bu durumda asagidaki teoremi ispatlamis olduk.

p
Teorem : ¢)a(t)|t *dt <¥ olsun. (4) diferansiyel denklemler sisteminin
0

_(0) baslangu;, kosullarim ve (6) sireksizlik kosulunu saglayan her bir
eYs.ra 8 (%

¢OzUma

& k(2d X) ikt ikt
Qy10+a(x)e +b(x)€e +0K11(x t)e dt+|0K12(x t)e"dt

o O_¢
G | |
%o éyso +ia(x)e™ - ib(x)ek@ M + 0K21(x t)eMdt +i OKZZ(X t)eMt

Q- | Aol ol O

seklinde gogterime sahiptir. Ayrica sl(x):Xdul(t)|+|u2(t)|+t‘2'|q(t)|dt, i,j=12. olmak
0

Uzere

¥ X
a K n)|dt£e™® -1

=0 -

>

aejloo o e*+a M o

ik(2d- x) -
ﬂ

esitsizligi saglanir. Burada a(x), b(x)T AC(0,p],
e 30;3 gla e -ja’e

M +2 1 O, J."'a.+
max —k(a*+a'),—(a*+a')ia%a*k+2a' K|+ 4kl +

g5 @+ g+ gaa’id 2 [+ 4k
MCZ i @ iB:C

27 k2K
seklindedir.
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