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Ozet: Bu calismada sonlu aralikta Coulomb potansiyele sahip Sturm-Liouville operatorleri icin cevirme
operatori tipinde gosterilimler elde edilmistir.
Anahtar kelimeler: Cevirme operatorii, integral Denklemi, Sturm-Liouville operatérii, Coulomb

potansyeli.

An Integral Representation for Solutions of Stur m-Liouville Differential

Equationswith Coulomb Potential on a Finite Interval

Abstract: In this sudy, representation with transformation operator has been obtained for Sturm-
Liouville operators with Coulomb potential on afinite interval.

K eywor ds: Transformation operator, Integral Equation, Sturm-Liouville operator, Coulomb Potential.

1. Giris
(a,b) sonlu aralizinda ly:=- y"(x)+q(x)y(x) diferansiyel ifadesinin trettigi

Sturm-Liouville operatorler teorisinde, ¢(x) fonksiyonu, q(x)i L,(a,b) kosulunu
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sagladiginda ly diferansiyel ifadesi regiiler, (a,b) aralig1 sonsuz yada g(x) fonksiyonu
verilen araligin i¢ noktalarinda veya sinirinda integrallenemeyen singuleriteye sahip ise
singller diferansiyel ifade olarak adlandirilir.

[6] calismasinda, ul L,(01) olmak iizere genellestirilmis tirev kullamlarak
q(x)=u(x) seklinde bir potansiyele sahip singiiler Sturm-Liouville operatorii
tammlanmustir.

Ayrica bu calismada ul L,(01) olmak tizere q(x)=u(x) potansiyeline sahip
ly diferansiyel ifadesi tarafindan diferansiyel operatorlerin self-adjoint genislemeleri

olusturulmustur. Genellestirilmis fonksiyonlar, [5] ‘de kanonik regilarizasyon metodu

kullamilarak [ “signx,a? 2,4,86,...durumlarinda belirtilmistir. a<g durumunda, bu

yolla elde edilen genellestirilmis fonksiyonlar L, uzayindaki fonksiyonlarin

genellestirilmis turevieri seklinde gosterilebilir. Bdylece ly diferansiyel ifadesi ve

q(x)=|x “signxseklinde ~ bir potansiyele sship  SturmrLiouville  operatori
taimlanabilir. [1] calismasinda, g(x)=Cx® ve a<g, Ci R, xI R* olmasi

durumunda, bu tip potansiyele sahip Sturm-Liouville denklemi icin simr-deger
probleminde bir regllarizasyon verilmistir.

[4] calismasinda ise g(x)=Cx'* ve al [L,2) olmasi durumunda sinir-deger
kosullarina gore bu tip potansiyele sahip ly diferansiyel ifadesi tarafindan Uretilen

operatdrlerin tim self-adjoint genislemeleri ve dolayisiyla bu tip potansiyele sahip
Sturm-Liouville denklemi igin sinir-deger probleminin nasil konulacag: konusu
incelenmistir. Ayrica [4] ve [6] calismalarinda ki regularizasyonlar sadece a<g
durumu icin ¢akismaktadir.

ly:=- y“(x)+%y(x)+q(x)y(x) ,0<x<p 0}

diferansiyel ifadesini ele alalim. Burada C1 R, q(x)- gercel degerli, sinirl: bir
fonksiyondur.
D¢=Cy(0,p) kimesinde Lg:Lgy =1(y) operadrini tammlayalim. Aciktir ki,

LZ[O,p] uzayinda L§ operatOri simetriktir. L, in kapams: olan L§ operatord (1)
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diferansiyel ifadesinin Urettigi minimal operatordir, L, operadriiniin eslenigi olan L,
operatdride (1) diferansiyel ifadesinin Urettigi maksimal operator olarak adlandirilir.

[4] calismasinda, tim maksimal dissipative ve accumulative ve ayrica L,
operatorinin self-adjoint genislemeleri; (1) diferansiyel ifadesinin Urettigi maksimal ve

minimal operatdrlerin sinir kosullar: ve tamm kiimesine gore calisil mistir.

1-a

u(x)=CX— olmak tzere (G y)(x)= y(x)- u(x)y(x) alalim.

[4] de y(x)T D(L;,) ise bu durumda x® +0 iken (G y)(x) fonksiyonu bir

[imite sahip oldugu gosterilmistir. Y ani

lim (Gy)(x)=(Gy)(0)
dir. Dolayisiyla (1) diferansiyel ifadesinin Urettigi L, minimal operatdriniin D(L, )
tamm kiimesi sadece y(x)1 D(L;) fonksiyonlarindan olusur yle ki, y(x) fonksiyonu
¥(0)= y(p) = (G.y)(0) = y(p) = 0 kosullarim saglar.

Bu calismada a=1 durumu incelenmistir. Dolayisiyla u(x)=CInx1 L,[0,p]
ve (Gy)(x) = y(x)- u(x)y(x) olarak alinmustir. Ayrica bu calismada [10] calismasinda
Ki

y(x. k) =y, (x k) + Ej((x,t)e"“dt

cevirme operatorine benzer bir gosterilim elde edilmistir.

2. integral denklemin olusturulmas:

4C 0
ly:=-y"+ &= dy=ly, | =k2 1
y y+8X+q(X)Hy y, ,0<Xx<p D
diferansiyel denklemi,
y(0)=0,y(p)=0 @)

sinir kosullar: ve
jy(d+0)=ay(d- 0)

ry'(d+0)=a'y'(d- 0)+2ikby(d- 0) (3)
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sireksizlik kosullarimin Urettigi L problemini ele alalim. Burada | -spektral parametre,

C,a,bl Ratla>0, di E%pQ a(x)- gercel degerli, sinrl: ve q(x)I L,(0,p)
&2 g

dir.
(1) diferansiyel  denkleminde u(x)=Clnxi L,(0,p) olmak (izere
(&)(x) = y¢- u(x)y anirsa,
ly:=- y&+ud(x)y+q(x)y=- gy¢ u(x) yg¢- u(x) ye+a(x)y=Kk?y,
ly=- g&) (X)g - u(x) (&) (x)-u*(x)y+a(x)y=k%
elde edilir. Simdi y, =y, y, = (Gy)(x) anirsa,

} Yi-Y, = U(X)yl
TV, +k2y, =-u(x)y, - u?(x)y; +a(x)y;

¥.(0)=0,y,(p)=0 5
I yl(d +0) :ayl(d - 0)

(4)

6
1y, (d+0)=a ty,(d- 0)+2ikby,(d - 0) (6)
problemi elde edilir.
(4) sisteminin matris gosterilimi
(
66/16 e u 1 wlo
= § = (7)
gyzb % k?-u?+q - uﬁym
veya
A:ae UZ(X)Z 9 =§y13 olmak Uzere y(=Ay, matrisinin
Ee-w()rax)  u(Ng &s

elemanlar: integrallenebilir oldugundan [12] dey¢= Ay+ f , T L, (0,p) sistemleri icin
baslangig-deger problemin gozimiiniin varhg: ile ilgili teorem geregi her x1 [0,p],
n=(,n,) 1 C? igin (7) siseminin y,(x)=n, , y,(x)=n, baslangic kosullarin
saglayan sadece bir tek goziimii vardir. Ozel olarak y,(0)=1,y,(0) =ik alnabilir.

Tanim: (4) diferansiyel denklemler sisteminin y,(x)=y(x)=n,, y,(x)=(cy)x)=n,

baslangic kosullarim saglayan ¢ozUminun birinci bilesenine, (1) denkleminin aym
kosullart saglayan ¢ozimu denir.

14



(4) diferansiyel denklemler siteminin ?’yl %(o) = g‘k% baslangig kosullarini ve (6)
2

sireksizlik kosullarim saglayan ¢oziimi, a* :%(a +a'1) ,a :%(a - a'l) olmak

Uzere,
x<d iken,
Cale + S (t)y; cosk(x- t)dt - —du Q(t)yl]sm k(x- t)et 9
gl?iXFg " :®
V0 éikeikx - (‘j<u(t)ylsin k(x- t)dt + c‘{u(t)y2 +u?(t)y, - q(t)yl]cosk(x- t)dt
0 0 1]
x>d iken,

y, —a e +g ekl x)+b[eib<_ eik(zd-x)J

d

da * cosk(x- t)+a " cosk(x- 2d +t)uft)y,ct

-1du at)y.]le " sink(x- t)- a-sink(x- 2d +t)jt

+ib sink(x- 1) +snk(x- 2d +E)y,c ©
-Eze{u(t)yz +U?(t)y, - oft)y][eosk{x- 2d +1)- cosk(x- t)t

X

(t)y, cosk(x - t)dt - —du q(t)yl]sin k(x- t)dt

d
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y, =ika "€ o ika e ik [ékx _ glk(ad- x)J
+ kc‘{- a*snk(x- t)- a” sink(x- 2d +t)]u(t)y1dt

+ ddu(t)Yz +u?(t)y, - Q(t)yl][- a " cosk(x- t)+a - cosk(x- 2d +t)]dt

o (10)
+ikb cJeosk(x- t)+ cosk(x- 2d +t)Ju(t)y,dt

-ibddu(t)yz 0@y, - alt)y,|lsnk(x- t)- snk(x- 2d+tat
koj( y, sink(x- t)d du q(t)yl]cosk(x- t)dt
integral denklemler sistemini elde edilir.
Simdi (4) diferansiyel denklemler siteminin ?ylz g(o) = E?k% baslangi¢ kosullarini

ve (6) streksizlik kosullarin saglayan her ¢dzumanun

x < diken,
) Celo + (‘j<11(x,t)ei“dt 9
b 0= : 1y
2@ élkemx_'_b( )elkx+ d<21(x t)elkt +|kd<22(X t) :
o}
x>d iken,
821 e rae ey b(eikx gl )+ d<11(x t) 'ktdt—
¢ -
T e I
gyzﬂ g +b(x [a telx g - gkl2d-x) 4 b(eikx - eik(zd-x))]:
C Kl ik K (ct)e”
e x e g

seklinde bir integral gosterilime sahip oldugunu ispatlayalim. Burada
K; (xt),i,j =L2ve b(x) reel degerli sirurl: fonksiyonlardir. (11) ve (12) ifadeleri, (9)

ve (10) ¢dziimunde yerine yazilirsa,
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X d N t .
OKy (xt)e“dt = (t) g " cosk(x- t) +a” cosk(x- 2d +t)H% dit 4 6(11(t’s)eiksdsl;j ¢
x o ; C

d

i t
- E@‘(t)@+8ink(x- t)- a-sink(x- 2d +t)l§|iikeikt +b(t) € + O (t,5)€ds
° -t
t ' u
+ik K, (t,s) €*dsy dit

-t

1 t ..
- %du2 (t)- q(t))é@*sink(x- t)-a-sink(x- 2d +t)H% g 4+ (‘j<11(t,8)éksdsgdt

T -t

0

d N t I
+ib Gy (t) gink (x- t) +sink(x- 2d +t)gj & + (‘jKll(t,s)é"sdsEdt

o -t

H d N t
-%(‘y(t)gcosk(x- 2d +t)- cosk(x- t)g} ike® +b(t) " + K, (t,5)€"ds
T »

0
t ' i
+ik K, (t, s) €*dsy dt
-t

_%du2 (t)- Q(t))g:osk(x- 2d +t)- cosk(x- t)g} ik +(‘)K11(t,8)éksds§dt
i 1

+(‘}J(t) a‘e" +a g +b( - gt ‘) d<11(t s)€ &ds) cosk(x t)dt

- g(t){ika e - ika e ik + b (e +€%9) sink (x- )t
-g‘y(t)b(t).éh & +a e +b (- &Y )dsink (x- t)c

() d<21(t S)<9'k5+|k0|<22 (t,s) e'ktgsmk

d

- u*(t)- q(t)) a‘d+a " +p (e“<t - gkl ) d<11(t s)€ sy

d 1

sink(x- t)dt

ve
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b(x).éh g+ ) +b( ék(Zd'X))g+_(‘)K21(x,t)ék‘ +ik_(‘)K22(x,t)e”<t =
d N t .
kgy(t)ga”sink(x- t)-a sink(x- 2d +t)i & + Ky (1, 5) € dsyet
0 -t
d N t
+Cy(t)ga” cosk(x- t)+a-cosk(x- 2d +t)E|% ike" +b(t)e" + K, (t,s)e*ds
T -t

0

t )
K Y (8, s)é"sdsgdt
-t
d

+¢{u?(t)- a(t)) & a* cosk(x- t)+a-cosk (x- 2d +t)fji € + K, (t,5) & dsy
-t

0

+ikb oy (t) goosk (x- t) +cosk (x- 2d +t)gj € + (‘)Kll(t,s)é"sdsgdt

-t

d N t
-ib ¢y (t) gink(x- t)- sink(x- 2d +t)|:§|%ikeikt +b(t)" + (‘3K21(t,s)é"sds
0 T

+|kd<22 (t,s)e 'ksdsgdt
; k(‘y(t):a*e"‘t +a e "y +b( Hee) ) OKn(t s)€ Iksdsusmk(x t)dt
d T
- g (t){ika e - ika e Yikb g+ b oosk(x- t)t
d

(t)b(t).éh g +q gk +b(é e"(Zd")) 8cosk(x- t)dt

1 1
QQ’* T

(t ) d<21(t S)e'ks+lk(j<22 (t,s e"“gcosk x- t)d

u?(t) - q(t)) a‘e +a e +b(eikt - gy ) d<11(t s)€ & dsy cosk(x t)dt
i

1
T

integral denklemleri elde edilir. Gerekli hesaplamalardan sonra
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K (xt) it = B Oy A Nyt X
(X) 11(Xt)e dt 2 C 8 > dt + X-(Z)dugfi+ - dt
a~ t- X0 oy D2 aX+10 e, b L aX+to
2 auf- T 8%Mg- 2 A uE T O+ 2 yuE T Okt
2 07¢ 5 29°¢25 D725
bZd-x 2 t- X0 " a+ xgﬁ’%t . gkt
ey _(X)Ugd- —B' dt 7 & ?g.l (s)+u(s)b(s) q(s)Hdsie' dt
& o
b * X %J’%ﬂ o]
+2 JuB+ I X0ag- 2 5§ @i2(s) +u(s)b(s)- q(s)fds e
x-2d 8 a 2 2d Xé d N
)
a’ X %d O
+% 08 0 8 (9 +u(s)p(s)- a(s)idsE
X'2d8d+t—x -
2 (%]
b 22 2
+2 O¢ 0 &°(s)*+u(s)b(s)- a(s)yds et
2d-x8 d -
@
b e 2
"5 008 (s)+u(s)b(s)- a(s)gdse"dt
2d-xC O
& 5
. x By 0 % 0
+a7d;;(‘)u(s)Kﬂ(st+s X) ds Tt + a?og@u() Ku(st- s+x)ds: et
-Xgét a Xg +t a
a+ xé t+x-s a+ %x O
— () O K21(sx)dxds_ it - _O(;C)U() Ky, (s,t+s- x)dsZe¥dt
2 -x€o t- x+s 1] 2 -xCx-t =
82 (%]
. x By o}
+a7(‘)g(‘)u(s)K22(st s+x)ds_ e*dt
&y p
+ X t+x-s
-a—@f‘ u?(s)- a(s)) OKll(sx)dxds-e dt
2 -x€0 t- x+s [}
a’ X t+x+s- 2d
s oc¥(s) O KZl(sx)dxds- it
0

t- x- s+2d 7]
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- X t+x+s- 2d ..
+2 (‘)a;é‘ u*(s)- a(s)) o K., (s.x) dxds=e™dt

2 -x€0 t- x- s+2d 1]
¢

: % O O () Ka (st +5- x)dsTeat - % &% 0U(S) Ky (st~ s+ x)dsTe

x
DO
N x

z
[SER

x
DO
o %

E

(%]
X t+x-s
\é\

+% % OU(S) Kll(s’t- S+X) dSie‘iktdt -% @@(t) 0 K21(S,X)dXdSS Mot
-ng-t a -x€d t- x+s g

X t+x-s P

2 (‘Jg{ u®(s)- Q(S)) 0 Kll(s,x)dxdsg it
2 -x€d t- x+s [
(5 S] d 0

8 O U(s)Ky(st- x+2d- s)ds e dt
&y e
5

u(s)Ky (s,t+x- 2d +s)ds’edt

8
nZOr T

o
T

+
r\>|9’
>'<O/-
o0 O

]

)
o

+
o] ®
vrore

u(s)Ky (st- x+2d- s)dsze¥dt

ol
Lo
DO0 O

]
X b

b 2d-x& -
g OU(s) K, (st +s- x)ds e“dt

u(s)K(st- x+2d- S)dS;eik‘dt- % 5

+
N|9’,
ooo0 g

o=

X
x
» O
—-
Nk
x

P & P
0
u(s)Ky (st- x+2d- s)ds_e€“dt

+

N| T
@000 g

o=

X
x
» O
—~
m|
x

P
5
u(s) Ky (s,t+x- 2d +s)ds;€ dt

8
Jzore

N

o
T

x

+
N| o

o
T

x QO
DO-O O

o
5
u(s)Ky (st- s+x)ds;e dt

O b Zd-x%
u(S)Kll(S,t- X+S)dszeiktdt ) E (\)g <
o g :
5
u(s)Ky (st- x+2d- s)ds_e"dt

X

+
N| o
5O >

CDO»O»OPB
x
.-,O/x

x
Nk

8

+
N| o
x
pOs >
DO-O O
<
Jore

]
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8

8

2d- x d -
+% (‘)g O U(s)K,(st+x- 2d +s)ds e"dt
R :
p 1 e 2
-2 05 0 8°(s)+u(s)b(s)- a(s)pes e et
x—2d8 0 5
b2d-xaé¥ 9
+2 ¢ 08 (5)+u(s)b(s)- als)josis
- X 80 a
X oA tHx-s 5 2d- x t-x+2d- s 5
2 0%() O Ka(sx)dxdsie®dt+2 QEI(t)  Ku(sx)dxdsset
2 x-2d €0 t+x- 2d+s (%] 2 -x €o t- x+s (%]
b X &, e 0,
) OcC’(t)-alt)y O Ku(sx)dxds:e“dt
x-2d €0 t+x- 2d+s 1]
2d-x£ t- x+2d-s 5
+% DeCRE(M)- At O Ku(sx)dxdsoe
-x €0 t-x+s [}
1 YRRt
+= Q¢ (t) Ky (st+x- s)dsze dt+ = @g Hu(t) Ky (st+x- s)ds;edt
2 -x €d 1] 22d-x8X7+t =
2 1]
2d-x§d 9
+2 06 OJKa(st+x- 2+ s)isetat (13
& :
Kbttt =2 F 5@+ 1 X0 @+ L XGR  LX0 (& T X ey
i 4 & 6 € g e ge 2 g é ?-f
a @6, t-Xd. e t-xo @ t-X0 & t- XU .0
+— actd- —Z+ucl- — bl - —=- qod - —€dt =
2308 2 2 2 N 2 A Y
a’ X\éza+xo‘+ X0, B+XO _ad+XOU
(2 AR BT XO0, BIXORIXO (BT X Oy
1R 5825 €2 A
b (€ ,a+X0, a+X0 ad+X0 _ad+Xol
-— A =+u -b - — —-e“dt
1R €25 €282 05 €2 &
b E‘Dg’lﬁa%l+t'—xg+ua%l S XBpy - X8 agy U X8y
4988 25 & 258 25 & 24
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1
N|OT

! 1
N N

1
N =

N 20y t- X0, & - X8 e 1-X0 & t- xou gt
2d-0x8u 8 2 g 8 2 gg 2 5 qg > a
X %d Q
= ég O U(s)Ky(st- x+2d- s)ds et
2 x-2d8d+t-7x :
2 2
a 2d-x%d 9
7 ég é U(S)KZl(S,t+X- 2d +S)dS;elktdt
ey -
X &d O
a C‘)g (‘) (UZ(S)' Q(S)) K21(S,'[- X+2d - S)dS:eIktdt
2 x—2d8d+t—7x N
? 1
2d-x%d o)
208 0w Tkt
> 0¢ O (u?(s)- a(s)) Ky (st+x- 2d +s)ds e dt
” gd%x 5
5% ¢ G L
OF & U(S)Kuu(st- x+5)dsTedt- T & Cn(s) K (- x 5)ossean
X 8d+t'7x 5 < 2d &4 g
2
2d-x . y &X 0
(\)Zé\ (8)Kar (s t+x- S)dsg - (‘)g(‘)“(s) Ky (St +x- S)ds gkat
~x &d 7] 22d xgxt H
g ;
X-Zd%x 0 § )
0¢ Qule)Ka(at X+S)dszeiktdt_% (‘3?@‘( §)Ky, (St~ x+s) dsseMdt
-X gﬂ - x-2d €d o
2 2
2d- x § %X O
2 éf@(S)K”(SHX S)ds‘éktd > O ¢ OU(s)Ku(sit+x- s)ds etdt
2 4 éq a 2, Xgi H
2 2
+ X %x O . %X O
_a? O & Ou(s)Ku(st- x+s)dsietdt -a? (‘)g@ (5) Ky (s.t+x- s)dsiedt
2d-x8§ a 87” a
+ x& fs)
a ¢ ?

5 _Cb;‘)(uz(s)-q(s))K (st- x+s)ds.e'k‘dt

x
@O
o|%
QL
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<& 0

+ 2d-x _7x -
-2 05 0(v(9)- a(9))Ku (st +x- 5)ds ok (14)
s 5
K (xt)e"dt =
+ X X .. 2d- x .
R é‘e(—ﬂo'ktdt-a— 0 gﬁ+u9i“dt-i éuga-ugéhdt
2 7¢é 29 2 5. € 2} 2 T é 2 g
2d- x X . X ..
LU Peatly 'ktdt-B Ou —tge““‘dt-B S uF 4L Xge”“dt
2 X 8 2 9 22d-x 8 9 2x-2d 8 9
2d- x .. X t+x-s
+2 c‘)ua%-t XOghgt - b 1, u?(s)- q(s )) o) Kll(sx)dxds_ "t
2 X 8 g 2-Xe0 t- x+s %]
X %X O + 2d- %x O
a ~ (; b ikt a N (; N ikt
= Ogou(t)Kﬂ(st x+s)ds_e"dt - > O(;O (t) Ky (st +x- s)ds;edt
x-zdg%t B _Xg B
« Ey 0 24-x 2 ¢ o}
a A6 o Tkt a A 9 N -kt
- 0¢ 0 u(s)Ky(st- x+s)ds.€ dt+7 0¢ 0 u(s) Ky (st+x- s)dsiedt
x—2d8d_t-7x 5 Xg 5
X &d O
2 c‘)g O u(s)Ky(st- x+2d- s)ds:e'k‘dt
2 x—2d8d+t-7>< -
2 )
a’ 2d-x%d 9
Y ég O U(s) Ky, (st+x- 2d +s)ds e dt
TE :
bzd-x%d 9
= (‘)g O U(s)Ky(st+x- 2d +s)ds_e“dt
T :
b X %d O
t= (‘)g O U(S)Ky, (st~ x+2d- s)dsie dt
2X2d8d't-7x -
2 2
bzd-x%d 9
= (‘)g O U(s)K,(st+x- 2d +s)ds e dt
T p
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12d-x%x O
5 (‘)g Ou(s)Ky(st- x+s)ds;e““dt
- X %t B
X . ' Zd'Xé . '
+% (‘)?@J(S) Ky (st- x+s)ds§ 'k‘dt-% (‘)g(‘y(s) Ky (s,t+x- s)dsg ot
x-2d €d -x €d
X %X O x-Zd%x O
% ¢ Qu(S) K (st s)ds;eiktdt-% ¥ QU (9K (51 x+5)ds et
2d-x87 a -x 87 g
X . x- 2d .
% 0 G (9) Ky (st- x+s)as2 i“dt-% O e (5) K (s:t+x- ) dseet
x-2d €d 2 -x €d %]
1 Sei 2 e oat e e 0 .
2 2\ ) + 5 21\ > -
O(;OU(S)K (st+x- s)ds € dt+— ey (t) O Ka(sx)dxds:€“dt
22d-xgx;rt a 2 -x€0 t- x+s 1]
2
. x By o b . &, 0
a7 (‘)g Ou(s) Ky (st+x- s)ds_e'“dt+E (‘38 Ou(s) Ky (st +x- s)ds;eiktdt

x

DO

o %

Qe
x

DO

~ %

]

& 6 =S 6
+% d;; Ou(s)Ky(st- x+s) dS:eMdH% (‘)g OU(s) Ky, (sit+x- s)ds e dt
X t+x- 2d+s v « %x O
- % (‘)Zé(‘}‘(t) 0 KZl(s,x)dxdsg M %d;; OU(S) Ky, (St~ x+5)ds e dt
- X -x+2d-s et H
0 t- x+2d 87 .
X t+x- 2d+s .
' % da;é‘ (s)-a(s)) Q Ku(sx)dxdsse (15)
-x€o0 t- x+2d- s 1]

esitlikleri elde edilir. (13), (14) ve (15) esitliklerinden K; (x,t),i, ] =1,2 fonksiyonlari

icin asagidaki integral denklem sistemleri bulunur.
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+ d t+x- s

Ju’ (S) B q(S)) d<11 (S’ X )dXdS

2 X+t 0 t- X+s

d d

s H(s)Kp(st- x+2d- s)ds+% H(s)K (s t+x- 2d +s)ds
d+t'—x d-X—Jrt
2 2

X

+2 It x+2d- s)ds- - i (st- x+s)ds
d+t'7x x-t
- d t+x- 2d+s - d t+Xx- 2d+s
+ a7 Hs)  Kaulsx)dxds+ a7 du 2(s)- q(s)) K (sx)dxds
0 t- x+2d-s 0 t- x+2d-s
b ¢ b ¢
+5 FH(s)K (st~ x+2d- sjds+— (s)K (st +x- 2d +s)ds
d+t-7x d-%ﬂ
b b *
3 -CI}’I(S)Kll(S!t' X+ s)ds- > (?J(S)Kll(s,t+x- s)ds
2 2
d b d
+E (‘}J(S)Kll(s,t- X+2d - s)ds+— GJ(S)KH(S,'[+X- 2d + s)ds
d+t-—x d.x;'t
2 2

b d t- x+2d- s t+x-s
\

t- x+s t+x- 2d+s
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t+x-s

b d t- x+2d-s b d
+20 u2(s)- q(s) K (sx)dxds- E(‘y(s) K (sx )dxds
0 t- x+s 0 t+x- 2d+s
- % H(s)K » (st~ x+s)ds- % F(s)K (st +x- s)ds
x-t X+t
2

d

+%C}J(S)K11(S,t+x- s)ds- % FH(s)K
gl X
2

(s,t- x+2d- s)ds

X

H(s)Ky(st- x+s)ds

N

M(s)K (st +x- 2d +s)ds +

t+x
2

—

t+x-s

2 36) Kaloxloas- 2o’ (9)- o) el as

+tgbaex+t9 ae<+tou
2 fae 2 g e 2 %

€ ,axX+to, axX

KZl(X’t):- 4 gJZ(;TB'Fug
+a—gu28% X X9+u8% 41X Xgog% 41 X0 qg% 4L xa
48 e g € 2 gé 2 g é 2 A

N

é ra e2ﬂe2ﬂ eZ%

b
4¢ e
bé,re t-xXx0 a t-xga t-x0 & t-xa
- — AP +— 2+ ubd +—— g +——=- qed +——
4318 2 5 & Py ] qg a
- a2* H(s)Ky(st- x+s)ds a2* H(s)K (s t+x- s)ds
B 3-2 duz(s)_ q(s))Kll(S’ B du 11 St+X S)dS
%t X+t
a d d
~2 (K u(st- x+2d- s)ds- 2 01() 4(st+x- 2d +s)ds
d+t7x d’%’t
a d
= (‘)(uz(s) q(s))Kll( t- x+2d- s)d
t- x
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(u?(s)- a(s))Ky (s.t+x- 2d +s)ds

| ®
10"

u(s)K,, (st- x+s)ds

P N

u(s)K, (st- x+s)ds %

XO/X

-t

|

(s)K, (st- x+5) ds+%(‘y(s)K21(s,t +X- s)ds
d

N |~
e N‘io,x a

+
N |-

o

P (s)Ky (st- x+s)ds+%(‘y(s)Kﬂ(s,t+x- s)ds
d d

B0 2, X0, D ETXO D g X0
g 2 e 2 g 2e2 g 2 ¢& 2 g

+ X

- OU(s)K, (st- x+s)ds - a7 Ou(s)Ky (st +x- s)ds
x-t X+t
2 Z

+d t+x- s

“ 2 31(S) O Kau(sx)dxds

d
) % H(S)K »(s,t- x+2d - s)ds- % QK (s t+x- 2d +s)ds

d+t'7x d-%t
b b
+ FH(SK »(s,t- x+s)ds- — J(s)K (st +x- s)ds
x-t X+t
2 2
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b d t+x- 2d+s b d t+x-s
+ H(s)  Kaulsx)dxds- > H(s) Kaulsx)dxds
0 t- x+2d-s 0 t-x+-s
b4 u?(s)- q(s))mo-SK11 (s,x )oxds - b ddu (s)- q(s))HX-S“SK11 (s,x )oxds
g+l X t-x+s g.xt t- s- x+2d
2 2

2
17 1°
+§OJ(S)K11(S,'[- X + s)ds- EOJ(S)KH(S,'[+X- s)ds
d

Ll e e
d

d

1) d<x<2d, - x<t<x- 2d <2d- x bolgesinde K, (x,t), K,,(x,t)veK,,(x)
ifadelerine ardisik yaklagimlar yontemi uygulanirsa;

+ + _ + _ _ o
Kll(o)(x,t):a uéﬁ_xg+a_ugd +t_Xg_ Buéﬁ_xg+2u(§j +t_Xg+Bu(§j - _t Xg
2 @2 g 2 & 2 g 2 &2 g 2 é 2 g 2 é 2 g
a+t+7x d
5 qu?(t)+u(t)o(t) - ]dt+ d ]dt
0 ar
t- X t+x

Kll(n) (X,t) = a2+ C‘}J(S)Kn(n- ) (S t- X+ S)dS+ : OJ(S)K i (S t+X S)dS

%t x;rt

g+ s at % (n-1)

- 01(s) 0 Ko™ (six)abds- - Gls)K " (sit- o+ s)ds
0 t- x+s 7‘

a + X d t+x-s

+ 2 K"+ x- o)ds- q(s)) o™ (s.x)axs

X+t 0 t- x+s
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a
2 g 2 g
a d a X
+ )KL " (st - x+2d - s)ds- > FHS)K L™ (s,t- x+s)ds
d+lX XTI
d t+x- 2d+s t+x- 2d+s
Oj(s) " (s, x)dxds+— du - q(s)  Ku Y (sx)ixds
t- x+2d-s t- x+2d-s
.b s (n-2) b % (n-1)
— )K" (st- x+2d - s)ds+— ()K" (st +x- 2d +s)ds
d+t'7x d-%t
+% )KL (st- x+s)ds- — Fus)K, (st +x- s)ds
x-t X+t
2 2

d

d
+% C‘}J(S)Kll(n-l)(s,t- X+ 2d - s)ds+2 (‘}J(S)Kll(n'l)(S,t+X- 2d+s)ds

g+l X _xHt
2
b d t- x+2d-s (1) t+Xx-s (n-1)
+= 3 O Kum(sx)dxds+— du q(s)) K" (s,x )dxds
0 t- x+s t+x- 2d+s
b d‘ t- x+id-s N b d‘ t+x‘-s N
+Edu2(s)- a(s)  Ku'™(sx )dxds- EOJ(S) " (s, )oixds
0 t- x+s 0 t+x- 2d+s
b % (n-1) b % (n-1)
-5 FH(s)K "V (st- x+s)ds- 5 ()KL "V (st+x- s)ds
X-t X+t

d PR
2
1 ¢ 1%
+= )K" (st +x- 2d +s)ds 5 FHS)K, " (st - x+s)ds
10 NS () 1°Y > S ()
B EO’(S) d<21 (S’X)dXdS' E u (S)' q(s)) d<11 (S’X)dXdS
d t- x+s d t- x+s

(0) _ e o}
K, (x.t)=- AR AR A AR
() 4?322!82@32@82%
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S, (st~ x+ s %Ey() (s t- x+s)ds

X-
2
X

(K" (s,t- x+s)ds+ % KL (s,t+x- s)ds

d

X

(K, "(s,t- x+s)ds+ % KL (st +x- s)ds

d
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K, O(xt)=- & (@¥x0 a8 & t-x0 b a#8+xo b oo - X0
) = U e S
KZZ(”)(x,t):a2+ SEKL (st~ x+9)ds- & (K" (st+x- s)ds
%t x;rt
a+ d t+x- s d
-5 ¢ () Kau"(sx)axds- T s, (st +x- 2d +s)d
0 t- x+s %t
a d d
> KL (s t- x+s)ds- = Fu(sK, " (st+x- s)ds
d+t'—x d-%t
a ¢ (1) b s (1)
-5 FH(SK LV (sit- x+2d - s)ds- EOJ(S) K" (sx)dxds
d+t-7X 0 t- X+- 8
+% KL (st- x+s)ds- = Gs)K, (st +x- s)ds
b ° b ¢
5 FHeKL (s t- x+s)ds E . () t-9(s,t+x- 2d +s)d
b 1) b n-1)
-5 FHSKL" (s t- x+2d - s)ds -5 (‘y() (st +x- 2d +s)ds
d+t'7x d- XT
b % (n-1) b % (n-1)
+2 FSK " V(s t- x+s)ds- — J(sKL" (st +x- s)ds
b d t+x- 2d+s b d t+x- 2d+s
23 K sx)dxds- = Jui(s)- als) o Ku"P(sx)dxds
2 0 t-x+2d-s 2 g. Xt t- s- x+2d
2
b d t+x-s - lx _
-5 duz(s)— q(s)) O K™ (s,x )dxds - EGI(S)Kzz(n U(s,t+x- s)ds
d+X t- x+s d
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X

%c‘y( K, " (st - x+s)ds- %(‘}J(S)Kﬂ(”'l)(s,t +x- S)ds

d
- Z QKL (st - x+s)ds

integral denklemleri elde edilir. O halde

z;) N (xt‘dt a du |dt+|a (?u(t)|dt+|b|§u(t) P u(t)|dt
dex (t) |dt+ a+§ix-t gu t +|u(t)||b(t)|+|q(t) y
| ) Qo e )+ a0

+2]b| dx ) Gu(t) +[u()o(t)] +fa(t) et

+ |b|§‘ix- 1) Qu(t)] +Ju(t)|p(0)]+]a(t) et

Jutt)? + oot + o)t

Bl ec)o =2t )+ k7
J%d(x+wnb a0+ ot + et + b

0 ) x,t)ct = a dJ |dt+|a ; )|dt+|b|d.1()|dt+|b| dJ()|

dolayisiyla,

(? O(ct)ate[a” +2a [+ 6|b|]dx Oult)? + b))t

8K21<°>(x,t)|dt£§az* |a2|+|b|de LU0+ )0) + e ot

rwwhxthx ue) o) + aft)

Ky, (xt|dt£

X
0
- X
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esitsizlikleri bulunur.

e, =] a2 o], &+ & Lo o 20( ] ve
f §2 i t
dx th )7+ |u(t)]olt) + |q(tX]dt olarak alinirsa, her i, j =12 igin
O‘K x,t)dt £ ;s (x) olur. Ayrica
O\K11 xt‘th— |d|<11 sx)(dxds+_ |d|<11 sx‘dxds
+a de |d|<21 sx‘dxds+— dK (s, x)axds
|dK J(s,x Joxds +a pd |qs]d|<ﬂ' (s,x)|axds
+‘a \dp |d|<11 (s, Joxds +fa \dp |d|<11 (s Jobxds
+ \dp dK sx‘dxds+‘ ‘dJ |O‘K (s, foxds
+- |pdu |d|<21 ‘dxds
+fa- |pcgu *+]a(s) UgIK,," ‘dxds
+|b|dJ |O\K sxjdxds+|b|dJ |O\K (s, Joixds
+%@J(s)|-dKﬂ(”'l)(s,xdeds+7|@J(s)|-dKﬂ(”'l)(s,dexds
+|b|dJ dKll sxjdxds+|b|dp |d|<11 (s, oxds

+|b|pdu |d|<21 5,x)| dxds
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+Jolp ()
+|bllocﬁu [ +fa(s)
Ibldu
“243(9
+pcgu ? +[a(s)

aK21(“'1) (s )‘ dxds

. 11(“'1) (s, )‘ dxds

LY sx)‘dxds +| |du

(‘) O K™ (s,x)‘dxds

K" ( sx)‘dxds+pdu

(‘) Kzl(“' Y (sx )‘ dxds

nl
A" (sx) ‘dxds+du

()| cxds

‘dxds

21“ g sx)‘dxds+

dKﬂ“ ) sx)‘ dxds

s) K™Y (s,x)‘ dx ds+ du(
s 0

s) dKﬂ(“’ ) (s,x)‘ dx ds




|dK21 (sx) ‘dxds+du ) dK21 ‘dxds

ofKa" xt)\dt__*: |0\K21 sxxdxds+_” |O\Kﬂ s.x s
+a de O\K21 sx‘dxds+‘a \dp |O\K11 sx)\dxds
+f \dp |O\K11 (s, xJaxds +a- \dp |O\K (s, Jaxds
+fa \du O‘K sx‘dxds+|b|d.1 |O\K11 (s Jobxds
+2|b|dJ |O\K11 sxjdxds+2|b|dp |O\K (s, Joixds
+|b|dJ |O\K sx)(dxds+2p|b|du O\KZ1 (s, Jobxds
+|blp cﬂu “#a(s) o K™ (sx)] dxds

+|b||0c§u ["+[a(s)

+= dJ |O‘K11 sx‘dxds+2 |O‘K SX)‘dxds
0

Kll(”' Y (sx )‘ dxds

+d~’ |O‘K11 SX‘dXdS+du Q‘K sx)‘dxds

yukaridaki esitsizlikler kullamlirsa, n =1 icin;

s 2(x)

N =

_z?‘Kﬂ(l)(x,tht £ §2a+ +g‘a' ‘+6|b|+3+2p(a+ +‘a"+|b|+1)§cl

K, (x,t)(dt £ [2a i 4a ' ‘ + 5]0l #

X
0
-X

O‘K xt‘th[a +4a|+ 6|b|+3+p(a +4{b| ]Cl 2)
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esitsizlikleri elde edilir.

c:maxig.?a*+g|a'|+6|b|+3+2p(a++ E 82a*+4|a'|+58,

A

a’|+[b|+1)

G +aja’|+6fo|+3+p(a” +4fp| ) I, c]

2
K, @ ()t £c23 zfx) esitsizlikleri elde edilir,

olarak aliirsa; her i,j =12 icin
X 3
Ayrica n=2 icin i,j=12 olmak Uzere (‘)|Kij(z)(x,t)|dt£c3sT® elde edilir.

X n+l
Tlmevarim yontemi uygulanirsa, her i,j =212 igin (‘)|Kij(“)(x,tjdt£c”*1s(n+(1))(l)

esitsizligi gegerli olur. Benzer iglemler diger

2-)2d <x, - x<t<2d- x, 3) d<x<2d, x-2d<t<2d- X, 4-)
2d <X, - x<t<x-2d

5) 2d<x, 2d- x<t<x,6)d<x<2d, x- 2d <t <X

bdlgelerinde de yapilabilir.

Dolayisiyla s (x) = 8x- t)hu(t)|2 +[u(t)|b(t) +|q(t]]dt olmak tizere her i, j =1,2

0
icin
O|K; (x,t)dt £e=0- 1

esitsizligi saglanr.
Bu durumda asagidaki teorem ispatlanmis olur.

Teorem: L probleminin & 8(0) = é 2 baslangi¢ kosullarin saglayan ¢ozumai igin
8.5 kg

x < diken,
e K t)et 2
33/1 O _ (; - X N
gy Z(X) -C X X _
20 éikeikx +b(X)eikx + (\j(ﬂ(x’t)eikt +ik(‘j(22(X,t)eikt:
-x -x (%]
x>d iken,
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C » o k(2 . g O
(;a+e|kx +a.e|k(2d-x) +b 8ékx_ e'k(Zd'X)H"' (‘)Kll(x,t)e'ktdtf

(; X -
o, gika*é""- ika € ¥ +ikp gélo<+eik(2d-x)8 :
A _ :
Q =X _(; A+ A - Aik(2d- x AN ik(2d- x) ryr) N
&Y. g g +b(x)g}a d +3 e )+bge"x-e( )HH +
&+ OKa(x 1) & +ik 3K (x.1)€" N
e - X - X 17/
goserilimleri mevcuttur.
1)(
X -2 Op(t)at
Burada b(x) = - %duz(s)- q(s)]e *  ds ve
0

)= &I ] K )= BB+ (]

KaaleX) =~ 2 fo?(6)- alsalss)os- 2 Kl shos
W) Kubedi | fop), 1212

seklindedir.
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