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1. Introduction

An important role in the spectral theory of linear operators was played by the trans-
formation operator. Marchenko [3], [5] first applied the transformation operator
to the solution of the inverse problem. Transformation operator was also used in
the fundamental paper of Gelfand and Levitan [4]. Yurko [11] studied the inverse
problem theory for Sturm Liouville operators on the half-line.

—y"+q(x)y = Ay, = > 0 has a unique solution satisfying the integral equation

—+oo

) 1 ) )

e (z.p) = exp ipm) - 5. / (exp (ip ( — £)) — exp (ip (t — 2))) 4 (£) € (¢, p) dt.
where p € {p :Imp >0,p#0,A = p2} . The function e (z, p) is called the Jost so-
lution [11].

Huseynov [14] has considered the differential equation

—y" +q(x)y =Ny, z€(0,a)U(a,+00)
with discontinous conditions y(a —0) = ay(a+0), ¥ (a—0) = a1y (a+0),
where o # 1, > 0, A is a complex valued function and satisfies the condition
xq(z) € L' (I). Then for all X from the upper half-plane, the Jost solution is unique
and it is in the form

+oo
e(x,\) =eo(z,\) + /K (z,t) eMdt.
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Let’s consider the diffusion equation with discontinous coefficient

—y" + 22 () + q @)y = Np(z)y, x€(0,a)U(a,+o0) =1 (1.1)

we assume that
(1+2)q(x), p(z)e L' (1), (1.2)
p(z) € BC(I), (1.3)

where L! (I) is the space of integrable functions and BC (I) denotes bounded, con-
tinuous functions on I,
A is a complex parameter and p (x) is a step function:

1, 0<z<a
p(x):{QQ,a<x<7r’0<a7é1' (1.4)

The function e (x, ), satisfying the equation (1.1) and condition at infinity
lim e (x,\) e”** = 1 is said to be Jost solution of (1.1). It is easy to show that if
xr—00

q(z) =0, then the Jost solution is the function

(2.0) Ry (x)e?® ,T>a (L5)
eo (z,A) = . - .
0 TRy (z) e (@) 4 o~ Rg (z) e @) 0<z<a

where pt (z) = + p(x)x—i—a(l:l:\/p(T)) and ai:;<aj:1>.

(%

2. Main Result

The main result of the present paper is the following.

Theorem. If a complex-valued function ¢ (z) fulfilled condition (1.2), then there
exists the Jost solution e (x, A) of equation (1.1) for all A from the upper half-plane,
it is unique and representable in the form

+o0o
e(x,\) =eg(x,\)+ / K (x,t) eat, (2.1)
wt(z)
where, for each fixed z € (0,a) U (a, +00), the kernel K (z,.) belongs to the space
K(z,t
Ly (ut (z),00). Moreover, K(z,t) is countinous with partial derivatives %,
i
OK (z,t
% for t # u~ () and it satisfies the following properties
+oo +oo
a) [ |K(z,0)dt <e"@ -1, a(x)= [ [2[p&)]+ 1 +[t])]q(®)]) dt (2.2)
wt(z) z
b)at Ry (z) + 2idaat Ry () — 2Matp () Ry ()
dK +
2ip (1) K (2,1 (2))—a* g (2) Ry () —20 L) g (23

dx
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¢)a~ Ry (x) — 2idaa™ Ry () — 2Xa ™ p () Rs (z)

—2ip (z) K (z,p~ (x) = 0) + 2ip () K (z, p~ () +0)
G (@ (2) = 0) , dK (2,4~ (2) +0)

—a~q(z) Rg (v)—2 In +2a .

P’K (x,t) 0K (z,t) . 0K (x,t)
) PEED 2O RED ip ) KD (0 ke (o
e) lim LK (. 1) =0, lim LK (2,1) =0

r+t—o0 81‘ x+t—o0

Here eg (x, \) is in the form of (1.5) which is shown above.
e (x, ) is in the form

=0

+o00o
e(x,\) =eq(z,\) + /So (,t, N) [2Ap (t) + q ()] e (t, A) dt,

where
sin A\ (z —t)
A
. + _ . — _t
So (221, 0) = a+sm)\(u (z) —t) g sin A (u~ (z) —¢)
A A
sin Ao (z — t)
Ao
Proof:

Substituting (2.1) into (2.7), we get

+oo )
eo (z,\)+ [ K (z,t)eMdt = eg (2, )

pt(z)

,a<xT <t

, r<a<t

2 r<t<a

++foso (2,8, \) [2Ap (t) + q (1)] (60 (t, ) + +foo K (t,€) ei/\5d§> dt.

wr(t)
Firstly, for > a, we arrive
+oo . )
[ K (z,t) e*dt + (Ry (x) — 1) e® =

+oo

x

= Sy (0 2 (1) + 4 (1) (R1 (1) e + T K (1.6) emd&) dt

27

(2.7)

(2.8)

Now, if one evaluates the right-hand side of above equation, then it follows that

7050 (z,t,\) [2Ap (t) + q (t)] Ry (t) et

—+o00 —+00 .
+ [ So (z,t,\) [2Ap (t) + ¢ (1)] < { K (t,€) e”ﬁd§> dt
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+oo 100 o B
= [ sinA(z—1t)2p(t) Ry (t) eMdt+ [ wq(t) Ry () éMdt

x

+o0 +o0 )
+ [ sinA(z—1t)2p (1) ( { K (t,¢) e’)‘§d§> dt

ST (R 9 esac) a

+oo +oo
= —i [ p(O) Ry () eNvdt+i [ p(t) Ry (1) X0t

x

1+ ) —+o00 +o0 )
t5 e’ <t)< J 6“"dU> dt —i [ p(t) < [ K9 e“<“+€>d£) dt

—x+2t

—H’J?Op (t) (JrfooK (t,€) ei/\(z+t+§)d£) dt
x t

1+o° +oo T—t+€
+= [q@)| [ K& [ edudg|dt
2% t —z+t+E
+o0 00
= —ie™ [ p(t) Ry (¢) dt+% I (x;t) R <x-2|-t> oM gy

1t +oo )
2 ( S alu)R, (u)du) et

z (z+t)/2

fz'+foo <+fp (u) K (u,t — z + u) du> e dt

x

x

+oo [(z+t)/2 4
+i [ [ pu) K (u,t +z—u)du | edt

1+oe [+ t—x+u )
3/ (fq(u) ) K(u,@dsdu) eMdt.
x x t+x—u

Thus, in the case of x > a, one can obtain the following equations

Ri()=1-i [ p(t) Ra (t)dt

i (x4t x4+t 1 *x
K(Ivt)2p< 5 >R1< 5 )2 q(u) Ry (u) du
(z+t)/2

+o0 (z+t)/2
—i [p(uw) K (u,t—z+u)du+i [ pu)K (u,t+z—u)du

+o0 t—x+u

+= [q) [ K (u,&)dédu.

T t+r—u
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Similiarly, for 0 < < a, we obtain
Ry (z)—1 :——fp dt—zfp Ry (t)dt

R3 () —1——fp dt—zfp Ry (t) dt,

where K (z,t) =0 for |£\ <at—aa + a. Further one can get the following integral
equations for the kernel K (z,t),

fOo<z<a,ar—aat+a<t<—ar+aa—a;

K(Ivt)ia*p<t+az+aaa> Ry (tJraeraaa)

202 2a 200
a+ a
- / q (u) Ry (u) du

2a (tHaz+aa—a)/2a

La” —t+ar+aa+a —t+ar+aa+a
+i1—=p R3

202 2a 20

a— a at +

q(U)Rs()dU**fq Ry (u) du

2a (—t+az+aata)/2a

o t—ar+aa+a t—ar+aa+a
e ) ( )

2 2 2
a~ (t—az+aata)/2 i a
+— J q(u) Ry (u)du — — [p(u) K (u,t — az + au) du
a «@ x
i (t+az+aa—a)/2a t az+au
+— Ik p(u) K (u,t + oz — au) u——fq | K (u,&)dédu
(07 T t+a:v—o¢u
“+o00 ++oo t art+oaa—a+tu
—iat [ p(u) K (u,t — oz + aa —a+u) u——fq Ik K (u, &) dédu
a t+o¢3:—oza+a—u
(t—az+aa+ta)/2
+ia~ / pu) K (u,t —az +aa+a—u)du
a— (t—az+aa+ta)/2 t—az+aata—u
P T K ) dea (210
a t+ar—aa—a+u

f0<z<a,-ar+as—a<t<—ar+aa+a;

K(gc’t):i()ﬁp(t—&—ax—i—aa—a) Ry (t+ax+aa—a)
«

202 2av 2a
a+ a
- J q(u) Ry (u) du

2a (t+az+aa—a)/2a
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o —t+aoaxr+aa+a —t+ar+aa+a
+17p Rg

202 2« 2a
o a at t>®
“oa S q(u) Ry (u)du — == [ q(u) R (u) du
o (—t+az+taata)/2a a

o~ t—ar+aa+a t—ar+aa+a
5 ) ( )

2 2 2
a— (t—azx+aa+ta)/2 ia
+ I q(u)Rl(u)du—afp(u)K(u,t—ax—}—au)du
a T
i (t+az+aa—a)/2a
+— Ik p(u) K (u,t + ax — au) du
o xr

t—az+au

o fa®) TR (.6 ded

t+az—au

+oo
—iat [ p(u) K (u,t — oz +aa —a+u)du

a

a-i— —+00 t—art+aa—a+tu

5 [ q(u) / K (u,§) dédu

t+ar—aata—u

(t—az+aa+ta)/2

+ia~ S/ p(u) K (u,t — ax + aa+ a —u) du
a— (t—az+aata)/2 t—azr+aata—u
t5 J q(u) J K (u,§) dédu
a t+ar—aa—a+u

if0<z<a, —ar+aa+a<t<+oo;
at [t+ar—aa+a t+ar—aa+a
K (e,1) = i%p (+2+> R, <+2+>

at +o00
5 / q (u) Ry (u) du
(t+ax—aa+ta)/2

o t—ar+aa+a t—ar+aa+a
w5 ) ( )

2 2 2

—ifp(u)K(u,t—ax—i—au)du
az

—l—ifp(u)K(u,t—i—am—au)du
a.’t

t—az+au

s da) K (6) dedu

tt+az—au

+oo
—iat [ p(u) K (u,t — oz +aa —a+u)du

a

(2.11)



ON JOST SOLUTION OF DIFFUSION EQUATION 31

(t+azx—aa+a)/2

+ia™ Ik pu) K (u,t +ax —aa+a—u)du
aJr +oo t—ax+aa—atu
5 f q (u) f K (u,§) dédu
a t+ar—aata—u

+oo
—ia” [ p(u) K (u,t+ ar —aa—a+u)du

(t—az+aa+ta)/2

+ia Ik p(u) K (u,t —ax +aa+a—wu)du

a— (t—az+aata)/2 t—ar+aata—u

o« aw) K (u,€) dédu, (2.12)
a t+ar—aa—a+u

Let’s shown by the method of successive approximations that, equations of (2.10),
(2.11) and (2.12) have solution K (z,.) € Ly (u* (), 00) satisfying property of (2.2).
In the case of x > a

i (x4t x+t 1t
Kol =g (50 ) 1 (50) -5 e R
(z+t)/2

+oo
Ky (z,t)=—i [ p(u) Ko (u,t — x4+ u)du

(z+1)/2 1+ t—ztu
+i [ pwEo(utt+a—uwdut g [q(u) [ Ko(u§)dédu
x 2 x t+x—u

+oo
K, (z,t)=—i [ p(u) Kyh_1 (u,t — 2+ u) du

(z+t)/2 1+oo t—z+u
+i [ pu)Ky—1 (u,t+2 —u)du+ 3 Jaw) [ K,-1(u,§)dédu
xT x t+xr—u
K (2,t) =Y Ky (x,t) (2.13)
n=0

Let us show by induction that

Foe Un-i—l ((E)
| K, (z,t)] dt < CESE
ar—aa+a
where,
+oo
/ Rlp@+ @+t g (@)l dt = o (x). (2.14)

x

Indeed,
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T+t T+t
dt
() ()
1+oo +oo

+3 /[ la(w)]|Ry (w)| dudt.
T (z+t)/2
‘We obtain

+o0 1+oo
[ 1Ko @ t)lde< 5 ]

x

+folfﬁ)(fftldt< f 21p (O] + (L + [¢]) g (8)[] at

xT

Thus
+oo
/ Ko (2, 1)) dt < o (). (2.15)
Forn=1
“+oo0+o00
f |Ky (z,t)|dt < [ [ |p(u)||Ko (u,t —x+ u)|dudt
+oo(z+t)/2 1 +ootoo t—x4u
+ ) @Ko (ut+z—w)ldudt+ 5 [ [ lg(w)] [ |Ko(u,§)|dédudt.
x x T T t+xr—u

< +foo 2lp (O] + A+ [¢) g (®)[] o (2) dt.

We get
+0oo 9
/ Ky (2, )| dt < 2 2('35). (2.16)
Suppose that
+oo
/ (K (z,8)| dt < Z n(!f”) (2.17)

is valid for n — 1. Let’s show that

n+1(x)
K, (z,t)|dt < ) 2.18
/ Ko< T8 (215)
+oo+00
j’ |Ky, (z,t)|dt < f f Ip (w)] | Kpn-1 (u,t — x + u)| dudt
+oo(z+t)/2 1 +ooto0 t—z+u
+ ) ) @K (ut+z —w)ldudttg [ g ()] [ K (u, )] dEdudt
x xT T T t+x—u

+oo O'n(t)
< J RIp@1+ A+ i) g ()] —=dt.
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Hence
n+1 ( )

/\K xt|dt<( 1)

is valid. Tt follows by virtue of last equation in the case of z > a, series, (2.13)
convergents in L; (x,400) for each fixed x, and then

oo +oo
f|Kmt)|dt<Zf|K (x,t)| dt
n=0 z
o (x) ot (z)
<1-1 e+ ...
< +o(x)+ T +(n+1)!+
= eo(@) _1. (2.19)

Now, we consider the case of 0 < z < a.
Then, put K (z,t) =0 for t > —ax + aa — a in the case of ax —aa+a <t <

—axr +aa—a
t - t -
» +ar +aa — a Ry +ar +aa — a dt
2 2

—axt+aa—a O[Jr —art+aa—a

ar—aata ar—aa+ta

a+—az+aa—a a
o ( J |q<u>||R2<u>|du>dt

ar—aata \ (t+azt+aa—a)/2a
a~ Tartea—a| (¢4 ax+aa+ta “ttartaata
502 P s

dt
2 2

ar—aa+ta

+%70¢I}*O&(l*ﬂ ( ‘7 |q (u)| |R3 (’LL)| du) dt

ar—aata \ (—t+aztaata)/2a

a-i— —artaa—a

L (Tl o)) a

ar—oaata
t—ar+aa+ta t—ar+aa+ta
A R | L S

a” —axrtoaa—a
+7

ar—aata

dt

o~ —ertaa—a (t—azx+aa+ta)/2
+5 [ la@)]|Ry (u)] du | di
ar—aa+ta a
ot to©
<;f|p \dt+a+f 1+\tl)|q()\dt—*f|p (t)| dt

Fom (1) g ()] e+ aat [ (14 [t]) |q (0)] de

x

flp )| dt +2aa” f (1+1t]) g (8)] at
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< Oz*?}o 21p ()] + (1 + [¢]) |q (8)[] dt

fom T RIp )]+ 0+ 1) g (] dt

+a(at +2a7) f (L+[t]) g (®)] dt +a™ f p (£)] dt

<a+o(x)+a_a(a:)+2a+foo(1+\t|)\q()|dt+4af Ip (t)|dt

<(aT+a” +2a)o(x) =cio(x). (2.20)

Hence
—artaa—a

|Ko (z,t)|dt < ci0 ().
ar—aata

Put K (z,t) =0 for t < —ar+aa—a in the case of —az+aa—a <t < —azx+aa+a

to get
p(tJroszraaa)HRz (tJraeraaa)‘dt

—azrt+aa+ta + —ax+aata

«
|Ko (z,t)| dt < —
—artaa—a 2&2 —azr+aa—a

O[Jr —art+oaata a
i ( / |q<u>||R2<u>|du>dt

—azrtaa—a \ (t+ar+aa—a)/2a

—t+ar+aa+a —t+ar+aa+a
( )| )

2 2¢

a” —azrx+aata

202

+ dt

2 2

—azrtaa—a

o~ —ortaata a
Toa ] ( J lq (u)| |Rs (u)] du) dt

O _aztaa—a (—t+az+aa+ta)/2a

a+7o¢m+aa+a “+o00
ST (T 1R )

—axtaa—a a

t—axr+aa+a t—axr+aa+a
([ ()

o~ —azr+aata
— dt
+ 2 2 2

—azrt+aa—a

a~ —az+taata ((toeranra)/Q

= .1 J lq (w)] | (u)ldu> dt

—axrtaa—a a

at +
<;f|p \dt+a+f (L+[t]) g (¢)| dt

+ff|p ) dt +a~ f (L+[t]) [q (t)] dt

Fot () g ()] e+ o IO
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—+oo
+aa” [ (L4t ]g ()] dt

+oo
<at f 2lp @]+ (14 [t]) g (¢)]] dt

f 2[p (O] + QX+ [t]) g @)]] at
+ (aa™ + a™) f (1+1t)|q @) dt +a~ f Ip (t)| dt

xr

<ato(a)+ao(n) faat | 2lp(6)]+ 1+ |)]a ()] dt

=(at+a +aat)o(z) =c0 (). (2:21)
Thus

—azr+aa+ta
| Ko (z,t)]| dt < coo ()
—art+aa—a

is obtained.
For —ax +aa+a <t < +o0,

+oo + +oo

t — t -
f |K0(x,t)|dt§a— f » +ar —aa+a R +ar —aa+a dt
—azr+aata 2 —azrt+oaata 2 2

at +oo +o0
) ( J lg (u)] [ (U)Idu> dt

—aztaata \ (t+azx—aa+ta)/2

p(t—ax—kaa—i—a)HRl (t—a:c—kaa—l—a)‘dt

_+EE: +oo
2 2 2

—axrt+aa+ta

<a+f|p \dt+a+f +|tI)IQ()\dt+a+f|p )| di

= f 2lp ()] + (1 +[t)) g ()] dt = a0 (). (2.22)
So
—+00
/ |Ko (z,t)|dt < ato(x).
—azrt+aa+ta

Then, it follows from (2.20), (2.21) and (2.22) for 0 < z < a

+oo

/ Ko ()] dt < Cor (), (2.23)

ar—aata

where C =c; +co+at,ci=at+a +2a,co =at +a= + aat.
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—+oo
Now, for n = 1, if one evaluate integral [ |Kj (x,t)|dt then

ar—oaata

+00 1 —+oo a
[ K (z)dt< = [ <f|p(u)||K0(u,t—ax+au)|du)dt

ar—aata ar—aata \x

Qe

+
| —
%ér

7N

8 —2o

()] Ko (u,t + az — aw)] du) dt

1 +oo a t—axtau
oo <f|Q(U)| J |Ko(u’§)|d€du>dt

t+ar—au

+o00 +o0
tor ] (f |P(U)|K0(U,t—a:v+aa—a+u)|du> "
a

ar—aata
+o00 (t+azx—aa+a)/2
+at J Ip (w)| | Ko (u,t + ax — aa+a—u)|du | dt
ar—aata a
at +o00 +o0 t—arx+aa—a+tu
T (Tl T e (w6l dedu ) de
ar—aa+ta a t+ar—aa+a—u
+oo +oo
+a= [ (f |p(u)|Ko(u,t+ax—aa—a+u)|du) dt
ar—aata a
+00 (t—az+aa+ta)/2
+a= [ Ik Ip (W] | Ko (u,t — ax + aa+a—u)|du | dt
ar—aa+ta a
— +o00 (t—az+aata)/2 t—ar+aata—u
+— J lq ()] J |Ko (u, &) dédu | dt
ar—aata a t+ar—aa—a+tu
<C[R2IpOI+ A+t @) o (¢)dt
T

+C+fo 2lp ()] + A+ [¢)) g (B)[] o (2) dt.

It follows from (2.24)
+oo
| i@oasc

ar—aata

o ()
21 -

Assume that

+oo
n
/ K1 (z,8)] dt < CZ ('x)
n!
ar—aata
is valid for n — 1.Let’s show that
Hee n+1( )
o T
K, (x,t)|dt < C—-=
/ [ (. 0) (n+1)!

ar—aata

(2.24)

(2.25)

(2.26)

(2.27)
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is valid for n.

+oo +oo
[ K @oldi<t T (f|p ||Kn1(ut—cmc—|—ozu)|du>d

ar—aa+ta aazfaa+a xT

T 70 (7|p(u)|Kn1(u,t+am—au)|du>dt

« ar—aata

1 —+ t—ax+au

foo <}|q(U)I / |Kn1(u,§)|d§du>dt

20& ar—oaata t+axr—au

+

—+o0 +oo
+at [ (f Ip (u)| | K1 (u,t—am+aa—a+u)|du> dt
ar—oaa+ta a
(t+ax— aa+a)/2
+at Ip (W) | Kn_1 (u,t + ax — aa+a — u)| du | dt
ar— aa—i—a
+oo —+oo t—axr+aa—a+tu
J J la(w) [Kn—1 (u, )| d€du | di
ar—oaata a t+ar—aat+a—u
+oo
(f|p )WIKn—1 (u,t +axr —aa —a+ )du)dt
axr— aa+a a
(t— ax+o¢a+a)/2
+a~ |p ()| | Kpn-1 (u,t — oz + aa+a —u)|du | dt
axr— aa+a
a~ too (t—az+aata)/2 t—az+aata—u
5 o la@l [ K (w )] dédu | dt
ar—aata a t+ar—aa—a+u

< CTROI+ O+ a0l o™ ()

LT b0+ 0+ Dl @ O d

Thus
e n+1 ((E)
g
ar—aa+ta

Remark: For simplicity, o was taken as a > 1. Other case can be treated in
the same way.

Finally, let investigate correlation between the kernel function K (z,t) and co-
efficients p (), ¢ (z) and p (z) in the equation

"+ [2Xp (z) + q (@)]y = Np(2)y.

For 0 < z < a,

) - oo )
e(z,)\) = at Ry () e @) 4 o~ Ry (z) e ) 4 [ K (x,t) eMdt.

put(z)
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with ut (z) < p~ (z) < +o0. If we put e (z,\) and €” (z,)\) instead of y ve y” in
(1.1), we get;

atRY (x) + 2idaa™ R, (x) — 2Xatp (x) Ry (x) + 2ip (z) K (z, ut (x))

—atq(x) R (2) — 2

dK (z, p* (z))

=0
dzx

o~ RY (z) — 2idaa™ R, () — 2Xa p(z) R (z) — 2ip (x) K (x, u~ (z) — 0)
12ip (2) K (2,47 (2) +0) — aq (x) s ()

dK (z,p~ () = 0) dK (z,p~ () +0)

—2a e + 2« e =0
0K (x,t) , 02K (,1) 0K (x,t)
m K@ oy, K@Y
z+t—00 ox x+t—00 ot

In the case z > a, since u* () = 2 and « = 1, then the same properties of the

kernel function.can be easily obtained.

Hence, the proof is completed.
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