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Abstract. In this study, the Gelfand-Levitan-Marchenko (GLM) type main integral equa-
tion which is important for solution of the inverse problem related to determining of a
singular Sturm-Liouville differential operators is obtained.
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1. Introduction

In this paper we consider boundary value problem L for the equation

W(y) == —y" +a@)y =y, A=k (1.1)
on the interval 0 < & < 7, with the boundary conditions
Uly) :==y'(0) =0, V(y) =y(7) =0 (1.2)

and with the jump conditions

y(d+0) = ay(d —0), y'(d+0) = a~1y'(d — 0), (1.3)
where ) is the spectral parameter, g(z) is a real valued function with g(x) € Lo (0, )
and a (a > 0,a # 1) is a real constant, d € (g,w>.

Inverse spectral analysis has been an important research topic in mathematical
physics. Inverse problems of spectral analysis involve the reconstruction of a linear
operator from its spectral characteristics e.g., see [2, 15, 24, 25, 30]. A problem of
this kind was first investigated by Ambarzumyan in 1929 [3]. Later, inverse problems
for a regular and singular Sturm Liouville operator appeared in various versions [3,
5, 6,9, 14, 15, 17-19, 23, 26, 28, 31-35].

Assuming that heat flows only into the liquid which has an ununiform density
p(x) and is convected only from the liquid into the surrounding medium, the initial
boundary value problem for a bar of length one takes the form

u = p()ugs (1%)
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ux(0,8) =0 (2%)
—kAu,(m,t) = QM (dv/dt) + k1 Bo(t) for all ¢, (3%)
u(z,0) = ug(z) for x € [0, 7], (4%)

v(0) = v

after factoring out the steady-state solution, where
p(x):{ 1, 0<z<d,
o, d<z<m.

Assuming that the rate of heat transfer across the liquid—solid interface is pro-
portional to the difference in temperature between the end of the bar and the liquid
with which it is in contact (Newton’s law of cooling) and applying Fourier’s law of
heat conduction at x = w, we get

v(t) = u(m,t) + ke lug (m71,t) for t > 0, where ¢ > 0 is the coefficient of heat
transfer for the liquid. If we put u(x,t) = y(x)exp(—At), then problems (1.1)—(1.3)
will appear to be the consequence of the above problem. Indeed, condition (1.2) is
obtained from (2%*), easily. Here

c cA+ kB k1Bc
ka 1 QM an 2 QMk;
Finally, if we put
oz 0<z<d,
T lar,d<z<m,

then the discontinuity conditions (1.3) and a particular case of Equation (1.1) will
appear. This corresponds to the case of nonperfect thermal contact. Since the
density is changed at one point in the interval, both the intensity and the instant
velocity of heat change at this point. Hence, Equation (1.1)—(1.3) will appear to be
the consequence of the above problem.

Boundary value problems with discontinuity conditions inside the interval often
appear in applications. Such problems are connected with discontinuous material
properties. Inverse problems with a discontinuity condition inside the interval fre-
quently arise in mathematics, mechanics, radio electronics, geophysics, and other
fields of science and technology. For example, discontinuous inverse problems ap-
pear in electronics for constructing parameters of heterogeneous electronic lines with
desirable technical characteristics [27, 30]. As a rule, such problems are related to
discontinuous and nonsmooth properties of a medium (e.g., see [5, 17, 23]). Dis-
continuous inverse problems (in various formulations) have been considered in [14,
17, 23, 36] and other works. Generally, for recovering the potential function on the
whole interval it is necessary to specify two spectra of boundary value problems with
different boundary conditions (see [36]). The inverse problem for interior spectral
data of the differential operator consists in reconstruction of this operator from the
known eigenvalues and some information on eigenfunctions at some internal point.
The technique employed is similar to those used in [18, 36].

The solution of the inverse spectral problem for a Sturm-Liouville operator con-
sists the following steps: (1) an explicit description of the spectral data of the
considered operator and (2) development and justification the method of recovering
the operator corresponding to any given spectral data. The algorithm of recovering
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the potential ¢ from the spectral data of a regular Sturm-Liouville operator based on
the transformation operators and the so-called Gelfand-Levitan-Marchenko equation
was developed by Gelfand and Levitan [15] and Marchenko [28] in early 1950-ies.

The first complete solution of the inverse problem that is based on an exact
integral approach was obtained by Gelfand and Levitan [1, 10, 13, 15, 21, 34] for
the potential problem in the Schrodinger wave equation. In electromagnetics, the
above approach is directly applicable to the case of inversion with a transient plane
wave, normally incident on a planar stratified lossless medium [15], provided that
the wave equation is converted to the Schrodinger equation. Other variations of
this classical integral inversion approach have been developed by considering special
choices of input-output pairs [7]. Generalizations of the Gel’fand-Levitan approach
to the case of oblique incidence [11, 12], dissipative media [22], etc, were all based on
deriving a Schrodinger-type equation from the basic wave equation through a series
of transformations, and reconstructing the unknown potential, which is related to
the medium parameters, via the Gel’fand-Levitan procedure. Other inverse methods
which are based on an integral equation and are in the same spirit as the Gel’fand-
Levitan approach are the ones due to [7, 10, 13]. A review of some of these integral
inverse methods and others can be found in the review paper by Newton [31].

In this aspect, the studies of Gelfand, Levitan [15], [25] and Marchenko[29] in-
clude bacis investigations related to constraction of the integral representations for
solutions and application them to various direct and inverse problems for Sturm-
Liouville differential operators.

In this paper, the Gelfand-Levitan-Marchenko (GLM) type main integral equa-
tion which is important for solution of inverse problem related to determining of the
Sturm-Liouville differential operators having discontinuity conditions inside a finite
interval is investigated.

2. Preliminaries

Let the function ¢(z, A) be the solution of equation (1.1) that satisfies the initial
conditions
©(0,0) =1, ¢'(0,A) =0, (2.1)

and the jump condition (1.3). Let Ag, A1,...be the eigenvalues of the boundary
value problem (1.1)-(1.3). Then ¢(z, A,) (n > 0) are the eigenfunctions of this the
boundary value problem. Let oo(x,\2) (n > 0) be a solution of equation (1.1) in
the case q(z) = 0 satisfying the condition (1.2)-(1.3). AJ, AJ, ... are eigenvalues of
the boundary value problem (1.1)-(1.3) when ¢(x) = 0. The numbers «,, which

an = [@*(z,ky)dz, n=0,1,... (2.2)
0

are called the normallizing constant of the boundary value problem (1.1)-(1.3) .
The numbers !, (n = 0,1,...) are called the normalizing constant of the bound-
ary value problem (1.1)-(1.3) when ¢(z) = 0.
It is easy to show that in the case ¢(z) = 0 the function eg(z, A) which is solution

of equation (1.1) with initial conditions eg(z,A) = 1, e{(z,\) = ik and the jump
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conditions (1.3) can be written as:

.3 etk 0<zx<d,
eo(z,\) = , ,
) atetke + a—ezk(2d—ac)7 d<z<m,

1 1
where a* = = (a+ = ).
2 a

The following theorem related to the integral representation (transformation op-
erator) for the solution e(x, A) can be found in [4].

Theorem 1. [{, Theorem 1.] Let [|q(t)|dt < +oo. Then each solution satisfying
0

the initial conditions eo(x, ) = 1, e(x, \) = ik and the jump conditions (1.3) has
the form

e(z, ) = ep(z, A) + /K(x,t)e““dt

with [ |K(z,t)|dt < e —1, where 1(z) =

—x

(x —t)|q(t)|dt, c=at +]a"|+1.

C—s8

If the function g(x) is differentiable then the kernel K (z,t) satisfies the following

properties:
- - - - at =
Kow(z,t) —q(x)K (2,t) = Ky (2, 1), K(z,x) = 5 [ q(t)dt,
0

K(z,2d—2+40)— K(z,2d —z —0) =

Ot—sy

.
2 rq)dt
5 q(t)dt,

K(z,—z) = 0 where K = K(z,t) + K (x, —t).

Remark 1. [/, Remark] It is easily shown that if q(x) € Lo [0, 7] then
K, (z,.) € Ly [0,7] and Ki(x,.) € L2 [0,7].

Let us denote the problem L as Lg in the case of g(z) = 0. It is easily shown
that the solution g (z, k) satisfying the inital conditions ¢(0,%k) =1, ¢3(0,k) =0
and the jump conditions (1.3) can be written as

cos kx, 0<x<d,

atcoskx +a~ cosk(2d —x),d <z <. (2.3)

polz, A) = {

Let Ag(k) be a characteristic function of problem Lg. Then characteristic equa-
tion of the problem Lgcan be expressed as

Ao(k) = a™ coskm +a” cosk(2d — ) = 0.

The roots kY of this equation are eigenvalues of the problem Ly.
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Lemma 1. [4, Lemma 1.] inf |k2 — k,on‘ = 06 >0, i.e., roots of characteristic equa-
tion Ag(k) = 0 are separated.

Lemma 2. [, Lemma 2.] Eigenvaules of the problem L are simple, that is

A(k,) # 0.

Lemma 3. [4, Lemma 3.] Eigenvaules of the problem L have the following asymp-
totic behaviour

d, o,
— 0
1 T
where 6, = —Of (m,t)sin kOtdt € by, kO = n + h,, sup |h,| < M and
n 0
+ 0. _ 0 2d —
dp, = al sinkym = a” sink, (2d =) [ q(t)dt is a bounded sequence.

2080 (kO)kS 0

Lemma 4. [4, Lemma 4.] Normalizing numbers of the problem L have the asymp-
totic behaviour

an = ad + 6y, (2.5)
where
0 +)2 T —d d + - 0
a, = ((a™)* 4+ (a7)?) 5 +§+2a a” (7 —d) cos 2k, d + d1p, (2.6)
o 2k%d in 2kY in 2k0d +
_ Sm ik, fy2SI2R, T L o SILZR, ata . 0(—
1n 10 (a™) 0 (a™) 10 7 sin 2k (m — d)
—\2 —\2
- (Zkg sin 2k9 (2d — ) + (Zkg sin 2k%d, §,, € {5 .

3. The Main Integral Equation

In this section, we will obtain the main integral equation for the spectral problem
(1.1)-(1.2)-(1.3) which has an important role in recovering the operator. In this
reason, we first prove the following Lemma;:

Lemma 5. Assume that numbers {\,, o}, ~, satisfying the conditions of the form
(2.4) and (2.5) are given and denote B

br) = i (cosknx B cosk%x) ’ (3.1)

0
6] o
n=0 n n
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where
d 1
— 4+ ——sin 2k0d, 0<z<d,

_ )2 am
[(a+)2 + (a_)2] i ; d + g +2ata (7 —d)cos2k0d, d < x < .

3O

Then b(z) € W4 (0,d) U (d, 27) .

Proof. Denote ¢, = k,, — k2. Since

kn, kS 1 1 1

cosFnt  COSRRT _ 2 (cos k,x — cos kgx) + | — — — | cosky,z,

ap a? al ap, af
coskpx — coskdx = —e, sinkdx — sinkz (sine,x — £,x) — 2sin? % coskOz,
we have b(x) = By (z) + Ba(x), where

o .
dpwsin kx
Bi(z) = — Z ”aoiko (32)

n=1

x (1 1 x sin k9
By(z) = 3, (— 0) cosknpr — > On sin k7

01.0
n=0 \ On ay n=1 ankn (3 3)
o sinkz ent cos kOx .
iy n 1.2 cn n
— > (singpr — g,m) —"— — > 2sin” ———
n=1 an n=1 an

1 1 1 On 1 17 . .
Since €, = O (n) Can al = f@JrO (713> , where 6,, = 70 OfKt(ﬂ,t) sin kO tdt

the series in (3.2) and (3.3) converge absolutely and uniformly on (0, d) U (d, 27) and
Ba(z) € W} (0,d) U (d,2m), Bi(z) € W3 (0,d) U (d, 2r) . Consequently,

b(z) € W3 (0,d) U (d, 2m) . O

We will refer to the sequences {A,},~, and {a,},~, as the spectral charac-
teristics of the boundary value problem (1.1)-(1.3). Consider the function

oo

F(.’E,t) = Z |:aln<,00(.’b, kn)%(ta kn) - ai()(po(xa k?z)soo(tv k’?L) (34)

n=0 n

with the help {\,},~, and {ay}, <, sequences.

Firstly, we will investigate properties of the function F'(x,t) by using the asymp-
totic expressions for ¢g(z, A\,) and o (2, A\?). Note that, the asymptotic expressions
of these functions for sufficiently large values of n are given in [4].

It is clear that if g(x) = 0 then the asymptotic formula for ¢g(z,\2) is

cos KV, 0<z<d,

atcoskdr +a” cosk?(2d —x), d <z < .

CPO(xv k?L) - {
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Moreover, the asymptotic equalities

and
1 2

1
o (@P+@Prr(G—(@r-@md "’ (n>

are also satisfied.

It is easy to calculate that

(i)-if0 <2z <dand 0 <t<d then

F(z,t) = % [b(x +1) +b(x —t)],

(1)-if 0 < x < d and d < t < 7 then

Fa,t) = %[b(x—kt)—i—b(:c—t)}+%[b(m+2d—t)+b(m—2d+t)],

(ii)- it d <z <7 and 0 <t < d then

F(z,t) = % b(z+1t) +b(x—1t)] + % b(2d —x +t) 4+ b(2d — x — t)]

(iv)-if d < x <7 and d <t < then

(a*)? ata~

F(z,t) = 5 [b(x +1t)+b(x—1t)] +

[b(xz +2d —t) + b(z — 2d + t)]

ata” (a™)?
5 b(2d —x +1t) +b(2d —x —t)] + 5

bdd —xz —t) +b(t — x)].

d
Lemma 5 implies that F'(z,t) is continuous and d—F(:L‘, x) € Ly [0, 7).
x

Theorem 2. [16, Lemma 8/Let f(z), x € [0, 7].be an absolutely continuous function.
Then

> (o [ 1wtk | ol k) = f(0) (3.5)

with uniform convergence in [0, 7
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Theorem 3. For each fized x € (0,n], the kernel K (x,t) appearing in the repre-
sentation

oz, \) = polx,\) + /f((myt) cos ktdt (3.6)
satisfies the linear integral equation
F(z, t)+a+K(:v &) —a” K:E2d &)+ / (z,&)Fo(&,t)de = 0. (3.7)
0

Proof. One can consider the relation (2.3) with respect to cos kz. Solving this equa-
tion we obtain

300(1'7]{)3 0<z< da

coskx = (3.8)

atpo(z, k) —a po(2d — z,k), d <z < .

Using equalities (3.6) and (3.8), we calculate

N 7kn t, kn akg tvkqg
Z QOO(-/E k )@O(takn) _ QDO(J:’ kg)@o(t7k2)
B n=0 Qp Ol%
T N 0 0
R, 5)2 wol(t, k) cosk, £d§
0 n=0 an
I < (polt,kn)coskné  @o(t, k) coskO¢

o(z, k) cos kn&
o

n

+fo§Z de.
n=0

Therefore we can write

(DN(:Cat) = (le (:Z},t) + (DNz (x’t) + (I)NS (l’,t) + (DNzL(xvt)a

where N (ol kn)polt kn)  pol@, kn)eol(t, k)

Py, (z,t) = ngo ( o, - nao - )

q)Nz (.’B,t) = g:() %,Okg) ‘Of}?(xvg) cos kgfdf
S k) cos Q) cos kY

P (o1) = 3 [ R(2,6) (%(t’ a)nmb S _ polt Q)OC% ’5) d¢
N -

B 1) = 5 £ [ B () cos e
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Let f ( ) € AC'[0,7]. Acording to Theorem 2, we obtain (uniformly on z € [0, 7]):
hm ff YO N (z,t)dt =0

s

lim ff VPN, (z,t)dt = [ f(t)F(z,t)dt

N—>ooO 0

lim [ ()@, (2,0)dt = a* [ F(E)K (2, €)de +a- ff K (2,2d — €)de
0

N—>ooO

hmff VPN, (2, t)dt = ff f K(xz,8)Fy(&, t)dedt
0

N—oo
* t, ky)cos kpx t,k9) cos k0
Folwt) = 32 (SDO( a) - ol a)o )

F(x,t) =aTFy(z,t) + a Fy(2d — z,t)
= io: (gﬁo(t,kn)gpg(az,kn) wo(t, k) oz, ko))

n=0 Qp a%
lim ff VP, (z,t)dt = hm }f ft g: Pl )COSkngdgdt
N—oogp N—oojp 0 1=0 n
Using ¢(3«", kn) = 67190(1'7 kn) and opf, = A(kn)
— i [f) % W’k")ft { (L, €) cos kyEdEdt

N—ooj knl<N A(ky)
_ U(z, k) |
= _Nlinooof ft WENA@% A () cosALds
_ Y(t k) | ‘
= _ngnoog’f 5 $am of (t, &) cos AedEdAdt
t, k

— i g‘ Ft)5 s ¢A( (k>) Ikt o~ Imkt fK (£, €) cos AEdEdAd

s

. 1 Y(t, k)
=—[f®) Jim [szN D

t ~
elmkte=Imkt [ [ (¢ ¢) cos )\gdfd/\] dt, 0<t<uz,
0

where Gy := {k:: k| = kO] + g, n:O,L...}7
= {k: ’k‘—k%’ >0, n=0,1,..., 6 > O} and ¢§ is sufficiently small positive

number (5 < g)
The solution ¥ (z, k) of equation (1.1) satisfying the conditions ¥ (m, k) = 0,

Y'(m, k) = —1 and the jump conditions (1.3) is an entire function of A and

1 _
Y(z, k) =0 (We“mklﬁ—x)) k| — oo, |A(K)| > Cs |k|elTmkIm ke Gy,



and

GELFAND-LEVITAN-MARCHENKO INTEGRAL EQUATION 49

’1/’ z, k) eltmklt| < < G JImklt—2) g (3.9)
= o o
: —|Imk|t % _
\kl\linoo [foax e /K(t, &) cos A¢dE| = 0. (3.10)

Using (3.9) and (3.10), we obtain

lim / F()@n, (z,t)dt = 0.

N—o0

Hence, we find that

hmff YO N (z,t)dt = ff

N~>oo

+a+ff K(x,€)dé —a~ ff K(z,2d — £)d¢

E'i

+ [ f(t) [ K(z,&)Fy(&,t)dédt = 0.

O—x

O

Then, in view of the arbitrariness of f(z), the main integral equation

F(z,t)+a"K(z,6) —a” K(z,2d - &) + / K(z,&)Fy(&,t)dé =0

is obtained.

When t < z this equation implies (3.7).
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