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Abstract: In this paper studying on value groups and residue fields of valued rational function fields and val-
ued function fields of conics is purposed. Let   be a function field over  ;  be a valuation on  ;  be an 
extension of   to  ; k ,  and G ,  be residue fields and value groups of  and  respectively. If  

 is rational function field over  then either  is an algebraic extension or k  is a simple transcen-
dental extension of any finite extension of . If  is a function field of conic over  and  then ei-
ther  is an algebraic extension or  is a regular function field of conics over any finite extension of 

. In the both case either  is a torsion group or there exists a subgroup G  of G  such that  
is a torsion group and  is the direct sum of  and an infinite cyclic group. 
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Değerlenmiş Fonksiyon Cisimlerinin Rezidü Cisimleri Ve Değer Grupları Hakkında 

 
Özet: Bu çalışmada değerlenmiş rasyonel fonksiyon cisimlerinin ve değerlenmiş konik fonksiyon cisimlerinin 
değer gruplarının ve rezidü cisimlerinin incelenmesi amaçlanmıştır.  ,  cismi üzerinde bir fonksiyon cismi; 

,  cismi üzerinde bir değerlendirme; ,  nin F  cismine bir genişlemesi; ,  ve ,  sırasıyla 
 ve  nin değer grupları ve rezidü cisimleri olsun. Eğer , cismi üzerinde bir rasyonel fonksiyon cismi 

ise  ya bir cebirsel genişlemedir ya da ,  nin bir sonlu genişlemesinin bir basit transandant geniş-
lemesidir. Eğer ,  cismi üzerinde bir konik fonksiyon cismi ise  ya bir cebirsel genişlemedir ya da 

,  nin bir sonlu genişlemesi üzerinde bir regüler konik fonksiyon cismidir. Her iki durumda da  G   
ya bir torsion gruptur ya da    bir torsion grup ve ,  ile sonsuz devirli bir grubun direkt toplamı 
olacak şekilde  nın bir  altgrubu vardır. 
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Anahtar kelimeler:  Değer grubu, değerlendirmelerin genişlemeleri, değerlenmiş fonksiyon cisimleri, konikler, 
rezidü cismi. 

 
 
Introduction 

Let  be a field,  be a valuation on . The old and important problem is finding all extensions of  to 
 where  are indeterminates. This problem is solved completely for only . The other 

problem is describing residue fields and residue fields of  for the valuation which is extension of 
.  In this paper there are some results on this problem.  
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algebraic extension or  a simple transcendental extension of any algebraic extension of .  is 
either torsion group or there exists a subgroup  of  G  such that  , 

wk vk vw G/G

1G w 1v GG ⊆ [ ]v1 G:G < ∞  and  is direct 
sum of  and an infinite cyclic group.  

wG

1G

Let  be a function field of a conic over a subfield F K ,  be a valuation on v K  with residue  field of 

characteristic  and  be an extension of v  to  having residue field k , G and  be value grups of  

 and  respectively. Either   is an algebraic extension of  or  is a regular function field of a conic 

over a finite extension of k . Either   is a torsion group or there exists a subgroup  of G  

containing  with [  together with an element 

vk
2≠

v

w

1 :G

F w v wG
v w wk

] ∞

vk wk

v

v <

vw GG / 1G w

G G γ  of  such that G  is the direct sum of  G  

and the cyclic group 
wG w 1

γZ . 
This facts are proved by J. Ohm, S.K. Khanduja and U. Garg in 1988,1991,1993,1994. 
 
Preliminaries: 
Let  be a finitely generated field extension.  is said to be a function field of a conic over  KF / KF / K  

if the transcendence degree of   is one and if  KF / ),( yxKF =  where x  and  satisfy an irreducible 
polynomial relation total degree  over 

y
2 K . 

  is  said to be a regular function field of a conic over KF / K  if 
i)  is seperable  extension  i.e.  either  KF / x  is seperably algebraic over   or is seperably 

algebraic over   
)(yK y

)(xK
ii) K  is algebraic closed in . F
 Throughout the paper if K  is a field and  is a valuation on v K  then  and  will denote the 

value group and residue field of   respectively. For any 
vG vk

v η  in the valuation ring of  , v *η  will  denote its 

residue i.e. the image of −v η  in . vk
 If k  algebraic closure of in  , we shall denote  by v′ vk wk [ ]vw GGI := ,   and  by  

the henselian defect of the finite extension (  where is the restriction of   to 

[ vv kkR :′=

w
] D

))),(/(), ξξ vKwF ξv (ξK .  
  
Results:  
Theorem 1: Let  be a valuation of v K  with value group G  and the residue field . Let  be an 

extension of  to  with value group G  and residue field  such that G  is  not a torsion 

group. Then there exists 

v vk

v

w
v )x(K w wk w G/

K∈β  with minimal polynomial say  of degree  over )(xP n K  and wG∈θ , θ  

not torsion mod G  such that if  is the canonical representation of  

with respect o , one has 
v

)
∑=

r

i
= ixPxxf )()()( if0

]x[( Kx)∈f
(xP

    )))(((min))((
0

θβ ifvxfw iri
+=

≤≤
. 

Then G  is the direct sum of w })0{\)((1 βKv=G  and an infinite cyclic group. 

Proof: Let K  be an algebraic closure of K  and w  be an extension of   w )(xK .  Since  is not 

a torsion group, 
vw GG /

vw GG /  satisfies the same property. So the subset M  of K  defined by 

    )({ αα −∈= xwKM is not torsion mod  }vG
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is non-empty. Choose an element β of M so that [ ]:)([]:)( KKKK αβ ≤  for all α in M . 

We denote by the minimal polynomial of )(xP β over K  of degree (say). Its roots n nβββ ...,1= are 

arranged such that )i(xw β− is not torsion mod G  for v mi ≤≤1 and )( ixw β− is torsion mod G  for 

. We define 
v

nim ≤≤+1 µ and θ by 
    )( βµ −= xw ,           ))(( xPw=θ . 
 Observe that for any element α  of M ,  )( α−xw  must be µ ; for )( β−xw  cannot be equal to 

)( ixw β−  which is torsion mod G  and hence by the strong triangle law v

    )(min()( βα −=− xwxw ,  )())( βαβ −=− xww    (1) 

A similar argument yield that if MK \∈δ , then  
    µδβδ <−=− )()( wxw .    (2) 
Using (1) and (2), it is immediately verified that 

   ∑ ∑
= +=

−+=−==
n

1i
i

n

1mi
i )(vm)x(w))x(P(w ββµβθ ,  (3) 

which shows that θ  is not torsion mod . vG
 We next show that if  is a non-zero polynomial over )(xh K , none of whose roots lies in M , then 
    0)1))(/)((( >−βhxhw     (4) 

For this write  )()( ixaxh δ−∏=  as a product of linear factors over K . By hypothesis Mi ∉δ , so by 
(2) 

    µδβδ <−=− )()( ii wxw . 
Consequently 

   0)(1 >−−=







−
−
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
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
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ii

i wxwxw δβµ
δβ
β

δβ
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, 

which shows that the w -residues of )/()( iix δβδ −−  and 1 are the same on taking product over i , one 
concludes  that (4) holds. 

 An immediate consequence of the assertion proved above is that if all irreducible factors of a non-zero 
polynomial h   of  are of degree less than , then )(x ][xK n 0)1))(/)((( >−βhxhw , in particular 

    ))(())(( βhvxhw = .     (5) 

 We now prove (a) and (b). Let  be the canonical representation of a non-zero 

polynomial  with respect to . Since deg 

∑=
=

r

0i
i

i )x(P)x(f)x(f

xf)(xf )(xP n<)( , by (5) ))(())(( βii fvxfw =  holds  for 
each . So the triangle law gives i

i  ))(((min)))()(((min))((
0

θβ ifvxpxfwxfw iiiri
+=≥

≤≤
  (6) 

It is to be shown that equality holds in (6). Suppose that strict inequality holds, then the minimum in (6) is 
attained for at least two subscripts  an i j , which implies that a non-zero integral multiple of θ  is free mod 

 proved in (3).  0G
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Let K  be a field,  be a valuation on v K  ,  be an extension of  to  and  W  be valuation ring 

of . We shall define that 

w v )(xK
w }{ vkS  *ξ trans /W ξ∈=  and 

{= }SallforSS ≤∈ ξ     degdegmin ∈ξηη . 

Theorem 2:    is not algebraic over  and let wk vk ∈ξ  min S. Then , where  is the 

algebraic closure of  in .  

)( *ξvw kk ′= vk ′

vk wk
Proof: The inclusion ⊇  is immediate, so it remains to show . By [5, Lemma 3.1] we may assume ⊆

gf /=ξ , where  gn degdeg >f = .  For any  V∈ξ , we may write, by  [5, Lemma3.2], 
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where ,   are elements of  which are either of ia ib ][xK n<deg  or are 0. Let  be an element of least 

value from among 

d
}m,...,0, iba ii ={ , and let .  d/bi,d/a iii == βα

Then 
  , ).../()...( 0

1
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1
1 βξβξβξξξ ++++++= −
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−
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where now the coefficients  iα , iβ  are elements of  which are either of  or are 0. 

Moreover, 

)(xK n<deg
mivv ii ,...,0),(),( =βα , are all . We may therefore consider the equality   0≥

*
0

****
0

** ...)...( αξαξβξβ ++=++ m
m

m
m . 

Since Smin∈ξ  and the iα , iβ  are either 0 or of ξdegdeg < , it follows that the  are all 

algebraic over . But  is tr. over  and we know some  or   is 1, some  must be 

*
iβ

0k *ξ 0k *
iα

*
iβ

*
iβ 0≠ . 

Therefore , and hence 0...** +ξβ m
m

*
0+ β ≠

  . )().../()...( *
0

*
0

***
0

*** ξβξβαξαξ km
m

m
m ′∈++++=

Theorem 3: Let v  be a valuation of a field K  and  be an extension of v  to an overfield  

of transcendence degree one over 

w ),( yxKF =
K  where  is in )x(Py 2 = [ ]xK . If G  are the value groups of  v  

and  then either G is a torsion group or there exists a subgroup G  of containing  with 

 and an element 

wv G⊆

1w
[ G:

vw G/ wG vG
] ∞<vG1 γ  of G  such that  is the direct sum of G  and the cyclic group w wG 1 γZ  

generated by γ . 

Proof: Assume that is not a torsion group. Let  vw GG / H  denote the value group of the valuation  

restricted to the subfield  of  . Then 

w
)(xK F [ ]HGw : [ ])(: xKF< 2≤ , and  is not a torsion 

group.  It is known that there exists an (explicitly constructible) subgroup  of 
vGH /

1H H  containing with 

and an element of 
vG

[ ] ∞<vGH :1 θ  of H  such that H  is the direct sum of  and 1H θZ . [ 2.Corollary 

1.2]  So we assume that [ ] . HGw : 2=
Two cases are distinguished: 
If  ( )ϑλ + 12/ θ=  belongs to G  for some w λ  in H , then 

wGZHZHH ⊆⊕⊂⊕= 111 θθ  
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and hence  in  this case. Suppose that 11 θZHGw ⊕= )( wGh ∉+ 2/1 θ  for  any  in . It will be 

shown that 

1h 1H

θZH ⊕)1GG ww =
2
1( I  in this case. Let g  be an element of . Since , we can 

write 

wG H∈g2

 

22
1 θnhg +=  

for some   in  and  some integer . The claim is that n  must be even. If  were odd, then on writing 1h 1H n n
g  as  

+
+

=
2

1 θhg θ
2

1−n
, 

we derive that wGh
∈

+
2

1 θ
, contrar to the assumption. 

Lemma 4:  Let K  be a field of char  and let  be a function field of a conic over . Then there 

exist explicitly constructible elements c
2≠

d
F vK

K∈−  such that the K  irreducible polynomial X  is a 
defining polynominal for . [3] 

dy2 −−2

vKF /
Theorem 5: Let  be a function field of a conic over a field F K  Let  be a valuation of v K  and  be an 

extension of  to . Assume that 
w

v F vchark 2≠ . Then the residue field  of  is either an algebraic 

extension of  or  is a regular function field of a conic over a finite extension of . 
wk w

vkvk wk
Proof : We may assume that  is not an algebraic extension. In view of Lemma 4, we may write 

 where  satisfies an irreducible polynomial  over 
vw kk /

),( yxKF = ),( yx dcYX −− 22 K . Observe that  is 

transcendental over 

y
K  and that [ (: ] 2) ≤yKF . We denote by , the valuation  restricted to  and 

by ,  the residue field and the value group of . Then 
1v w )(yK

1k 1G 1v [ ] 2: 1 ≤kkw  and  is not an algebraic 
extension. 

1/ kkw

 When k = , the desired result follows from the Theorem 2 applied to the simple transcendental 
extension  and the observation that a simple transcendental extension  of a field  is the 
regular function field of a conic over  which can be visualized by writing  as  where (  
satisfies . 

1w k

Ky /)

01=

K (

−XY

)(tL
1,(tL

L
tL )(tL )/ t )/1, t

 Assume now that [ ] 2: 1 =kkw . Let ,∆′  ∆  denote the algebraic closures of  in  and  

respectively. By the Theorem 2;  is a simple transcendental extension of 
vk 1k wk

1k ∆′ and ∆′ is a finite extension of 

. If , then vk ∆⊆∆′

    . wkttk ⊆∆⊆∆′= )()(1

In view of te assumption that [ , it is now clear that in the present case ] 2: 1 =kkw

   [ ] 2: =∆′∆   and  )(tkw ∆= . 

The theorem remains to be proved when ∆=∆′   and  [ ] 2: 1 =kkw . Since 

]   [ ] [ 2:)(: 1 == kkyKF w ,     (7) 
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it follows from the fundamental inequality (cf. [1, Chapter 6, §8.3, Theorem 1(b)]) relating the degree of 
extension with the ramification indices and residual degrees that the value group of  is G ; in particular 

. By [3,Lemma 2.2], there exists a non-zero polynomial 

w 1

1)( Gxw ∈ [ ]yKyR ∈)(  of degree less than 

 such that . Set )v/( 1vEE = ))(()( 1 yRvxw =
    and   )(/ yRxT = 2 2( ) / (cy d R yη = + )
Since , the v -residue 2 2 0x cy d− − = *T   of  T satisfies the polynomial *X *η− over . In view of 

(7) and the fundamental inequality referred to above, is the only extension to 
1k

w )T,(yF =  of the valuation 

 defined on . Recall that char v′ ( )K y 21 ≠k ; it now follows from [3,Lemma 2.4] applied to the extension 

 that )(/ yKF ** η=T  is not in . Since  contains 1k 1k ∆′  which equals the algebraic closure of ∆′  in 

, we conclude that  wk *T  and hence  is transcendental over *η ∆′ . Therefore )(= *η1= kkw  is proved 

to be a function field and hence a regular function field of a conic over ∆=∆′ , as soon as we show that there 
exists a generator u  of the simple transcendental extension ∆′/1k

*η
 such that  is a polynomial in u  of 

degree  with coefficients from . By [3,Lemma 2.3],  is itself a generator, say , of the simple 

transcendental extension . if  ; in fact in this situation 

*η
2≤ ∆′ u

∆′/1k E≤d )cydeg( +2 )*η(′∆=wk  is a simple 

transcendental extension of . The remaining case is when ∆′ 1=E , i.e., when there exist  such that 

 (say) is transcendental over . In this case the polynomial   being of degree less 

than 

Ka b, ∈
u=ba− /)

1=
y(( *) vk )(yR

E , must be a constant say R . Therefore on writing  as a polynomial in 

, we conclude that  is a polynomial of degree 

2/) Rd2(cy +=η
2ba /)−y( *η ≤  in  over k . Then the theorem is 

completely proved. 
u v

Theorem 6: Let v  be a valuation of a field K  with residue field k  of char  and let  be an 

extension of  to an overfield 

v 2≠ w

v )),(xKF = (xP ,  being a non-constant poylnomial in an 

indeterminate 

)(xP
x over K . Assume that the residue field k  of  is not algebraic over. Let’s denote by   

the henselian defect of the finite extension  where v is the restriction of   to 
w w

)), ξv
D
)(,( ξwF /() K ξ w (ξK , 

ξ  is a element of  the valuation ring of   such that  .  w  *
vktrans /ξ

Then one can determine (by an explicit algorithm) an element transcendental over  and a polynomial 

 over the algebraic closure ∆  of k  in  with deg
u
A(

vk
x)))(uA v wk IRDPu /((deg) +≤ δ  such that 

))(,( uAu∆kw =  where 0=δ  or 2; indeed δ  can be chosen to be 0  when 1=I . 
2 ′Proof : We write ),( yxKF = , where . We denote by v  the valuation  

restricted to  and by ,  the residue field and the value group of . Then 

, and  is a non-algebraic extension as  is given to be so. By the  

Theorem 2,  is a simple tr. extension of a finite extension 

K\][)( xKxPy ∈= w
)(xK
(: K

vk ′

2)] ≤x vk
vG ′

vk
v′

[]:[ ≤′ Fkk vw

vk ′

/′ vw kk /
∆′  of . Throughout the proof, t  will stand for 

the particular generator of  described in the opening lines of the proof of [4 Lemma 3.2.]. If 
0k

∆′′ /vk vk ′wk = , 
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the theorem needs no proof. From now on, it is assumed that [ 2]: =′vw kk  and that , for ∆=∆′ ∆⊆∆′  

yields .  )(tkw ∆=

vG ′

)(xvG ′∈
(EE ′=′<

][x

w G= (h

2)(/)( xhx
η=2z w

).(xK

v′

2] =′vk

)*,( ηt
2−

][t
=η
η

0= vG=
∆ E′≤ (deg) /

1)( ≤tC
.0G

)(t

)(tC )(1 uB

deg t=
CtB /)(=

∆′
[)]( wkxK =

),(/() vxK ′

))(ξ

GvD D′∆′ ]][:

wG ∆

  
 
Since 
    [ ]:[)](: vw kkxKF ′=                                                    (8) 

it follows from the fundamental inequality [1 The 1 b]  that the value group of  is ;  in  particular 

. By [4 Lemma 3.1] we can choose a non-zero polynomial h  of 

degree  such that 

w
yw )( F∈

)/ 0vv′ ))(()( xhvyw ′= ; in the case G v , we choose   of degree 

. Set  

)x
0

)(/ xhyz = ,  P=η
Then   and 0)( =′ ηv

,( zxKF
. In view of  (1) and the fundamental inequality [3,§ 8.3,Theo. 2(b)],  is 

the only extension to )= of the valuation v′  defined on  It follows from [4,Lemma 3.4]  

applied to the extension   that )(x/ KF *η* =z  is not in k . Keeping in view the assumptions 

 and :[ wk ∆′=∆ , it is now clear that 

. )( *ηkk vw ∆== ′

Recall that ,  where ;  in fact   if G . By 

[4,Lemma 3.2].    with  ,  in  

2)(/)( xhxP
(/)(* tCtB=

2)(deg 2 ′≤ Exh
)(tB )(tC

)(deg 2xh w

)  satisfying PtB )(deg  and 
. Further by [4,Remark 3.3], the polynomial C  may be chosen to be of  degree 0 when 

 

deg
G =

E′Let us assume the inepuality IRD≥  to be proved below. 
If  deg , on taking u  and  writing the polynomial  as  , we see that 

 

1= )(tC= )(tB

))(,()/)(,( 1 uuBuuuBukw ∆=∆=  

as desired, for deg IRDPtBuB /)(deg)(deg)(1 ≤=
0)( =tC

. 
∆∈= Ct)(In case , say  C , then the theorem is proved on taking  and 

.  
u

uA )(
=It only remains to verify the inequality IRDE ≥′  with the assumptions ∆  and 

. The latter implies that ]::[ vkF ′ vG ′wG =  and that the henselian defect of the extension 

 is 1. Fix any element ),( wF ξ  of  with  )(xK 0)( =′ ξv  and  tr. over . Since the 
henselian defect is multuplicative, it follows that 

*ξ vk

/)(())(/)(())(/( ξ KxKdefKxKdefxKFdefD hhh ==
h

. 

Thus  equals the number  and D′ ))(/)(( ξKxKdef= kGE vv≥′ ′ :[ , as 

and . vG =′ ∆′=
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