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Abstract: In this manuscript, we use a specific definition of a fuzzy topological space. We define some basis
structures of this topology and survey properties of them such as the concepts ofF-closure,F-interior and
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1. Introduction and Preliminaries

Fuzzy sets were introduced in 1965 by Zadeh [1]. Then fuzzy topological spaces were defined

in 1968 by Chang [2] and later redefined in a different way by Lowen [3] and Hutton [4]. In

1985 Shostak [5] defined the gradation of openness and introduced the fundamental concept of

a fuzzy topological structure. Then Ibedou [6] introduced the separation axioms which depend

on the concept of valued fuzzy neighbourhoods and studied graded fuzzy topological spaces. In

almost all of definitions such as [1-11], the fuzzy topology is defined on a crisp set, but we use the

concept of a new fuzzy topology on fuzzy sets which is introduced by Taleshi [12]. It means that

M is a crisp set andX : M → [0,1] is a fuzzy subset ofM in Zadeh’s sense [1]. Then(X ,τ) is a

fuzzy topological space ifτ , as a collection of fuzzy subsets ofM which are less thanX , satisfies

the following conditions:

i) X ,φ ∈ τ .

ii) {Ai}i∈I ⊆ τ ⇒
⋃

i∈I
Ai ∈ τ .

iii) A,B ∈ τ ⇒ A∩B ∈ τ .

Each element ofτ is called anF-open subset ofX and it’s complement is called anF-closed

subset.
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In this manuscript we fuzzify fundamental concepts of topology with the above fuzzy topology as

follows:

In the first section, we define theF-neighborhood of a point in a fuzzy topological space (FTS)X

and we show that a fuzzy subset which is anF-neighborhood of an elementx is not necessarily an

F-open subset ofX .

This approach leads us to theF-neighborhood of a fuzzy subsetA of X , which this theorem holds.

Then we fuzzify some notions of topology such asF-interior andF-closure of a fuzzy subset of

X .

In section 2, we introduce the concepts of anF-boundary andF-limited points of a fuzzy subset

of X . Also, a related function of two FTS and continuity of it, is discussed.

In section 3, we define the basis and subbasis of an FTS and use them for continuous related

functions. Then, we define aT1 FTS and we finally prove a fundamental theorem.

2. F-Neighborhood of a Point in a Fuzzy Topology SpaceX

Definition 1. Let (X ,τ) be a fuzzy topological space. SupposeV ⊆ X andx ∈ suppX . If there ex-

ists anF-open subsetU of X such thatx ∈ suppU andU ⊆V , thenV is called anF-neighborhood

of x in X . We denote the set of allF-neighborhoods ofx in X by FN(x).

Remark 2. It is clear that everyF-open subsetA of X is anF-neighborhood of all elements of

suppA but the following example shows that the converse is not true.

Example 3. Let M = R andX be a fuzzy subset ofR which is defined by

X(x) =







0.5 x ∈ [1,2],

0 x /∈ [1,2].

For α ∈ (0,0.5), define

Uα(x) =







α x ∈ [1,2],

0 x /∈ [1,2].

ThenUα ⊆ X .

Takeτ = {X ,φ}∪{Uα : 0≤ α ≤ 0.3}. Then

1) φ =U0 ∈ τ andX ∈ τ .

2) For eachα ,β ≤ 0.3,

(Uα ∩Uβ )(x) =







min{α ,β} x ∈ [1,2],

0 x /∈ [1,2].
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SoUα ∩Uβ =Umin{α ,β}.

3) For each index setI of numbers less than 0.3, we have
⋃

α∈I
Uα = Uγ whereγ = sup{α : α ∈

I} ≤ 0.3. Therefore(X ,τ) is a FTS.

Let A : M → [0,1],

A(x) =







0.4 x ∈ [1,2],

0 x /∈ [1,2],

thenA ∈ Fx(M) andA /∈ τ but A is anF-neighborhood of all elements of suppA; because for all

x ∈ suppA = [1,2], we considerU0.3 ∈ τ , thenx ∈ suppU0.3 andU0.3 ⊂ A, thenA ∈ FN(x).

We define anF-neighborhood of a fuzzy set, then we prove Theorem 5.

Definition 4. A fuzzy setV in an FTS(X ,τ) is called anF-neighborhood of a fuzzy setA, if there

exists anF-open setU such thatA ⊆U ⊆ V . We denote the set all fuzzy neighborhoods ofA by

FN(A).

Theorem 5. A fuzzy setA is F-open iff for each fuzzy setB contained inA, A ∈ FN(x).

Proof. It is straightforward.

Definition 6. Let A andB be fuzzy sets in an FTS(X ,τ) andB ⊆ A. ThenB is called anF-interior

set ofA iff A ∈ FN(B). The union of allF-interior sets ofA is denoted byA◦.

Theorem 7. Let A be a fuzzy set in an FTS,(X ,τ). Then,A◦ is F-open and is the largestF-open

set contained inA. The fuzzy setA is F-open iff A = A◦. Hence

A◦ = sup{U : U ⊆ A,U ∈ τ}.

Proof. By Definition 6,A◦ is itself anF-interior fuzzy set ofA. Therefore,A ∈ FN(A◦). Hence,

there exists an open fuzzy setU such thatA◦ ⊆U ⊆ A. SinceU is anF-interior set ofA, it follows

thatU ⊆ A◦. Therefore,A◦ =U . Thus,A◦ is F-open and is the largestF-open set contained inA.

If A is open, thenA ⊆ A◦, A is anF-interior set ofA. HenceA = A◦. The converse is obvious.

Theorem 8. Let (X ,τ) be FTS andx ∈ suppX . Then we have:

1) ∀y ∈ FN(x)⇒ y ∈ suppV ,

2) V1 ∈ FN(x),V1 ⊆V2 ⇒V2 ∈ FN(x),

3) V1,V2 ∈ FN(x)⇒V1∩V2 ∈ FN(x),

4) V ∈ FN(x)⇒∃U ∈ FN(x) s.t.∀y ∈ suppU, we haveV ∈ FN(y).

Proof. We prove item 3). The other items are clear.

If Vi ∈ FN(x), i = 1,2 ⇒∃Ui ∈ τ , x ∈ supp Ui,Ui ⊆Vi. Therefore,U1∩U2(x) 6= 0 and∀y, U1∩

U2(y) ⊆ (V1∩V2)(y)⇒V1∩V2 ∈ FN(x).
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Definition 9. Let (X ,τ) be an FTS and for allx,y∈ suppX , x 6= y, there exists twoF-neighborhoods

Ux ∈FN(x),Uy ∈FN(y) such thatUx∩Uy = 0. Then(X ,τ) is called a Hausdorff fuzzy topological

space.

Example 10. Let (X ,τ) be an FTS. Then(X , FX(M)) is a Hausdorff FTS. Letx, y ∈ suppX , then

χ
{x},X

, χ
{y},X

∈ τ and, for allz, we have min{χ
{x},X

(z), χ
{y},X

(z)}= 0. Soχ
{x},X

∩ χ
{y},X

= 0.

Note that for every fuzzy subsetA of X ,

χ{x},A(z) =

{

0 z 6= x,

A(x) z = x.

From now on we writeχ{x} instead ofχ
{x}, X

.

Definition 11. Let (X ,τ) be an FTS andA ∈ FX(M). The intersection of allF-closed subsets

containingA is calledF-closure ofA and denoted bȳA.

If A is anF-closed subset, then̄A⊆ A, thereforeĀ= A. Conversely, ifĀ =A, thenA is anF-closed

subset; because every intersection ofF-closed subsets is closed too.

We now demonstrate a distinction between ordinary topologyand fuzzy topology.

Let (X , τ) be an FTS,x ∈ suppX andA ⊆ X . Then,x ∈ suppĀ does not imply that for allF-open

setsU in X , we have{U − χ{a},X}∩A 6= φ . It is sufficient that we give an example.

Example 12. Let M = {a,b,c,d,e}, X : M → I,

X(x) =

{

1 x 6= e,

0 x = e.

and

τ = {φ , x, Gα ,Vα ,Wα |α ∈ (0,1]},

where

Gα = αχ{a}, Vα = αχ{b} and Wα = αχ{a,b}.

Since we have∀α ,β ∈ [0,1]

Gα ∩Vβ = φ , Gα ∩Wβ = Gα , Vα ∩Wβ =Vα ,

Gα ∪Vβ =Wmax{α ,β}, Gα ∪Wβ =Wβ , Vα ∪Wβ =Wβ .

One can simply prove thatτ is a fuzzy topology onX .

Let A = χ{a,d}. Then, for allα , X −Vα , X −Wα andX −G are allF-closed sets containingA.

Therefore, the intersection of all of them equals toX −V1. Therefore,A = X −V1 = χ{a,c,d} . Now,

we seea ∈ suppU = G1 but (U − χ{a})∩A = φ , sinceU − χ{a} = G1− χ{a} = χ{a}− χ{a} = φ .
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Definition 13. Let X be an FTS andA ⊆ X . A is said to be anF-dense subset ofX , if Ā = X .

Definition 14. Let X be an FTS andA ⊂ X . x ∈ suppA is called anF-boundary point ofA, if for

everyF-neighborhoodV of x, we haveV 6⊆ A. The set of these points is calledF-boundary ofA

and is denoted byAm.

Definition 15. Let X be an FTS,A ⊂ X andx ∈ suppX . If x belongs to the support of closure of

A− χ{x},A , thenx is called aF-limited point ofA and the set of these points is denoted byA′.

Theorem 16. Let X be an FTS,A, B ⊂ X , then we have:

1) If A ⊆ B thenA′ ⊆ B′.

2) If A ⊆ B thenĀ ⊆ B̄.

3) A′∪B′ ⊆ (A∪B)′.

4) A∪B = Ā∪ B̄.

Proof. 1) LetC be a closed fuzzy subset ofX containingB−χ{x},B . Then,∀y, (B−χ{x},B)(y)≤

C(y). Since∀y 6= x , χ{x},B(y) = 0, soB(y)≤C(y). We supposedA ⊆ B, hence

A(y)⊆ B(y)≤C(y) ∀y 6= x.

On the other hand,(A− χ{x},A)(x) = A(x)−A(x) = 0≤C(x), therefore(A− χ{x},A)≤C.

If x ∈A′, thenx ∈ supp(A− χ{x},A), thereforeC(x) 6= 0. Thus,x belongs to the support of intersec-

tion of all closed fuzzy subsetC containing(B− χ{x},B). Hence,x ∈ supp(B− χ{x},B), implying

thatx ∈ B′.

2) LetC be anF-closed subset s.t.B ⊆C. Then,A ⊆C. Hence,Ā ⊆C, thereforeĀ is contained in

the intersection of allF-closed subsets containingB soĀ ⊆ B̄.

3) SinceA⊆ A∪B andB⊆ A∪B, it follows from 1)thatA′ ⊆ (A∪B)′ andB′ ⊆ (A∪B)′. Therefore,

∀x ∈ suppX , max{A′(x), B′(x)} ≤ (A∪B)′(x) soA′∪B′ ⊆ (A∪B)′.

4) SinceĀ and B̄ are F-closed subsets ofx containingA and B, respectively, then̄A∪ B̄ is an

F-closed set containingA∪B. SinceA∪B is the smallestF-closed set containingA∪B, hence

A∪B ⊆ Ā∪ B̄. The converse direction is obvious. Hence,A∪B = Ā∪ B̄.

Theorem 17. Let (X ,τX) be an FTS,Y ⊆ X and(Y,τY ) be an FTS. EveryF-open subset ofY is

anF-open subset ofX if and only if Y ∈ τX .

Proof. Assume that∀U ∈ τY , we haveU ∈ τX . SinceY ∈ τY , thereforeY ∈ τX . Conversely, Let

Y ∈ τX . Then,∀U ∈ τY by means of the fuzzy topological subspace (FTSS)U =V ∩Y such that

V ∈ τX . Therefore,U ∈ τX .

Theorem 18. Let (X ,τ) be an FTS andA ⊆ X . Then,
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i) (X −A)⊆ X −A◦,

ii) (X −A)◦ ⊆ X −A.

Proof. i) Let {Wi, i ∈ I} be the set of allF-open subsetsS of A, thenA◦ = ∪
i∈I

Wi. Therefore,

X −A◦ = X − ∪
i∈I

Wi = ∩
i∈I
(X −Wi),

since∀i ∈ I, X −Wi is anF-closed subset ofX containingX −A1. Therefore,(X −A)⊆ ∩
i∈I
(X −

Wi). Hence,(X −A)⊆ X −A◦. Therefore,(X −A)⊆ ∩
i∈I
(X −Wi). Hence,(X −A)⊆ X −A◦.

ii) If we setX −A instead ofA in i), we have(X − (X −A))⊆ X − (X −A◦). Hence,A ⊆ X − (X −

A◦)⇒ (X −A)◦ ⊆ X −A.

3. Basis and Subbasis of a Topological Space

Definition 19. A family β of members ofτ is called a basis of fuzzy topological space(X ,τ), if

each element ofτ is a union of members ofβ .

Let G ∈ τ andx ∈ suppG. SinceG =
⋃

k∈ω
Bk, it holds that∃k ∈ ω s.t. x ∈ suppBk andBk ⊆ G.

Lemma 20. Suppose thatβ = {Bi}i∈I ⊆ Fx(M) has the following properties

i)
⋃

i∈I
Bi = X ,

ii) B1, B2 ∈ β , B1∩B(x)> 0⇒∃B3 ∈ β , B3 ⊆ B1∩B2 andB3(x) = B1∩B2(x).

Then,τ = {
⋃

j∈J
B j, J ⊆ I} is a fuzzy topology onX andβ is a basis ofτ .

Theorem 21. Let S = {Sk |k ∈ ω} be a collection of some fuzzy subsets ofX such thatX =
⋃

k∈λ
Sk.

If β = {βi|i ∈ I} is a collection of a finite intersection of elements ofS andτ = {
⋃

j∈J
B j |B j ∈ β , J ⊆

I}, thenβ is a basis for fuzzy topologyτ on X .

Proof. SinceSk ∈ β , soX =
⋃

i∈I
Bi. Also∀i, j ∈ I, Bi ∩B j is a finite intersection of elements ofS.

SoBi ∩B j ∈ β . Therefore,β satisfies the two conditions of Lemma 20 andβ is a basis forτ .

Definition 22. Let f : M1 → M2 be a function and X∈ F(M1), Y ∈ F(M2) such thatf (X) ⊆ Y .

Then, f is called a related function ofX andY , and we writef = R f (X ,Y )

Lemma 23. If f = R f (X ,Y ), f is one-to-one and onto, then

i) ∀x, f [X ]( f (x)) = X(x),

ii) ∀x, X(x)≤ Y ( f (x)).
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Proof. i) Since f is one-to-one and onto, then for ally, there exists a uniquex such thaty = f (x)

so f−1(y) = {x}. By definition of the image off , we have

f [X ](y) =















sup
{

X (z) : z ∈ f−1 (y)
}

f−1(y) 6= φ ,

0 otherwise.

Therefore, for allx, we havef [X ]( f (x)) = sup{ X (z) : z ∈ {x}}= X(x).

ii) Since f is a related function ofX andY, we havef [X ]⊆ Y . Then,∀x, X(x)≤ Y ( f (x)). Then,

by i), we have∀y, f [X ](y)≤ Y (y).

Definition 24. Let (X , τX), (Y, τY ) be two FTS andf = R f (X ,Y ). Then,

i) f is called open iff (A) ∈ τY , ∀A ∈ τX .

ii) f is called continuous iff−1[G]∩X ∈ τX , ∀G ∈ τY .

iii) f is called a homeomorphism if it is one-to-one, onto, continuous and open.

Definition 25. S ⊆ FX(M) is said to be a subbase of(X , τ) if each element ofτ is an arbitrary

union of finite intersections of elements ofS.

Definition 26. Let (X , τ) be an FTS,x ∈ suppX andβx = {Bix | i ∈ I, Bix ∈ τX , Bix(x)> 0}. If, for

every open fuzzy subsetA and for everyx ∈ suppA, there existsBkx ∈ βx such thatBkx ⊆ A and

Bkx(x) = A(x), thenβx is called a local basis ofτ at x.

Example 27. Let M =R
n andX be a constant fuzzy subset ofM equal to 1. Then,β = {B(p, q, r),

p ∈R
n, q ∈R

+, r ∈ [0,1]} is a basis for Euclidean topology onX . B(p, q, r) is a fuzzy subset that

equals to zero outside the sphereB(p, q) and equals tor inside B(p, q). It is clear thatβx =

{B(p, q, r), p ∈R
n, q ∈ R

+, r ∈ [0,1], x ∈ B(p, q)} is a local basis for the Euclidean topology.

Example 28. Let M = R
2 andX be a constant fuzzy subset equal to 1. LetT ([a,b]× [c ,d], r) be

a fuzzy subset that is zero outside[a,b]× [c, d] andr inside this rectangle. Then,β = {T ([a, b]×

[c,d],r), a, b, c, d ∈ R, r ∈ R
+} is a basis for the Euclidean topology onX .

Lemma 29. Let X ,Y be two FTS,f = R f (X ,Y ) andβ be a basis forτY . f is continuous if and

only if f−1[B]∩X is an open fuzzy subset ofY for all B ∈ β .

Proof. Let f be continuous. Sinceβ ⊆ τY , it holds thatf−1[B]∩X ∈ τX , ∀B ∈ β .

Conversely, letf−1[B]∩X ∈ τX , ∀B∈ β . Sinceβ is a basis forτY , then for each open fuzzy subset

G of Y , we haveG =
⋃

k∈ω
Bk, Bk ∈ β , ∀k ∈ ω . Therefore, f−1[G] = f−1[

⋃

k∈ω
Bk] =

⋃

k∈ω
f−1[Bk].

Since f−1[Bk]∩X ∈ τX , ∀k ∈ ω . Hence,f−1[G]∩X ∈ τX . Thus, f is continuous.

Proposition 30. Let f = R f (x, y), then for eachx ∈ suppX and each fuzzy neighborhoodV of

f (x) in Y , f−1[V ] is fuzzy neighborhood ofx.
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Proof. Let f be continuous related function ofX andx, y ∈ suppX . Let V ∈ FN( f (x)). Then,

there exists aU ∈ τY , s.t. f (x) ∈ suppU , U ⊆V . Therefore,f−1[U ]⊆ f−1[V ] , f−1[U ] ∈ τX and

f−1[U ](x) =U( f (x)) > 0. Hence,x ∈ supp f−1[U ]. Therefore,f−1[V ] ∈ FN(x).

Theorem 31. Let S = {Si, i ∈ I} be a subbase of a fuzzy topological spaceY and f = R f (X ,Y ).

Then f is continuous if and only if∀i ∈ I, f [Si]∩X ∈ τX .

Proof. (⇐) Let β be the basis ofτX . Then, f−1[B]∩X ∈ τX , ∀B ∈ β . Since each element ofβ
is a finite intersection of elements of the subbaseS, it holds thatS ⊆ β . Therefore,f−1[Si]∩X ∈

τX ∀i ∈ I.

(⇒) If G ∈ τY , thenG = ∪
i∈I
(Si1∩ . . .∩Sik). Therefore,f−1[G] = ∪

i∈I
( f−1[Si1]∩ . . .∩ f−1[Sik]).

Since f−1[Si j] ∈ τY , so f−1[G] ∈ τX . Hence,f is continuous.

Definition 32. Let (X , τ) be an FTS and for allx, y ∈ suppX , x 6= y, there exist twoF-open sets

H, G such thatx ∈ suppG, y ∈ suppH, H(x) = 0, G(y) = 0. Then,(X , τ) is called anT1 space.

Theorem 33. (X ,τ) is anT1 FTS if and only ifχ{x} is anF-closed set for eachx ∈ suppX .

Proof. (⇒) We show thatX −χ{x} is anF-open set. LetB ⊆ X −χ{x}. Then,B∩χ{x} = /0. Since

X is a T1 space, for everyy ∈ suppB, there exist twoF-open setsHy, Gy such thatχ{x} ⊆ Hy,

χ{y} ⊆ Gy, Hy(y) = 0, Gy(x) = 0. Hence,

B =
⋃

y∈suppB

χ{y} ⊆
⋃

y∈suppB

Gy.

If we setG =
⋃

y∈suppB
Gy, thenG(x) = sup{Gy(x)|y ∈ suppB}= 0. Thus,B ⊆ G ⊆ X − χ . There-

fore,X − χ{x} ⊆ FN(B). Then, by Theorem 5,X − χ{x} is anF-open set.

(⇐) Let x, y ∈ suppX , x 6= y, then F = X − χ{x} and G = X − χ{y} are F-open sets andx ∈

suppG, y ∈ suppH, H(x) = 0, G(y) = 0. Therefore,X is anT1 space.

Definition 34. Let (X , τ) be an FTS. If there exists a countable basis forτ , then(X , τ) is called

a second countable FTS.

Lemma 35. Let (X , τx) and(Y, τy) be two FTS. Then,(X × Y, τX×Y ) defined by

τX×Y = {U × V : U ∈ τX , V ∈ τY}

is an FTS.

Proof. Straightforward.

Theorem 36. Let (X ,τx) and(Y,τy) be two FTS. Then,X andY are second-countable spaces if

and only ifX ×Y is a second-countable space.
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Proof. (⇒) Let W be an open fuzzy subset ofX × Y. There existsU ∈ τX andV ∈ τY s.t. W =

U × V. If βx, βY are two countable bases forτX , τY respectively, thenβ = {B1 × B2 : B1 ∈

βx, B2 ∈ βY} is a countable basis forτX× Y .

(⇐) Let β be a countable basis forτX× Y . We set

βx = {P−1
1 (W ) : W ∈ β }, βY = {P−1

2 (W ) : W ∈ β },

whereP1,P2 are projection functions. One can easily prove thatβX , βY are two countable bases

for τX , τY , respectively. HenceX andY are second-countable spaces.
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