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Abstract: In this manuscript, we use a specific definition of a fuzzy togical space. We define some basis
structures of this topology and survey properties of theohsas the concepts éf-closure,F-interior and
F-limited points of a fuzzy subset of a topological space. dbwer, we redefine the concepts of the basis
and subbasis of this topology and discuss about contingated functions and prove some theorems about
them.
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1. Introduction and Preliminaries

Fuzzy sets were introduced in 1965 by Zadeh [1]. Then fuzpglomical spaces were defined
in 1968 by Chang [2] and later redefined in a different way byven [3] and Hutton [4]. In
1985 Shostak [5] defined the gradation of openness and indeollthe fundamental concept of
a fuzzy topological structure. Then Ibedou [6] introduckd separation axioms which depend
on the concept of valued fuzzy neighbourhoods and studiadegl fuzzy topological spaces. In
almost all of definitions such as [1-11], the fuzzy topologyléfined on a crisp set, but we use the
concept of a new fuzzy topology on fuzzy sets which is intastlby Taleshi [12]. It means that
M is a crisp set an& : M — [0,1] is a fuzzy subset ol in Zadeh'’s sense [1]. ThefX,1) is a
fuzzy topological space if, as a collection of fuzzy subsets i which are less thaX, satisfies
the following conditions:

) X,peT.
i) {AtiaCtT = UAET.

iel
i) ABet = AnBer.

Each element of is called anF-open subset oK and it's complement is called dr-closed

subset.
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In this manuscript we fuzzify fundamental concepts of togglwith the above fuzzy topology as
follows:

In the first section, we define theneighborhood of a point in a fuzzy topological space (FXS)
and we show that a fuzzy subset which issaneighborhood of an elemenris not necessarily an
F-open subset oX.

This approach leads us to tReneighborhood of a fuzzy subs&tof X, which this theorem holds.
Then we fuzzify some notions of topology suchFagénterior andF-closure of a fuzzy subset of
X.

In section 2, we introduce the concepts offaboundary and--limited points of a fuzzy subset
of X. Also, a related function of two FTS and continuity of it, isclissed.

In section 3, we define the basis and subbasis of an FTS andeisefor continuous related
functions. Then, we define FTS and we finally prove a fundamental theorem.

2. F-Neighborhood of a Point in a Fuzzy Topology Spac&

Definition 1. Let (X, 1) be a fuzzy topological space. Suppdse X andx € suppX. If there ex-
ists anF-open subsdtl of X such thak € suppU andU CV, thenV is called ar--neighborhood
of xin X. We denote the set of dfi-neighborhoods afin X by FN(x).

Remark 2. It is clear that everyr-open subsef of X is anF-neighborhood of all elements of
suppA but the following example shows that the converse is not true

Example 3. LetM =R andX be a fuzzy subset @& which is defined by

Fora € (0,0.5), define

ThenU, C X.

Taket = {X,p} U{Uy :0<a <0.3}. Then
l)p=UpetandX €.
2) For eachn,3 < 0.3,

min{a,B} xe€][1,2],

(Ua NUR)(X) {
0 x¢ [1,2].
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SoUq ﬂUB = Umin{a7/3}-

3) For each index sdtof numbers less than 0.3, we hayg¢ U, = U, wherey =sup{a : a €
ael

I} <0.3. Thereforg X,7) is a FTS.

LetA: M — [0,1],

0 x¢11,2],

thenA € F(M) andA ¢ 1 but A is anF-neighborhood of all elements of supp because for all

{0.4 xe[1,2],
A(X) =

X € suppA = [1,2], we considelg 3 € T, thenx € suppUp 3 andUp 3 C A, thenA € FN(x).
We define ar--neighborhood of a fuzzy set, then we prove Theorem 5.
Definition 4. A fuzzy setV in an FTS(X, 1) is called ar--neighborhood of a fuzzy sét if there

exists arnF-open set) such thatA CU C V. We denote the set all fuzzy neighborhoodsAdiy
FN(A).

Theorem 5. A fuzzy setA is F-open iff for each fuzzy seéB contained imA, A € FN(x).

Proof. Itis straightforward. [

Definition 6. Let AandB be fuzzy sets in an FT&, 1) andB C A. ThenBiis called arF-interior
set of Aiff A€ FN(B). The union of allF-interior sets ofA is denoted byA°.

Theorem 7. Let Abe a fuzzy setin an FT$X, 7). Then,A° is F-open and is the largeBt-open
set contained i\. The fuzzy sef is F-open iff A= A°. Hence

A’ =supfU:UCAUEeT}.

Proof. By Definition 6,A° is itself anF-interior fuzzy set ofA. Therefore A € FN(A®). Hence,
there exists an open fuzzy détsuch thatA® CU C A. SinceU is anF-interior set ofA, it follows
thatU C A°. ThereforeA° =U. Thus,A° is F-open and is the largeBt-open set contained iA.
If Ais open, therA C A°, Ais anF-interior set ofA. HenceA = A°. The converse is obvious.m

Theorem 8. Let (X, 1) be FTS and € suppX. Then we have:
1) Yy € FN(x) =y € suppV,
2) Vi € FN(x),V1 C V2 =V, € FN(X),

3) V1,V € FN(X) = V1NV, € EN(X),
4) V € FN(x) = 3U € FN(x) s.t.Vy € suppU, we haveV € FN(y).

Proof. We prove item 3). The other items are clear.
If Vi e EN(x),i=1,2 = 3U; € 1, x € supp U;, U; CV,. ThereforelJ; NU,(x) # 0 andvy, U1 N
Uz(y) € (ViNVo)(y) = ViNVz € FN(X). |
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Definition 9. Let (X, 7) be an FTS and for al,y € suppX, x #y, there exists twé -neighborhoods
Uy € FN(x), Uy € FN(y) such thatlynUy = 0. Then(X, 1) is called a Hausdorff fuzzy topological
space.

Example 10. Let (X, 1) be an FTS. The(X, Fx(M)) is a Hausdorff FTS. Let, y € suppX, then
Xoox> Xy.x € T and, for allz, we have mifx,, . (2), X, «(2} =0. Sox,, , N X, « =0.

Note that for every fuzzy subsétof X,
Xix.A(2) = {

From now on we writex;y, instead ofx{x}‘x.

Definition 11. Let (X,7) be an FTS and\ € Fx(M). The intersection of alF-closed subsets
containingA is calledF-closure ofA and denoted by.

If Ais anF-closed subset, thehC A, thereforeA= A. Conversely, ifA= A, thenA is anF-closed
subset; because every intersectioreflosed subsets is closed too.

We now demonstrate a distinction between ordinary topokogy fuzzy topology.
Let (X, T) be an FTSx € suppX andA C X. Then,x € suppA does not imply that for alF-open
setsU in X, we have{U — x(a1 x } NA # @. Itis sufficient that we give an example.

Example 12. LetM = {a,b,c,d,e}, X:M —1,

w-{l
and
T={@, X, Gqg,Va, Wy |a € (0,1]},
where

Go =0X(@, Va=0Xp and Wy = dXab)-

Since we have&/a, 8 € [0,1]
GaﬂVB:(p, GGHWB:GG, VGHWB:VG,
Gq UVB :Wmax{a,ﬁ}7 Ga UWB :WB7 Vo UWﬁ :W/B-
One can simply prove thatis a fuzzy topology orX.

Let A= X(aay- Then, for alla, X —Vy, X —Wy andX — G are allF-closed sets containing.
Therefore, the intersection of all of them equalXte V;. ThereforeA=X —V; = X{a,c,d}- Now,
we seea € suppU = Gy but (U — x(a) NA= @, sinceU — X(ay = G1— X{a} = X{a} — X{a} = @-
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Definition 13. Let X be an FTS and C X. Ais said to be afr-dense subset o, if A=X.

Definition 14. Let X be an FTS and\ C X. x € suppA is called anF-boundary point o, if for
everyF-neighborhood/ of x, we haveV Z A. The set of these points is callédboundary ofA
and is denoted bp™.

Definition 15. Let X be an FTSA C X andx € suppX. If x belongs to the support of closure of
A—Xx,a » thenxis called aF-limited point of A and the set of these points is denotedty

Theorem 16. Let X be an FTSA, B C X, then we have:

1) If AC BthenA' C B.
2) If AC BthenAC B.
3) AuB' C (AuB).

4) AUB=AUB.

Proof. 1) LetC be a closed fuzzy subset ¥fcontainingB — X, g - Then,vy, (B— X(x;,8)(Y) <
C(y). Sincevy # X , Xp,8(Y) =0, soB(y) < C(y). We supposed C B, hence

Aly) CB(y) <C(y) Vy#x.

On the other handA — Xx3,a) (X) = A(X) — A(X) = 0 < C(x), therefore(A— X3, a) <C.

If xe A, thenx € supp(A— Xx.a), thereforeC(x) # 0. Thus x belongs to the support of intersec-
tion of all closed fuzzy subs& containing(B — X(x},8). Hencex € supp(B — X;x.8), implying
thatx € B.

2) LetC be anF-closed subset s.B CC. Then,ACC. Henceﬁ_\g C, thereforeA is contained in
the intersection of alF-closed subsets containirBJsoA_\ CB.

3) SinceA C AUB andB C AUB, it follows from 1)thatA’ C (AUB)" andB’ C (AUB)'. Therefore,
Vx € suppX, max{A'(x), B'(x)} < (AUB)'(x) soAUB' C (AUB)'.

4) SinceA and B are F-closed subsets of containingA and B, respectively, theU B is an
F-closed set containind U B. SinceAU B is the smallest-closed set containing U B, hence
AUB C AUB. The converse direction is obvious. Hende,B = AUB. n

Theorem 17. Let (X, 1x) be an FTSY C X and(Y, y) be an FTS. Ever{-open subset of is
anF-open subset of if and only ifY € 1x.

Proof. Assume thavU € 1y, we havel € 1x. SinceY € 1y, thereforeY € 1x. Conversely, Let
Y € 1x. Then, VU € 1v by means of the fuzzy topological subspace (FTSS} V NY such that
V € 1. ThereforeJ ¢ 1«. ]

Theorem 18. Let (X, 1) be an FTS ané C X. Then,
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—A)CTX-A,
—APCX-A

Proof. i) Let {W,i € |} be the set of alF-open subsetS of A, thenA° = _UIW.. Therefore,
le

X=A"=X—-UW=nN(X-W),

i€l i€l

sinceVi € I, X —W is anF-closed subset o containingX — A;. Therefore(X —A) C N(X —

i€l

W). Hence, (X —A) C X — A°. Therefore(X —A) C N(X—W). Hence,(X —A) C X — A°.

icl
ii) If we setX — Ainstead ofAin i), we have(X — (X — A)) C X — (X —A°). Hence AC X — (X —
A)= (X-APCX-A [

3. Basis and Subbasis of a Topological Space

Definition 19. A family 3 of members off is called a basis of fuzzy topological spacé 1), if
each element of is a union of members 8.

Let G € T andx € suppG. SinceG = |J B, it holds that3k € w s.t. x € suppBk andBy C G.
kew

Lemma 20. Suppose thgB = {B;}ici C Fx(M) has the following properties

) UBi=X,
i€l

i) B;,BoeB,B1N B(X) >0=3dB3 B, B3CB1NB; andB3(x) =BiN Bz(X).

Then,r = { U Bj,J C |} is a fuzzy topology orX andf is a basis of.
jed

Theorem 21. Let S= {S| k € w} be a collection of some fuzzy subsetso$uch thalX = |J .
keA
If B={Bi|i €} is acollection of afinite intersection of elementsSaindr = { | B; |Bj € 3,J C
jed
I}, thenf is a basis for fuzzy topology on X.

Proof. SinceS € B, soX = |JB;. AlsoVi, j €1, BiN B is a finite intersection of elements &f
iel

SoB;NB; € B. Therefore B satisfies the two conditions of Lemma 20 giés a basis for. =

Definition 22. Let f : My — M3 be a function and X F(M31), Y € F(Mz) such thatf (X) CY.
Then, f is called a related function of andY, and we writef = Rf(X,Y)

Lemma 23. If f =Rf(X,Y), f is one-to-one and onto, then

) vx, FX](F(x) = X(X),
i) ¥x, X(x) <Y(f(x)).
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Proof. i) Since f is one-to-one and onto, then for glithere exists a uniquesuch thaty = f(x)
so f~1(y) = {x}. By definition of the image of, we have

sup{ X(2) :ze f~(y)} =1 y) # o,
fIX](y) =
0 otherwise

Therefore, for alk, we havef [X](f (X)) = sup{ X(2) :ze {x}} = X(x).

ii) Since f is a related function oK andY, we havef[X] CY. Then,vx, X(x) <Y(f(x)). Then,
by i), we havevy, f[X](y) <Y(y). ]

Definition 24. Let (X, 1x), (Y, Ty) be two FTS and = Rf(X,Y). Then,

i) fis called open iff(A) € Ty, VA€ 1x.
i) fis called continuous if }[G]NX € 1x, VG € Ty.
iiiy f is called a homeomorphism if it is one-to-one, onto, corgirmiand open.

Definition 25. SC Fx(M) is said to be a subbase OX, 1) if each element of is an arbitrary
union of finite intersections of elements &f

Definition 26. Let (X, T) be an FTSx € suppX andfx = {Bix|i € |, Bix € 1x, Bix(x) > 0}. If, for
every open fuzzy subsétand for everyx € suppA, there existByy € B« such thaBy C A and
Bix(X) = A(x), thenfy is called a local basis af at .

Example 27.LetM = R" andX be a constant fuzzy subsetMfequal to 1. Then3 = {B(p, q, r),
peR" ge R, r€[0,1]} is a basis for Euclidean topology o B(p, g, r) is a fuzzy subset that
equals to zero outside the sphdgp, q) and equals ta inside B(p, q). It is clear thatB, =
{B(p,q,r), pe R", qe R*,r €[0,1],x€ B(p, q)} is a local basis for the Euclidean topology.

Example 28. Let M = R? andX be a constant fuzzy subset equal to 1. Téia, b] x [c,d], r) be
a fuzzy subset that is zero outsifeb] x [c, d] andr inside this rectangle. Thep,= {T([a, b] x
[c,d],r),a b,c,de R reR"}is abasis for the Euclidean topology ¥n

Lemma 29. Let X, Y be two FTS,f = Rf(X,Y) andf3 be a basis fory. f is continuous if and
only if ~1[B]NX is an open fuzzy subset ¥ffor all B € B.

Proof. Let f be continuous. Sincg C Ty, it holds thatf ~1[B]NX € 1%, VB € B.

Conversely, lef ~1[B]NX € 1«, VB € 3. Sincef is a basis forry , then for each open fuzzy subset
G of Y, we haveG = |J By, Bx € B, Vk € w. Therefore,f 1G] = f~1[ U By = U f~1[By.
kew

kew kew
Sincef~1[ByNX € 1x, Vk € w. Hence,f~1[G]NX € 1x. Thus, f is continuous. n

Proposition 30. Let f = Rf(x, y), then for eachx € suppX and each fuzzy neighborhodd of
f(x) inY, f~1[V]is fuzzy neighborhood of.
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Proof. Let f be continuous related function &f andx, y € suppX. LetV € FN(f(x)). Then,
there exists & ¢ 1y, s.t. f(x) € suppU, U C V. Therefore,f U] C f~1V], f~1U] € 1x and
f=1U](x) =U(f(x)) > 0. Hencex ¢ suppf—t[U]. Therefore,f ~1[V] € FN(x). n

Theorem 31. Let S= {S,i € |} be a subbase of a fuzzy topological spacand f = Rf(X,Y).
Thenf is continuous if and only i¥i € I, f[S]NX € 1x.

Proof. (<) Let B be the basis ofyx. Then,f~1[B]NX ¢ 1x, VB € B. Since each element @&
is a finite intersection of elements of the subb&si holds thatSC . Therefore,f ~1[S]NX €
> Viel.

(=) If G € 1y, thenG = _UI(Sm...mSk). Therefore,f ~1[G] = _Ul(f—l[sl] N...0 f71SK)).
le e
Sincef~1[Sj] € tv, sof 1G] € 1x. Hence,f is continuous. n

Definition 32. Let (X, 1) be an FTS and for ak, y € suppX, x #y, there exist twd--open sets
H, G such thak € suppG, y € suppH, H(x) =0, G(y) = 0. Then,(X, 1) is called anT; space.

Theorem 33. (X, 1) is anTy FTS if and only ifxy,, is anF-closed set for eacke suppX.

Proof. (=) We show thaX — xy,, is anF-open set. LeB C X — (. Then,BN Xy, = 0. Since
X is aTy space, for every € suppB, there exist twd=-open setdHy, Gy such thatx;x C Hy,
Xiyy € Gy, Hy(y) = 0, Gy(x) = 0. Hence,

B= U xyw< U G
yesuppB yesuppB

lfwesetG= | Gy, thenG(x)=sup{Gy(x)|y € suppB} =0. Thus,BC G C X — x. There-
yesuppB
fore, X — X1y € FN(B). Then, by Theorem 5 — x4 is anF-open set.

(<) Letx,y € suppX,x #y, thenF = X — Xy, and G = X — Xy, are F-open sets and €
suppG, y € suppH, H(x) = 0, G(y) = 0. Therefore X is anT; space. ]

Definition 34. Let (X, 1) be an FTS. If there exists a countable basistfdhen (X, 1) is called
a second countable FTS.

Lemma 35. Let (X, 1¢) and(Y, 1y) be two FTS. Then(X x Y, 1x.y) defined by
xxy ={Ux V:U€e1x, Ver}
isan FTS.
Proof. Straightforward. [

Theorem 36. Let (X, 1) and (Y, 1y) be two FTS. ThenX andY are second-countable spaces if
and only ifX x Y is a second-countable space.
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Proof. (=) LetW be an open fuzzy subset ¥fx Y. There existd) € 1x andV € 1y s.t. W =
U x V. If B, By are two countable bases fog, 1y respectively, therB = {B; x By : B; €
Bx, B2 € By} is a countable basis fak . v.

(<) Let B be a countable basis fak . v. We set
Be={P,1(W): WeB}, By={P (W):WepB},

wherePy, P, are projection functions. One can easily prove {Bat By are two countable bases
for 1x, Ty, respectively. Henc¥ andY are second-countable spaces. [
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