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Abstract: The present study investigates a mathematical model for [d&Yied out in a district of Ker-
man. The statistical sample comprises all men and womenglivi that district. Two different mathematical
models are introduced for HBV related to this populationteDenalysis was carried out with MATLAB pro-
gramming. The results indicate that there is a meaningfatiomship between the vaccination and epidemic
disease.
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1. Introduction

Spreading infection is a cause of a great anxiety for the mupaogulation. In the past centuries,
when an epidemic disease appeared in a society, a large nofrgeople would die consequently.
For instance, small-pox appeared in Mexico in the 16th ggnteading to a population decrease
from 30 million to 2 million within 50 years [2]. To prevent dreontrol an infectious disease, it is
important to know the mechanism of spread and the dynami@o$nission [7, 15].

Albeit the mathematical modeling of infectious diseasdsslback to 1760, when Bernoulli used
mathematical modeling to describe the small-pox for thetiimse [26]. The comprehensive study
of infectious diseases by mathematical models was inateglied the beginning of the 20th cen-
tury [1, 2, 18]. Notably, Hamer introduced a model for the Blea in 1906. In 1911, the physicist
Ross applied differential mathematical modeling techegun order to model the transmission of
Malaria from Mosquito to human. Then, in 1926, Kermak and dfakick introduced the famous
SIR model so as to describe the epidemic plague that happehetdon in 1666 [7, 26, 34].

To prevent and control an infectious disease more effdgtiitds of high importance to entirely
understand the mechanism of the spread and dynamics oétintission of the disease, and then
provide applicable predictions and guidance so as to ésttabirategies that can be applied in
practice. It is remarkable that during 20th century, a g mathematical models for infectious
disease have been formulated and described based on popuwghamics, behavior of disease
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transmissions, features of the infectious agents and etieal and physiological factors [4, 5, 6,
17, 29, 30, 35].

2. Literature Review

Hepatitis B, HBV for short, is one of the prevalent diseaseddaveloping countries. It is caused
by the Hepanda virus, which attacks the liver. It can causle &cute and chronic disease [3, 16,
19, 21].

The transmission of HBV to a healthy individual is by contasth the blood or body fluid of an
infected person in the same way as HIV. However, HBV is 50 1 tifdes more infectious than
HIV [27, 28].

The major factors in getting infected with HBV are

e from mother to baby at birth,
e unsafe injections and transfusions,
e unprotected sexual contact.

In general, viral diseases do not respond to any specifitmiezd [23, 24]. In this case, either
patients would regard for their health conditions or pasiebodies naturally produce proper an-
tibodies to act against the virus. Vaccination is the mosfguable strategy to protect a society
against epidemic disease [23, 28, 30].

The virus starts to replicate increasing just 3 days aftegramy the liver cells. Nonetheless, the
illness manifests itself after approximately 45 days [3tli detectable that HBV has an infectious
period of 3 months [24, 25, 29].

About 2 billion people have been infected with the virus awbthe world and about 350 million
suffer from chronic infection [9, 21, 22, 27]. It is estimdtdhat around 600000 people die every
year due to acute and chronic consequences of hepatitisdB5@million new cases are diag-
nosed annually. Furthermore, about 25 percent of adultshgbome chronically infected during
childhood die from liver cancer or cirrhosis [9, 25, 28].

Recent collected data demonstrates that the overall pres&lof HBV in Iran is less than 3 percent
[10]. Making attempt to raise general public awareness B8H&Y transmission along with per-
forming the vaccination program for all newborns, healtreasorkers and those at risk of HBV
infection, initiated from 1993, have influenced the healtficome [10]. The reported prevalence
of HBV infection in Iran have been on the fall from aboub®ercent in 1990s to.24 percent in
2000s [11].

Researches show that the prevalence of HBV in Iran has a ggluigal variation. Several re-
searches have been conducted into the rate of infectionsntiasion in different provinces of
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Iran. In 2006, Behbahani et al. worked on 2000 samples an@6ESlpercent) blood samples
were found to be positive for anti-HBC. The study was undemato assess the prevalence of
HBV in Fars [12].

In 2009, Merat et al considered 6583 randomly chosen subfeatn three provinces in Iran,
namely Tehran, Golestan and Hormozgan. The subjects agwddie18 and 65. The prevalence
of hepatitis B surface antigen and anti-hepatitis B coréadt were 23 percent and 12 percent,
respectively in Tehran. The corresponding items in Horraoagere 13 percent and.Z percent,
respectively, and in the case of Golestan, they wekg@8rcent and 36 percent, respectively [13].
Moreover, Fathimogaddam et al. perceived 1652 randomlgaindealthy individuals aged 1 to
90 from Mashhad, located in the Khorasan-e-Rasavi proyimc2011. The prevalence of HBV
was found to be B9 percent [14].

According to the aforementioned researches, in spite abmatde vaccination of newborns
against HBV starting from 1992, hepatitis B virus infectibad remained a key components of
chronic liver disease in Iran.

In this paper, we introduce two mathematical models for HB¥ predict the number of infec-
tious people in a city in the Kerman province by data infoioraend number analysis. Although
we can use these models for any population, we considerististtcommunity of 77369 indi-
viduals living in the aforesaid vicinity. This statisticabmmunity has been observed during 2012.
Moreover, should someone from this population consult &atae concern with HBV, then either
all of their family will be vaccinated 3 times in 6 months oethwill fall ill.

In the case of these models, we divide the population intcstparate parts. Susceptible, exposed,
vaccinated, infected and recovered individuals in whicovered ones are immune to the disease.
The statistical population is divided regarding the gesddits members. The applied models are
time dependent, because the population will change inrdiftecourses of time.

The paper is organized as follows. In the next section, wegmtethe mathematical models and
describe their structure. In section 3, we employ the nurakrnethod, Runge-Kutta, to solve
the differential equation system. In the end, we make ptiogjes and provide descriptions of the
future of the disease by presenting diagrams that were duélizing MATLAB programming.

3. Mathematical Models

In this section, we introduce two mathematical models foM®nsidering two different cases.
The first case concerns the situation in which there is engagbine available for everyone who
needs it. Moreover, all newborns and those at risk receigeina. The second one arises when
there is not enough vaccine and only newborns who are atetsive vaccine.
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We divide the population into five boxes as susceptible, sggovaccinated, infected and recov-
ered class which are denoted 8)E,V,| andR respectively [20, 22, 32, 33]. L&), E(t), I (t)
andV (t) be the number of individuals who are in the cl&<, | andV at timet respectively,
and suppose thai(t) is the total population size at tinte Hence,N(t) = S(t) + E(t) + 1 (t) +
V(1) +R(t). We also put the total population and the population of e¢$sdnto two major parts.
Women who are denoted I8, E;, 11,V1, Ry, N1 and men who are indicated 18, E,, 12,V, andR;
respectively. Thus

Ni(t) = Sp(t) + Ea(t) + 11 (t) +Va(t) + Ru(t),
Na(t) = Sp(t) + Ea(t) + I2(t) + Va(t) + Re(t).

It is noticeable that newborns are delivered by individualgroupN; (women), ergo, onlyN;
gives rise to the population increase.

In the first situation, there is enough vaccine for the pdjpma Therefore, all the newborns are
immune to receive vaccine, unless either mother is to betiedeor to be exposed to the disease.
In this model, an average member of the population makesacbwith SN individuals per unit
time, whereN is total population size. The number of new infected indial$ per unit time in
concern with every infective contact @QN)%, giving a new rate for infected clagsS, |, where

I =11+ 1. A susceptible woman leaves the cl&st a rate ofuS; or mS; per unit time, where
the positive parametegsandmare natural death and vaccination rates respectivelysitpposed
that the rate at which the transfer from the exposed classetmfected class occurskslt is also
supposed thatrE; is the rate at which the individuals in the exposed perio@iuecvaccine at
timet.

A is the birth rate. We assume that the birth rate of newbors boy girls are equal. If the mother
of a newborn is to be healthy, the baby will be includedrinor R,. Otherwise, due to his or her
health conditions, the baby will be included in one of thesstsE,, E;, 11 or I>. %, is the average
length of the period of infection. Hence, infected indivatkileave the claslsat a rate ofyl per
unit of time. We assume that the fractiérof the yl members who leave the infected class at time
will recover and the remaining fractiofi. — f), will die of the disease. Since the vaccination is not
perfect, we suppose that a fraction of vaccinated indivgjusayo will get infected. Moreover, a
fraction f, of nV1 members will leave the infected class at titnend recover. Similarly, we can
write equations for men.
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Therefore, the model is
S =-B(1-mSl —puS—ms,
Er=B(1-m)Sl — (a+ (1—a)k+ p)E1+AEg,
I1 = (1—a)KE; — (U +Y)l1+BOIVL+ Ay,
Vi =aE;+mS; — BolVy—nVy,
Ri=yfli+nfVi+A (S +Ry) — URy,
Ny = —(1— f)yl— (1= f)nVa+ ANy — Ny,
S =-BS(1-ml—puS-ms,
Ex=BS(1—m)l —(a+(1—a)k+ u)Ex+AEy,
Iy = (1— o )KEo — (U + Y)lo+ BaIVa+ Al
Vo = 0B +mS — BolIVa — Vs,
Ro=yflo+nfVo+A (S +R1) — R,
Ny = —(1— f)yla— (1— f)nVa+ ANy — uNo.

The flow chart for this model is given in the following figure.

Vi
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FIGURE 1. Flow chart for the model with enough vaccine for the potioita

In the second case, it is presumed that there is not enougimeaand as a result, only newborns
who are at risk will receive it. Therefora,= A1+ Ao, in which A is the rate of newborns that are
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at risk anda; is the rate of the others. Considering these assumptioasnéthematical model is

S =-B(A-mSI — S —mS + A8,
Er=B(1-m)Sl — (a+ (1—a)k+ p)Er+AEg,
I1 = (1— a)kE1 — (U + V)1 + BOlIVL + Ay,

Vi =aE;+mS; — BolVy—nV,

Ry = yfli+nfVi+A1(Si+Ry) — LRy,

Ny = —(1—f)yli— (1— f)nVa+ ANy — Ny,
S=-BS(1-ml—uS—mS+AS,
Ex=BS(1—m)l —(a+(1—a)k+ u)Ex+AEy,
Iy = (1—a)kEx — (U +y)lo+ BOIVa+Aly,

Vo = 0B +mS; — BOlIVa — Vs,

Ro = yflo+nf Va4 A1(S1+Ry) — LRy,

Ny = —(1— f)yla— (1— f)nVa+ ANy — uN,.

The corresponding flow chart is as follows
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FIGURE 2. Flow chart for the model without enough vaccine for theydagon

Notations and values used in model are described in theAfimitptable.

In next sections, by using the Runge-Kutta method, we prede future of the disease for the
population under consideration with the two different case
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Paramete Description Value
N Total population size 77369
S Number of susceptibles 76537
[ Number of infected individuals 48
E Number of exposed individuals 118
Vv Number of vaccinated individuals 1401
B Infection rate 1.29x 104
u Natural death rate 0.005
y Recovery rate 0.005
m Rate of vaccinated susceptible individuals 0.01
A Birth rate 0.014

1/k Average time for exposed class 45

TABLE 1. Parameters and values for the model

4. The Numerical Method

First, we make a fruitful introduction to the Runge-Kuttathml of order four [8]. Consider a
differential equation system of order one.

dUl

— = f1(t,u;, Up,...,u

dt l() 1, U2y .00y m)a
dU2

— = fo(t,u;,Up,...,U

dt 2() 1, U2y .00y m)a
du

—dtm = fm(t, U1, Up, ..., Um).

with initial conditionsu;(a) = a1,ux(a) = az,...,Un(a) = dm, Wherea <t < b. We wish to
find the functionsuy,u,,...,un. Let N be a natural number. Sét= b—,jf‘ andtj = a+ jh for
all j =0,1,2,...,N. Additionally, fori =0,1,....mand j = 0,1,...,N, assume thaw; j is an
approximation ofu;(t;), wherew; ; is theith solution ofu; at the endpoint. Hence, the initial

conditions arev; g = a1,Wo 0 = 02, ...,Wmo = Om.

Consideringwy j,Ws j, ...,Wn j to be computed, the values wf j1,W2j 1,...,Wnj+1 Can be ob-
tained by the following formula

1
Wi jt1 =W ] +é(kl,i + 2ko + 3kai + Kaj), 1)
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where for every, we have

ki = hfi(tj,wyj,Woj,...,Wmj),

h ki1 Ky 2 K1,m
koj = hfi(t; + 5o WLj 57 Waj 5 e Win j 7)7

h ko1 ko2 Ko.m
k3] = hfl (tj + E7Wl,j + 77W27j + 77---7Wm7j + 7)7

h
Kaj = hfi(tj + 5 W+ ka1, Wo, j +Ka2,...,Wm j +Kam).

Now, the initial conditions can be written ag o = S;(0),W20 = E1(0),W30 = 11(0),Wa0 =
V1(0),ws0 = N(0),ws 0 = $(0), w70 = E2(0),wg o = 12(0),wg o0 = V2(0). By applying these con-
ditions to Matlab programming, we solved the differentiquation systems of our models, after
that utilizing a couple of diagrams, we made a predictiorualtize future of disease.

In the course of the study, the statistical population thabnsidered in this paper included 38684
women of which 21 were infected, 56 were in exposed period, &l received the vaccine and
18 had recovered. During the same period, there were alst6386&n of which 27 were infected,

62 were in the exposed class, 720 had received the vaccing3apdople had recovered. There

were 1143 newborns and 429 dead individuals.

In our models, the rate at which individuals leave the class k = 4i5 = 0.02 where 45 is the

average time spent in the exposed class. The recovery rgte i$ = ﬁ) = 0.005 where 180 is

the average time that was spent in infected class. The wayghimh the disease is transmitted
are varied. The most prevalent ones are: being in direciacomith an infected person’s blood
or body fluids, from mother to her baby and using an infectedqgres cosmetics. Thus, an
infected person can effectively be in contact with his/temnify and five to six people out of
home. Furthermore, the average population of each famillgarcity was 4 in our study. Hence,
an average number of the population who makes contact peofuitne sufficient to transmit the
infection isBN. Ergo, B = 39 = 1.29x 1074,

We know that the vaccination is not complete and around 90emé¢rof individuals who receive
the vaccine will be immune. Therefore, the risk of infectfon individuals who have received
the vaccine iss = 0.1. We can compute the other parameters in a similar way. In fae get
A =0.014,u = 0.005,m=0.01, a = 0.001, andf = f, = 0.99.

Now by utilizing this information in Matlab programming, vaee capable of drawing diagrams for
females and males. In these diagra®$t), Ei(t),1;(t),Vi(t) andRi(t) are considered;,b;,ci, d;
ande for i = 1,2 respectively.
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5. Implementation

In the first case, we assumed that there is enough vaccinedqapulation and all the newborns
received it. The number of susceptible individuals was espgd to decrease, owing to the fact that
nobody went to clasSand the members &were going to leave the class, partly due to receiving
the vaccine and the others on account of being exposed toféwtion and transferring to clags

as a consequence. In fact, the susceptible individualsferened to the exposed class at a fraction
of B(1—m). Consequently, the curve is on the fall.

On the other hand, due to the high rate of vaccination, a gad/imdividuals in clasg& received
the vaccine and recovered. Hence, after a while, the cursteagly at a constant level. Similarly,
the number of individuals who are infected was expected torb¢he rise. Nevertheless, the
growth rate was in a lower slope. Therefore, the epidemicB¥lis not bound to happen for the
considered population as can be seen in Figure 3 and 4.
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FIGURE 3. A solution of the system for women with initial conditiotizat are
set as($(0),E;1(0),11(0),V1(0),R1(0)) = (3790856,21,681 18). In this case,
all the newborns and people who at risk will received the weec

It is noticeable that the occurrence of the second modelnsirggent upon two key components.
Consequently, the second model occurs, in case the biglsrah the increase and the vaccination
rate to be on the decline in a way that only the individuals ateat risk receive the vaccine. We
consideredA = 0.1, notably 01 of newborns were at risk. Figures 5 and 6 illustrate theadise
in the second model for women and men respectively. As theefggillustrate, the number of
susceptible individuals was on the increase at the beginitonetheless, as time went by, their
number declined and eventually, remained steady at a eurstael on account of the fact that
loads of them get infected and transferred to ckass
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FIGURE 4. A solution of the system for men with initial conditionsatlare set as
($(0),E2(0),12(0),V2(0),R2(0)) = (3785362,27,720,23). In this case, all the
newborns and people who at risk will received the vaccine.
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FIGURE 5. A solution of the system for women with initial conditiotiat are set
as($1(0),E1(0),11(0),V1(0),R1(0)) = (3790856,21,681 18). In this case, there
is not enough vaccine for the population.

Thus, the curves fdg andl have upward trends. As a result, the probability that thdeapic will
happen in the future would be high.
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FIGURE 6. A solution of the system for men with initial conditionsatrare set
as($(0),Ez(0),12(0),V2(0),Rx(0)) = (3785362,27,720,23). In this case, there
is not enough vaccine for the population.

6. Conclusion

In this paper, two mathematical models for HBV related toatistical sample were investigated.

Specifically, the models are analyzed by applying a numlarieghod in MATLAB programming.

In the end, the relationship between the vaccination andeepic is investigated.
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