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Abstract-The proposed model in this study is the fractional
differential equation’s system with multi-orders  of the
dimensionless Lengyel-Epstein model being the oscillating
chemical reactions. It is founded the positive equilibrium point.
Also, the stability of the positive equilibrium point obtained
from this system is analysed. The results founded from this
qualitative analysis are corroborated by numerical simulations
drawn by various programs.
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. INTRODUCTION

The oscillating chemical reactions as the Belousov-
Zhabotinsky reaction and the Briggs-Rauscher reaction are
well known. The mathematical models of these reactions are
analyzed mathematical; on the other hand, these models are
complicated. The Lengyel-Epstein reaction involved chlorine
dioxide (Cl0,), iodine (I,) and malonic acid (MA) is simpler
reaction according to these. The reactions [1] are:

MA+1, > IMA + 1~ +H*,
Cl0, + 1™ — ClOz +:1, @)
ClO; + 41~ + 4H* - CI™ + 21, + 2H,0.

It was negotiated a mathematical modeling for the variables
x and y which related to the iodide concentration (I7) and the
chlorite concentration (C103). This model is the system which
occured from two differential equations. The change rates of
the concentrations of variables have to be adjusted via
experiments and it is not easy that the reactions transform to
the differential equations. Let X and Y is the concentrations of
iodide and chlorite respectively. Therefore, the proposed rate
equations are given by

aX _ MAIL] _ _ + XY
a = Ki g,y — KalCI02JX 4(k5[H XY + ke[l ] a+x2)' @)
ay _

XY
= Kky[C10,1X — (ks [HYIXY + ke llo] =),

where the k; for k=1,2,..,6 are rate constants and «
(mass/volume)2 is a constant too. The rate equations have
applied to all molecules and ions involved in the process. [2].
However, it can be specificated throughout experiments that
the iodide and chlorite concentrations must change more
rapidly than other molecules. In this sense, it is feasible to
presume for easiness which it remains constant the
concentration of other molecules as long as reaction. Therefore,
this assumption does not have to be applied. Nevertheless, We
have to choose to approach real values in all mathematical
modeling. After choosing the right direction for sustainability,
the ks term will come to ignore too as in the Lengyel and
Epstein [3] for no obvious reason except perhaps, since it is
certain that the hydrogen concentration (H*), which is the
lightest nucleus, is very small. The above-mentioned
hypotheses causes to the differential equation’s system as the
following;

X A—BX - 4C22

dt a+X

dy _ XY ©)
dt c (X a+X2)

AB,C>0

For a better application in mathematical modeling, It is
necessitated that mathematical models are to be made
dimensionless. This situation is succeeded by changing the
variables

X=\/ax,Y=a?By,t=% 4)
and two lumped parameters which are dimensionless are

A C
a=-—, = —

NEE ®)
a,b>0.

After all these operations, the Lengyel-Epstein model is as
the following [2]:

k.. 4

dt =a X 4 1+x2 (6)
dy _ _ ¥

dt bx (1 1+x2)
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Fractional-order differential equation have been the focus
of many studies, since their very often appearance in various
applications in biomathematics, fluid mechanics, economic,
viscoelasticity, biology, physics and engineering. Recently, a
large quantity of literature has been developed concerning the
application of fractional differential equations in nonlinear
dynamics [4,5,6,7,8,9].

Il.  ASYMTOTIC STABILITY OF THEIR EQUILIBRIUM POINTS
IN THE FRACTIONAL-ORDER DIFFERENTIAL EQUATION’S
SYSTEM

Definition 2.1 The fractional integral of order g € R* of
the function f(t),t > 0 is definable by
t (t-s)B-1

P = fy G f(s)ds ™

and the fractional derivative of order a € (n —1,n] of
f(t), t > 0isdefined by

Df(t) = "D f(t), D = (8)

The following properties are some of the main properties of
the fractional derivatives and integrals.

Let B,y € R* and a € (0,1]. Then
i 1Br oD, oand if fF) el then INIPF(x) =
IPFC0).
i, éimlf f(x) = I*f(x) uniformly on [a,b] , n=
-n
1,2,3,...where I f (x) = [ f(s)ds.
ii. f}"g’f F(x) = f(x) weakly.

iv. If f(x) is absolutely continuous on [a,b], then
. a _ df (x)
i‘l’}D fx) ==

V. If f(x) =k # 0, k isaconstant, then D%k = 0 [6].

Theorem 2.1 The fractional differential equation’s system
with multi-order is as the following

DZ = f(t,%),%(0) =%, )

where % =[xy, (£), %z, (£), %3, (£), ., X, ()] ER™ | f=
[fi for far oo frdT € R, £i:[0,40)xR™ > R, i = 1,2,3,...,7,
@ = [a;, ay, s, ..., a, |7 is the multi-order of system of (9) and
DZ = [D*, D%, D", ...,Df‘"]T, D" denotes a; th-order
fractional derivative in the Caputo sense. In this sense,
D&x(t) =

[D%x,, (£), Dx5, (£), D™ x5, (£), ..., D™x,, ()] . From a
mathematical point of view, the multiple orders can be any real
vector even complex one. In this study, It has considered that
the real case. In engineering applications, «; often lies in (0,1),
and is a rational number related to physical measure. For this,
in the paper we presume «; to a rational number in (0,1)
[10,11].

Theorem 2.2 It is assumed that J(E) is jacobian matrix
evaluated at equilibrium point E. This point of the system (9) is

asymptotically stable if all eigenvalues obtained from the
polynomial

det(diag(AMe1, M2, . M) — J(E)) = 0.
satisfies |arg(1)| > yg [10].

Lemma 2.1 Consider definition 2.1. Also, let a; = a, =
a € (0,1] and 8 € (0,1) if £ € C[0,T], then IBf(t)|;—o = O.
In this respect, taking into consider the following system
[11,9,12,13,5,6].

D%, (t) = fi(y1,¥2)

10
D%, (t) = f,(y1,¥2) (10)
with the initial conditions
y1(0) = y,1 and y,(0) = y,, (11)

Stable
[Routh-Hurwitz Criteria)

Stable
[Routh-Hurwitz Criteria)

Figure 1. [4] Stability region of fractional-order system in (10).

For evaluate the equilibrium points, we have presumed that
D%;(t) = 0= fi(yy%, y,7) = 0 fori = 1,2. In this sense, we
have the equilibrium point (y;9,y;%) of system (10).

on on
Additionally, the Jacobian matrix is used as J = ‘;3;21 gﬁ , is

dy1 0y
used. If all of the eigenvalues 4, and A, which obtained from
the equation | G1y2)=(r20y29) = 0 satisfies the conditions

(larg@)1 > %, larg()l > %), (12)

then, the equilibrium point (y;?,y;?) is locally asymptotically
stable point for system (10). The stability region of the
fractional-order system by a-order is showed in Figure 1 (in
which o, w refer to the real and imaginary parts of the
eigenvalues, respectively, and j =+/—1). From here, it is
frankly seen that the stability region of the fractional-order case
is broader than the stability region of the integer-order case
[4,14,15].

The characteristic equation obtained from
](y1y2)=(yeq3’zeq) =0 is such as the following generalized
. i

polynomial:
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pQD) =2+ a1+a, =0. (13)

Let us consider the conditions (12) and the polynomial
(13). Therefore, the conditions for locally asymptotically
stability of the equilibrium point (y;,y,;) are either Routh—
Hurwitz conditions (a,, a, > 0) [16]

or:

a, < 0,4a, > (a;)?,

tan?! <7 4a2a_(a1)2)| > az—”
1

(14)

Theorem 2.3 (Routh-Hurwitz Criteria): The charasteristic
polynomial is

PA) ="+ g A" 1+, +a,_14 + a,,
where the a; coefficients for i = 1,...,n are real constants. the

n Hurwitz matrices by the coefficients a; of upper polynomial

aq 1 0
= ((11 1 ) 7 H3 = <a3 a, a1> ,
as; a,

are H, =(a,) , H,

a
as
as
H, = | . [,... where

\0 0 0 0 an/

a; = 0if j > n. The roots of polynomial P(4) are negative or
have negative real parts, iff the determinants of all Hurwitz
matrices are positive: t H; >0, j =1,2,...,n . In terms of
convenience, , the Routh-Hurwitz criteria for polynomial of
degree n = 2, 3, 4and 5 are summarized as the following.

as a, as
1 0 0 . . . 0
a, a 1 0
a, a; a 0

n=2:a,a, >0,
n=3:aqq,a; > 0and a a, > a;,

— A 2 2
n=4:q,,a3a, > 0and aya,a; > az* + a,°ay,
n=5:a,a,, a3 04, as > 0,a,a,a3 > az? + a;%a, and

(a1a4 — as)(asaza; — a32 - a12a4) > as(a.a, — a3)2 + a1a52.

This criteria has given necessary and sufficient conditions
for the roots of the characteristic polynomial (with real
coefficients) to lie in the left half of the complex plane [17,18].

Ill.  THE FRACTIONAL-ORDER LENGYEL-EPSTEIN CHEMICAL

REACTION MODEL WITH MULTI-ORDERS

The proposed model in this study is fractional multi-order
differential equation system form of Lengyel-Epstein model
suggested in (6). Therefore, it is obtained the following system
of two fractional-order differential equation:

D*ix(t) =F(x,y) =a—x—4 132
(15)
_ _ Yy
D*2y(1) = G(x,y) = bx (1 1+x2)

with initial conditions x(0) = x, and y(0) = y,. In addition

that, it is assumed that ay,a, € (0,1], a; = % a, =2
1

1
ma
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y =% , ma,, ma, >Z* — {1} and the smallest common
multiple of m; and m, is m.

Stability conditions of equilibrium point obtained from
D*x(t) = D*y(r) =0 for system (15) are that
det(diag (/1’”“1,/1’"“2)) = 0 satisfy |arg(A)| > yg.

A. Qualitative analysis of system (15)

The existence and stability of equilibria of the system (15)
are characterized in here.

Proposition 3.1 (Equilibrium Points) The system (15)
2
) +1), namely

always has the equilibrium point £ = (g(g

positive equilibrium point.

Proof. We have assumed that the general term of equilibria
of the system (15) showed as (x¢?,y®?). For equilibrium
solution of (15), we have

D*x(t) =0
D%y(z) =0 (10
and so,
a—x—4 1?;2 =0
17
Yy \_
bx (1 - 1+x2) =0.

From second equation of (17), it is obtained bx°? = 0 or
¥\ ; ;

(1 — 1+(xeq)2) = 0. In first equation of (17), these values are

written, respectively. Firstly, let x4 =0 . We have

contradicted due to a =0 (a > 0 in (5)). Lastly, let (1 —

eq . . .

fo—eq)z) =0, that is, y = (x®9)% + 1. In this case, it is
_.eq _ x€((xe9)2+1) _

a—x 4—1+(er)2 =0

Therefore, we have the positive equilibrium point founded
the following

_[a (a 2
E = (g,(g) +1).
Proposition 3.2 (Stability Analysis) If [arg(1)| >yg
(when some conditions are met) for the eigenvalue E =

(18)

2
(%(%) + 1), then this point is locally asymtotically stable

(LAS) for system (15).

Proof. For the stability analysis, the functions of the right
side of the system (15) are determined as follows:

F(x,y) = a—x—41?;2
y (19)
G(x,y) = bx (1 — 1+x2).
That Jacobean matrix obtained from (19) is:
y—y x? x
_ (Fx Fy) _ T T Ttz T a2 (20)
—\G G,) y 2byx? bx
* Y (1 - ﬁ) b+ (x2+1)2 T x%+1
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For ease of examination, the e-th eigenvalue of equilibrium
a

2
point E = (% (g) + 1) was shown as A, for e = 1,2. Thus,
the Jacobean matrix evaluated at this point is:

/—1 —41_(?2 —4 5L
(o= )|

e} e}
Fromdet (diag(/l““l,/l”’“z) ny <E - (f, (3)2 + 1))) —0,
it is founded that:

6]

(21)

am(@itar) 4o gmas al; +ma; <5_3(§) > + ab 0 (22)
5((“) 1) g

@+ @
Stability conditions of equilibrium point for system (15) are
that the equation (22) satisfy |arg(1)| > yg.

%, we have Det(J) =

In case of special case a; = a, =
) by (22). Det(J) is positive

25a b 5ab-3 a®+125
Tr() = - (AL
V25 b2+1500+5 b

a?+25’ a?+25
due to parameters are positive and if a < ——— or

6
—/ 2
a >w, then Tr(J) is negative. Therefore the

- . . _ a a 2 .
equilibrium point £ = (E’ (g) + 1) is LAS.

In case of alpha1=0.5 and alpha2=0.25, The dependent time concentrations of iodide and chlorite
1 T T T T T

09F e

X 9.735e+004

0a8r Y- 08626

07

iodide
chlorite |

06

05

041

Concentrationsef iodide and chlorite

03f X: 9.5858+004

02188
02 f_

01
0

. . . . . . . . .
1 2 3 4 5 6 7 8 9 10
t {time)

Figure 2. Fora, = %,az = i,a =1,b =12,(x(0),y(0)) = (1,1),
Temporary course of variables of system (15).

Let alzi,azzé(m=4),a=20,b=8 and
(x(0),y(0)) = (1,1). In this case, we have
2412 12

13 13

by (22), and so, Routh-Hurwitz stability conditions (n = 2) are
satisfied, that is, a; = j—; and a, = % are positive. Thus,
E = (4,17) is LAS as seen in figure 3.

In case of alpha1=0.5 and alpha2=0.5, The dependent time concentrations of iodide and chlorite
18 T T T T T

IV. NUMERICAL STUDY FOR SYSTEM (15)

In here, we have examined the behavior of the solutions of T Vi |
system (15) by valuing the parameters. We have used Matlab oMr —
and pplane.jar. In this respect, it is obtained the following the 0 T e |
results. z

2 10 d
Let a1=%,a2=%(m=4),a=1,b=12 and <
@ Bf 4
(x(0),y(0)) = (1,1). In this case, we have -
A3 +/12ﬂ+/12 _|_15_0=0 5 — f’iiz!:mm
13 13 13 4F "
by (22), and so, Routh-Hurwitz stability conditions (n = 3) 2 1
. 30 150
are satisfied, because a; ==, a3z =—>0 and a,a, = ] . . . ‘ ‘
3061 150 13 26\ . 13 o 0 05 1 15 2 25 3
=2 >a;=—.Thus, E = (—,—) is LAS as seen in figure 2. Heme) w0’
1313 13 5°25 i 1 1
Figure 3. Fora, =7,a,=3,a=20,b=8, (x(0),y(0)) = (1,1),
Temporary course of variables of system (15).
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When a=5b=2, a, =i and a, = % , Charasteristic

equation is A°+ 23+ 222 +5=0. In this respect, the
eigenvalues from charasteristic equation A; = —1.43861 ,
A, = —0.184581 — 1.307451i , A3 = —0.184581 +
1.307451i , A, ~0.903885—1.084641i and A5~
0.903885 + 1.084641i.

Imix)

‘13 " .H.q

1of .

00F—s= 1 Reix)
-0.5F .

-1of .

H.g - H'.}'.

=15 =10 =05 00 05 1.0

Figure4. Whena=5b=2,a, = %and a, = %, The representation of
eigenvalues in complex plane.

It is clear that |[Arg{A;, A,, A5}| > mg = % On the other
1.084641 1.084641

hand |arg{/14, AS}I = |arctan {_ 0.903885’ - 0.903885}|

0.87607 > m% = 0.041667.

Therefore E = (1,2) is LAS for system (15) as seen in
figure 5.

In case of alpha1=1/4 and alpha2=1/6, The dependent time concentrations of iodide and chlorite
18 T T

When = 25,b = 1, a; = a, = 1, charasteristic equation is
5\/5_'_

22 —/12 +% = 0. In this respect, we have 1, = —

52
Zor12=5m+z. It is clear that A, <0 and 4, >0.

Therefore, E = (5,26), namely nodal source, is unstable point.

[£] PPLANE Phase Plane [= (@[] | (£l PPLANE Linearization: nodal source: (5, 26)
File Edit Window Solution Graph Options File Edit Window Solution

[===]

X = a1 a=25 b=l A-25923  B=0,76923
‘ 152)) c=1,9231

)))))

1,3628, 0,27273 x u

£/ PPLANE Messages (] PPLANE: (1.48,0.242424)
X = asAxyi(1+e)

1
[= = =]
3D
Y = D1 (166)) © Comp

* Grop.
Restore
&
0 Print
Y Go away

Figure 6. Fora, = a, =1,a=25b =1and (x(0),y(0)) = (1,1),
Temporary course of variables of system (15) via pplane.jar

[Equilbrium Point:
There is a nodal source at (5. 26)
Jacobian
26923 -0.76922
1,9231 -0,19231

The eigenvalues and eigenvectors are:
2,0252 (0,75548, 0,65517)
047478 (0,32773, 0,94477)

< i

V. APPENDIX

The Matlab codes used for the shapes drawn in this work are
below:

Lengyel M-file

function [T, Y]=lengyel(parameters, orders, TSim, Y0)
h=.0001;

% number of calculated mesh points:
n=round(TSim/h);

%orders of derivatives, respectively:

gl=orders(1); g2=orders(2);

% parameters of infection model:

a_l=parameters(1); a_2=parameters(2);

-——fﬁ" % binomial coefficients calculation:
16¢ :?2-';;*”5 Y1747 H cpl=1; cp2=1,
2 for j=1:n
g M 1 c1())=(1-(1+qL)/j)*cpl;
LI EpFTr - c2(j)=(1?(1+q2)/j)*§:p2;
é Yo1285 iza;g; cpl=cl(j); cp2=c2(j);
2 4l : end
w ——” % initial conditions setting:
‘E 08r chlorite |] X(1)=Y0(1); y(1)=Y0(2);
g % calculation of phase portraits /numerical solution/:
2 06+ B for i=2:
& 0!' i=2:n ) ) ) ) )
0l ] )C(gl);)(a_l-x(l-1)-4*x(|-1)*y(|-1)/(1+x(|-l)*x(l-l)))*h"q1-memo(x,
1)
0.2 . . ‘ s s ‘ y(i)=(a_2*x(i-1)*(1-y(i-1)/(1+x(i-1)*x(i-1))))*h"g2-memo(y, c2, i);
0 1 2 3 4 5 6 T
t (time) s end
x 10 -
for j=1:n
Figure 5. Fora; =2,y =2,a = 5,b = 2,(x(0),y(0)) = (1,1), Y((ijl)zx(l)? Y(:2)=y0);
- en
Temporary course of variables of system (15). T=0:h:TSim:
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Run M-file [6] H.A. El-Saka, E. Ahmed, M.I. Shehata, and A.M.A. El-Sayed, "On
close all; clear all; stability, persistence and Hopf Bifurcation in fractional order dynamical
[t, y]=lengyel([5 2], [1/4 1/6], 70, [1 1]): systems," Nonlinear Dyn., vol. 56, pp. 121-126, 2009.
A=1:1:700000"; [71 A M. A El-Sayed, E. M. El-Mesiry, and H. A. A. El-Saka, "On the
figure; plot(A, y(:,1)); fractional-order logistic equation,” AML, vol. 20, pp. 817-823, 2007.
figure; plot(A, y(;,2)); [8] I. Podlubny, Fractional Differential Equations.: At?afjt?mic Press, 19_99.
figure; plot(A, y(;,1), A, y(:,2)); title(In case of alphal=1/4 and [9] I. Podlubny and A.M.A. EI-Saye_d, On Tw_o Deflnltlons_of Fractional
alpha2=1/6, The dependent time concentrations of iodide and Calculus.: Slovak Academy of Science, Institute of Experimental Phys.,
chlorite’); 199. o . . . . .
figure; plot(y(:,1),y(:,2)); title(In case of alphal=1/4 and alpha2=1/6,  [10] Z. Mt" Od'!?até A”a'tyt'c stuglyl\(/)ln t'r:”eart.sysmmtshOLfralc.t"’tr?a' d'ﬁerle”gg'
The relative to each other concentrations of iodide and chlorite"); gglig'ons’ omputers and Mathematics withApplications, vol. 53,
Memo M-file [11] W. Deng, "Analysis of Fractional Differential Equations with Multi-
function [yo] = memo(, ¢, k) Orders," Fractals, vol. 15, no. 173, pp. 173-182, 2007.
temp = O'y - " [12] D. Matignon, "Stability results for fractional differential equations with
p="1 applications to control processing,” Comput. Eng. Sys. Appl. 2, vol. 963,
for j=1:k-1 1996,
temp = temp + c(j)*r(k-j); [13] E. Ahmed, A.M.A. El-Sayed, and H.A.A. El-Saka, "Equilibrium points,
end stability and numerical solutions of fractional-order predator-prey and
yo = temp; rabies models," J. Math. Anal. Appl., vol. 325, pp. 542-553, 2007.
[14] E. Ahmed, AM.A. El-Sayed, and H.A.A. El-Saka, "On some Routh—
Hurwitz conditions for fractional order differential equations and their
applications in Lorenz, Rdssler, Chua and Chen systems," Phys. Lett. A,
VI. REFERENCES vol. 358, 2006. o _ _
. . . . . [15] J. D. Murray, Mathematical Biology. |. An introduction, 3rd ed.
[1] I R. Epstein and J. A. Pojman, An Introduction to Nonlinear Chemical Springer-Verlag, NewYork, Berlin, Heidelberg, 2002, vol. Vol. 17 of
Dynamics.: Oxford University Press, 1998. Interdisciplinary AppliedMathematics, Vol. 17 of Interdisciplinary
[2] C. Chicone, "Mathematical Modeling and Chemical Kinetics," a module AppliedMathematics.
on chemical kinetics for the University of Missouri Mathematics in Life [16] J. Hale and H. Kogak, Dynamics and Bifurcations. New York: Springer-
Science program, vol. 8, January 2010. Verlag, 1991.
(3] 1. Lengyel and I. R. Epstein, "Modeling of Turing structure in the  [17] B. Dagbasi and 1. Oztirk, "Mathematical modelling of bacterial
chlorite—iodide—malonic—acid—starch reaction system," Science, vol. resistance to multiple antibiotics and immune system response,”
251, no. 650-652, 1991. SpringerPlus, vol. 5, no. 408, pp. 1-17, 2016.
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