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ABSTRACT

The valued function fields with given value group and residue field or with given genus and residue field are
studied.
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DEGER GRUBU VE REZIDU CiSMi VEYA REZIiDU CiSMi VE CINSi VERILEN DEGERLENMIS
FONKSiYON CiSIMLERI HAKKINDA

OZET

Bu c¢alismada deger grubu ve rezidii cismi veya rezidii cismi ve cinsi verilen degerlenmis cisimler
caligiimistir.

Anahtar Sézciikler: Degerlenmis cisimler, degerlendirmeler, fonksiyon cisimleri, deger gruplari, rezidi
cisimleri.

1. INTRODUCTION

Let K be a field, v be a nontrivial valuation on K , GV and k , be the value group and residue

field of Vv respectively. The aim of this paper is giving the theorems which study the extensions
of valuations to simple transcendental extensions with given residue field and value group and
the valued function fields with given residue fields and genus.

Firstly the theorem which states that when K/ kv is a finite extension and
Gv C G1 C G are ordered groups such that [Gl 5 Go ] <00 and also G is the direct sum of

G1 and an infinite cyclic group then there exists an extension of V to K (x) with the value

group G and the residue field k is given.
Then the similar theorem is given for the pairwise independent valuations

VisVysesV, (n>1) on K . After then the theorem which is stated as follow is given:
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If kis a function field can be expressed as a quadratic extension of some simple

transcendental extension of kv and g is an integer not less than the genus of k/ kv then there

exists a function field F of one variable over K having genus g and and there exists an
extension W of V to F' such that the residue field of W is kv — isomorphic to k. The
theorems are proved by S.K.Khanduja in 1991,1996,1997.

2. PRELIMINARIES

Let K beafieldand V be a valuation on K . Throughout the paper Gv denotes the value
group of V and k , denotes the residue field of V.

Let W be an extension of V to K (X) and we suppose that G, / G, is not torsion
group. We will write that

N = min{deg f(x)|f(x) S [x], WO? is not torsion over Gv}
S = [kw;kv]’ T= [GI;GV]’
G1 = {g S Gw|g is torsion over GV}

V' denotes the valuation which is defined by
m
v(Q at')=min(W(a,)). a, €K
i=1 !

forany € K(x)\ K and is called Gaussian valuation on K (1) .

For any 77 in the valuation ring of V we shall denote by 77* its V — residue, i.e. the
image of 7] under the canonical homomorphism from the valuation ring of V onto the residue
field of V.

3. RESULTS

Theorem 1: Let (K 5 V) be a non-trivially valued field having value group Gv and residue field
kv Let Gv c G1 < G be an inclusion of totally ordered abelian groups with [Gl : Go ](OO
such that G is the direct sum of G1 and an infinite cyclic group, and let K be a finite extension
of kv . Then there exists an (explicitly constructible) extension W of Vto K (x) such that the

residue field of W is k, its value group is (5, and the equality N =S7 holds for the

extension W/ V .
Moreover there exists a polynomial P (x) in K [x] of degree [Gl : Gv] [k : kv]

with the property that if V; is any prolongation of V to K (x) with v (P(x)) > 0, then the

value group of V, contains G1 and its residue field contains & .
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Proof: Suppose that the finite extension K is generated by non zero elements

Boseees B (s 2 1) over k, . Define
ng=1  n =[k,(8).:k,]... n, = [k,(Byser Boy) K, (Boseons Bo)]
sothat [k : k, | = nyn,..n,

Since G, /G, is a finite abelian group and hence is a direct sum of cyclic groups,
such that

there  exist  Ly,..., M, in G1 and integers N n

s+12°°°0 s +m

Gl = GV + Z,I,l1 +...+ Zum; e Mg, M are in GV and that
NN, Z[Gl IGV]. We choose a,...,a,  in K so that ng M =v(ai) for
I<i<m.

We shall define polynomials go(x),gl(x),...,gs+m(x) in K[x] of degree

Mo gHy 5.y . T,

m

respectively. Let X, 05> X s be indeterminates. First define
polynomials @, (XO), 0, (XO’ Xl),..., Q, (XO,..., Xs—l) over kv by specifying that
(DI(XO) is the minimal polynomial of ,BO over kv ; ¢)i(ﬂ0,..., ﬂi_z, Xl-_l) (2 <i< S)
is the minimal polynomial of /Bi—l over kv ( ﬂo,..., ﬂi_z) and that

deng o,(Xyse0n X, )<n,, for j=0l,.,1-2

j+

Taking preimages of non-zero coefficients of 9, and taking the multiplicative identity
of K as preimage of the multiplicative identity of kv (with respect to the canonical
homomorphism from the valuation ring VV of vV onto kv ), we obtain a polynomial
ﬁ(XO,...,Xi_l) in VV[XO,...,XH] with X;El occurring as a monomial in fl(X) such
that deng fi(X)<n,, for j=0,..,i—2,and fl*(X) =p,(X).

Fix any non-zero elements bl,...,bs of K with Vo (bl.) >0 for all . We define

J+l

elements g, gy,..., g, of K[x] by
8 =% &=/(8)/ b, & =1(8-8)/ bys & =1 (80> 81)! b,
Note that deggo =1=n0 and deggl =deg(01 =n,. Since every term in

f>,(gy»g,) other than g,"? has degree
-1 __n,—1
<deg(g, g )=m —l+n(n,=1)=nmn, -1,
it follows that deg g, =nn,. This argument can be repeated to prove that

degg, =n,.n (0<i<s) 3.1)
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Recall that a@,...,a, are elements of K satisfying v(al.)=ns+l.,ul. for

m

1 <i < m.Wenow define polynomials g, ,...,Z,.,, by

_ g:vﬂ

n
gsrr:;—l
gs+l - -1

_1""5 Esim =

1 m

Clearly (3.1) is satisfied for all < § + M ; in particular
deggs+m = [Gl : Gv][k : kv]
Let P(x) = g,., and W be any prolongation of V to K with w(P(x))>0.1t

follows from the defining relation between g . ,& ., | and the strong triangle law that

NyeuW(&imat) = W@, ) =1y, 0, > 0.

Applying this argumentto g _|,..., g, respectively, we see that
ne W& ) =wla)=ng g (1<i<m). (32)

It is immediate from (3.2) that the value group of W contains f{,,..., i, and hence
contains G1 = GO +Zu +...+ 2, .

We next prove that the residue field of W contains a kv isomorphic copy of
k= kv (ﬂo yeres ,Bs_l ) . Using the fact that W(gs) > 0 and proceeding exactly as in the proof
of [9,Lemma p.595] one can prove that W(gi) >0 for 0<i<s5—1. Consequently, on
recalling that &, = fl.(go,...,gi_l)/bi, we have

w(f1(&0)) 2 w(by) > 0,..., w(f, (&> 8,-1)) = W(b) >0,
which on passing to the residue field of V; yields
J(€0)=0nees 17 (80502 80) =0 (3:3)

Let fi*(Xor"’Xi—l):¢i(X0’-'-’Xi—1)- It now follows from (3.3) that the
minimal polynomial of g; over kv is @, (Xo) and that of gl.*_1 over kv (g;,...,g:_z) is
(Di(g;,...,g;_z,Xi_l)for 2<i<s. It was assumed that no ,Bl. is zero; the same is
therefore true of g;,...,g:_l , 1.e.,

w(g;) =0, 0<i<s-1 (3.4)

According to [9,Remark3.7] kv [XO,...,XS_I]/(¢1,...,(0S) is kv -isomorphic to

kv [ﬂo,..., ,Bs_l] under the map taking X ; to ,Bi. For the same reason there exists an
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isomorphism between kV[XO,...,XS_l]/((Dl,...,¢S) and kv[g;,...,g:_l]. Hence the

subfield kv [g;,..., g:_l] of the residue field of V| is kv which is isomorphic to K . The proof
of second part of theorem complete.
Let n,, a,, g, ad g = P(x) be as above. Suppose now that

i i’

G= Gl @ Z 60 with @ > 0. Then @ is not torsion mod Gv . Let v, denote the valuation of
the field K(P(x)) cK (x) defined on the ring K[P(x)] by

v{z c,.P(x)’) =min{v(c,)+i6}.

Let W be any extension of V, to K (x) . (This extension will turn out to be unique.)
We show that V is a desired valuation.
Let N =N(W/v), S and T be as defined in introduction. Since W(P(x)) =6

is not torsion mod GV
N <deg P(x) =[k:k,]G, : G,] 3.5)
Also W(P(x))> 0, so by above considerations the value group of W contains G1
and its residue field contains & ; in particular
[k:k,]<S, [Gl:Gv]<T, (3.6)
in view of [4, Thm. 1.3]. N > ST always holds. It now follows from (3.5) and (3.6) that
[k:k,)=5. [G :G,]=T. N=ST;
and that the residue field of W is k .
We now determine V explicitly on K [x]; the assertion about the value group of v

will follow as an immediate consequence.

Let f (x) be any non-zero element of K [x] By successive division by powers of
P(x) it can be uniquely written in the form
S = fo(x)+ [L()Px) +...+ [, (x)P(x)"
where the polynomial fl (x) ek [x] is either zero or has degree less than that of P (x) . By
[4, Lemma 3.8] any polynomial over K of degree less than deg P(x) =nyn,...n,, canbe
uniquely written as a finite linear combination with coefficients in K of elements of the type
gy ..glim where 0< jy <n —1,..,0< 5, <n,, —1.

So a non zero polynomial f (x) in K [x ] can be uniquely written as a finite sum

J)= D0 s n&) 8L P 37)
0<ji<n;-1
0< i <0
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with coefficients a j in K . In view of equations (3.4) and (3.2) (which holds for any

05 JSHM

prolongation V| of V to K(x) with v (P(x))>0), V(gl.) =0 for 0<i<s—1 and

v(gm._l) = U, for 1 <i < m . So by the triangle law, we have
V(f(X)) 2 G mln ){VO (ajﬂ yeees JS+M ) + js:“l +...+ js+m—1/'lm + js+m9} (38)

0502 s+m
Our claim is that the equality holds in (3.8). This is so because any two distinct terms in
the sum on the right hand side of (3.7) have distinct V -valuations; the last assertion can be easily

verified using the fact that @ is non-torsion mod GO together with the fact that Gl / Go is the

direct sum of its 7 cyclic subgroups generated by the elements Go + ,ul,...,GO + U,
respectively.

Theorem 2: Let V|,...,V, (I’l > 1) be (non-trivial) pairwise independent valuations of a field

K having value groups le ""Gv,, and residue fields kvl s  respectively. For 1<i<n,

v
let Gi' be a totally ordered abelian group containing le as an ordered subgroup with
|_Gi' : le_ J finite and ki' be a finite extension of kv, . Then there exist valuations vl' :"'9‘):1 of
K (x) together with a polynomial tek [x ] of degree max
{[Gi'ZGviIki,Ikvi]ilﬁiSn} suchthatfor 1 <i<n,

(1) V; extends the valuation W, of K (t) where W, is the Gauss ewtension of v, to K (®)
(ii) the value group of v; is G; and its residue field is k[’(Z l.) where Z; is the v; -residue of ¢
Proof: Let I_G; : Gv,. J= e; and I_kl. : kv,. J= fl In view of [8, Theo. 3.1, Cor. 3.2], there exists a
polynomial ; € K [x] of degree € fl and a valuation V; of K (x) extending the Gaussian
valuation vl.l" of K (tl.) such that the value group of vl.' is G; and its residue field is a simple
transcendental extension ki’(é:l.) (say) of k;. Let denote the Vl.’ -residue of ;, so that the
residue field of v,."' is kv, (¥,); our claim is that k/(&,) =k/(y,) for | <i < n.Inview of
the fundamental inequality [8, Cor. 13.10] applied to the extension (K (x),v;) /(K(t [),Vl.t‘ ,

we have

[K(x):K(t)]= |GG, |k/(&):k, ()]

ie.,

' A
e.f, 2 e filkI(€): K (y)]
which proves the claim.
Fix any I, 1<i< 7. Since |_G; . va J< o0 and GV‘ is a non-trivial group, one
J J

can choose g; € G, such that vi(t,) > g; if 1<j<n, j+#1i. By Independence
. J i
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Theorem [8, Cor. 11.17] applied to pairwise independent valuations V,,...,V, , there exists

B € K satisfying v,(3,) =0 and Vj(ﬂj)=gl.j <V;(l‘i) for 1< j<nm, j#i.

!
Observe that 7, / ﬂl. is residually transcendental for V, / V, and is chosen so that

Vit B)>0 it i .
Set

tl tn
t=—+..+ .

A B,

The V; -residue of 7, being the same as that of f ; / ﬂi , is transcendental over the

residue field kv_ of V; and hence v[’ coincides with the Gaussian valuation W, on K (t) in
view of [2, Chap. VIA, 10.1, Prop.2]. This proves assertion (i) of the theorem.
Since the W, -residue Zz; (say) of 7 differs from the V; -residue y; of ; by an element

of kl. (in fact by the V, -residue of ,Bl. ), it follows from the claim proved above that the residue
field kl.'(yl.) of V; equals k;(zl.) , which proves (ii).
Recall that #; is a polynomial in X of degree e, fl so the polynomial ¢ is of degree

< max e; fl =d say. The theorem is proved as soon as it is shown that deg t>d . Letibe

1<i<n
an index such that d = e; fl . Using the fact that the residue field of V; is kv_ (z i) , we have in
view of the fundamental inequality [3, Cor. 13.10] that

[K(x):K0)]2|G/: G, |k(z):k, (z)|=ef,=d.

This proves the desired assertion.
Theorem 3: Let V be a non-trivial valuation of arbitrary rank of an algebraically closed field K

having residue field kv. Let k be any function field which can be expressed as a quadratic
extension of some simple transcendental extension of kv and g be an integer not less than the
genus of k / kv . Then there exist a function field /' of 1 variable over K having genus g and

a prolongation W of V to F' such that the residue field of W is kv isomorphic to & .
Proof: We retain the notations introduced in the beginning of the previus section and shall denote

the genus of &k / kv by g, Two cases are distinguished.
CASE 1. If char ko # 2, then as in [1, Chapter 16] we can write k = kv (t,u) where t is
transcendental over kv and U’ = ]’l(l ) is a square-free monic polynominal over ko of degree

2g,+1 or 2g, +2. Write
W)= (t-a).(i-a)), a,€Kyvy(a)20

and
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g§=8& tr

Choose distinct elements b1 ""’b2,4 in K such that v(b[) > 0 for each i . Define a

square-free polynominal H (x) ek [x ] by
H(x)=(x-a,)..(x—a,)bx+1)..(b,x+1)

and set FZK( X,+/ H(x) )

Then the genus of F' being (n+2r—1)/2 or (n+2r—2)/2 equals g. Let
W be (the) valuation of F~ which extends the Gaussian valuation V' of K(x). Since H (x)
is chosen so that H(x)* = h(x*) , it follows from [7, Lem.2.1] that the residue field of W is
kv (x*, h(x*)) and hence is kv isomorphic to k
CASE II. When char kv = 2, then we express K as kv (t,u) where t is transcendental over
kv and U satisfies an irreducible relation u° + P (H)u+Q(t)=0 for some non-zero
polynominals P(t),Q(l‘) € kv [t] of degres not exceeding g, +1 and 2g0 +2
respectively; this can be done in view of [I, Chapter 16, sections 5,7] for g, >1 and if
gy = 0, then k = kv (u) is a simple transcendental extension of kv, in which case we may

take f =u” +u+1
We split two subcases.

SUBCASE 1. Char K =0 Choose A(x) € K[x] of degree g +1 such that
@ v (A(x))=0;
(ii) the leading coefficient @ of A(x) satisfies 0 < v (a) <v,(2)
Giiy A(x)" =P(x")
Choose B(x) € K[x] of degree <2g+2 satistying v*(B(x))=0 and
B(x) =0(x")

Define
f(x) = A(x)> +4B(x)+2"
where an integer 71 2> 3 is chosen so that no root of the derivative of A(x)z +4B(x)is a
root of f(x) It is clear from the choice of A(x) and B(X) that deg f(x) =2g+2.Since

f (x) is square-free, the function field /' = K ( X,/ f (x) ) has genus g . Let W be (the)

valuation of /' which extends V™. It is immediate from [7. Lem. 2.2] that the residue field of
W is kv isomorphic to k = kv (t,u).
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SUBCASE 2. Let char K = 2 . Arguing as in for the previous subcase, we can choose a square-
free polynomial A(x) with coefficients from K of degree g +1 such that v* (A(x)) =0 and

A(x)" = P(x") . Let B,(x) be a polynomial of degree < 2g +2 with v*(B,(x)) =0
and B,(x)" = Q(x"). Choose an integer 711 > 1 so that
(i) no root of the derivative of B, (x) isarootof B(x)= B,(x)+2";
(ii) for cachroot ¢ of A(x), (B](a)/ A'(@))” is different from B, () +2".
Define F' = K (X, y), where ) satisfies
Y +A(X)y+B(x)=0

Let W be the valuation of F' extending v, Keeping in view that ' = K (x,f ) ,
where & = y/ A(X) satisfies the polynomial 7' +7+ B()C)/A()C)2 and arguing as in
the proof of [7,Lem. 2.2], it can be easily seen that the residue field k,, of W is given by

b, =k, (x",&) =k, (x",)"),

where )" satisfies the polynomial Z°> + P(x )Z +Q(x"). Clearly k,, is k, -isomorphic
to K. This also shows that K, (x,y)# K,(x). It now follows from [7,Lem. 2.3 and
Lem.2.4] that the genus of F'is g .
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