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Abstract
In this paper, we consider univalent logharmonic mappings of the
form f(z) = zh(z)g(z) defined on the open unit disc with the nor-
malization condition ¢g(0) = 1 and h(0) # 0. We investigate the class
of generalized Janowski starlike defined by subordination. Further we

obtain the bound for the functional h(z)/g(z) for f in this class.
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1 Introduction

The logharmonic mappings triggered mainly by Z. Abdulhadi and recently few
other authors have gained noticeable interest in the current studies of harmonic
functions. The basic theory of logharmonic function was developed in [2, 3] in
the late 20th century.

Let H(U) be the set of all analytic functions defined on the open unit disc
U={z:]z| < 1}. A function f is said to be logharmonic on U if it satisfies
the nonlinear elliptic partial differential equation

. _ L

o

where the second dilatation function a € H(U) such that |a(z)| < 1 for all
z € U. For analytic functions h and g in U, the function f can be expressed
as

f(z) = h(2)g(2)
if f is a nonvanishing logharmonic mapping and
f(2) = 22| h(2)g(2)
if f vanishes at z = 0 but is not identically zero (for RS > —%, g(0) =1 and
h(0) # 0).

Let f(z) = zh(2)g(z) be a univalent logharmonic mapping where 0 & hg(U).
Then f is starlike logharmonic if

R <7sz _2f5> > 0.

f

Results on starlike logharmonic of order o was given in [1].

For real numbers A and B, with —1 < B < A <1 and 0 < a < 1, the family
of analytic functions of the form

p(z) =1 +p1z —l—p222 + -
is in P(A, B, «) if and only if
1+ (1 —a)A+ aBlé(z)
1+ Bo(z)

where the function ¢ is analytic in U with ¢(0) = 0 and |¢(2)] < 1. The
following theorem is also essential for p(z) to be in P(A, B, «).

p(z) =
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Lemma 1.1 [5] The function p(z) € P(A, B, «) if and only if

1—[(1—-a)A+ aB]Br?
1 — B?r?

(1—a)(A—B)r
1 — B2r2

p(z) — <

for |z] =r < 1.

Let S*(A, B, ) denote the class of generalized Janowski starlike of the analytic
functions s(z) = z + s32% + - - - such that s(z) € S*(4, B, «) if and only if

z5'(2)
s(2)
and p(z) € P(A, B,«) for z € U. In the same direction, for univalent loghar-
monic mapping f(z) = zh(z)g(z) with g(0) = 1 and h(0) # 0, we define

that f is in the class of generalized Janowski starlike logharmonic denoted by
Sy (A, B, «) if

= p(2)

p(z) - 1-[(1 I i)gz—;aB]Br < (1 —la_)(glz;B)r (1)
where
_ h=2)g(2) + 20 (2)g(2) — 2¢'(2)h(z) _ | zW(2)  24'(2)
plz) = 2)9(2) =1 T W

Also, observe that if f satisfy inequality (1), then we have

(14 WO g (2f3t) 100l oty

We consider the above-mentioned class and obtained some interesting results.
The following theory of subordination will also be used in our work. For
analytic functions F' and G, we say F' is subordinate to G, written as F(z) <
G(z), if there is an analytic function ¢ satisfying ¢(0) = 0 and |¢(z)| < 1, such
that F'(z) = G(¢(2)), z € U.

2 Main Results

The first result gives the occurrence for which the function in S}, (A, B, ) will
be starlike.

Theorem 2.1 The radius of starlikeness for f(z) = zh(2)g(z) € S, (A, B, )
is .
(1—a)A+aB’

T =
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Proof 1 For f € S}, (A, B,«), we have

2f. —Zf=z 1-[1—a)A+aB]r
R(FE) 2 )

Also, for f to be starlike, we need
R <M> > 0. (3)
f
From (2) and (3), we see that

z2f, —Zf= 1—-[(1-a)A+aBjr
3%< f )2 1— Br >0

is true if
1

(1—a)A+aB’

r <

Corollary 2.2 If f(z) = zh(2)g(z) € S;,(A, B), then f is starlike log-

harmonic of order « in |z| < r where

11—«
A—aB’
Proof 2 The proof is complete by solm'ng

1—Ar
_1—B7"

Theorem 2.3 Let f(z) = zh(2)g(2) be a logharmonic mapping on U. If

zW'(z)  zg'(2) - (1-a)(A-B)z
h(z) g(z) 1+ Bz
then f € S}, (A, B, ).

r =

(4)

Proof 3 For f € S}, (A, B,«a), we see that

§R<zfz—§fg> - 1—[(1—&)A+o¢B].
7 -8

and the above is true if

2B (2)  z¢'(2) 1+ [(1—-a)A+ aB]o(z)

R T e MY T T 1 B

or if
A(z)  z29'(z) _ (1= a)Ad(2) + aBo(z) — Bé(2)

h(z)  g(z) 1+ Bg(z)
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For o = 0, we have the following result.

Corollary 2.4 [4] Let f(z) = zh(2)g(2) be a logharmonic mapping on U.

If
2 (z2)  z2¢'(2) (A—B)z

hz)  g(z) 1+ Bz

then f € Sp, (A, B).

For A =1, B = —1, we have the result for the function f(z) = zh(2)g(z) in
S (a), the class of starlike log-harmonic of order « defined by subordination.

Corollary 2.5 Let f(z) = zh(2)g(z) be a logharmonic mapping on U. If

W(z) _ zg'(2) 201 - )z
h(z) g(z) 1—=2

then f € S ().

When A =1, B = —1, a = 0, the result will reduce to the usual starlike
logharmonic class defined by subordination.

Corollary 2.6 [6] Let f(z) = zh(2)g(z) be a logharmonic mapping on U.

If
zh(z2)  zd'(2) 2z

h(z) g(2) = 1—=2

then f € S},

Theorem 2.7 If f(z) = zh(2)g(2) € S},(A, B, a), then

—wem B a)(a-B)
(1-Br)=% 2 < ’—(z§ <Q+Br)Y"% 2 for B#£0
g\z
and
e—(l—a)AT < h,(Z) < e(l—a)AT fO'r B =
“9(x)| T

Proof 4 From (1), for B # 0 we have

1-[(1—-a)A+aBjr <§R<zfz—2fg> < 1+[(1—-a)A+aBr
1— Br - f - 1+ Br

and hence

—(1—-a)(A=B)r zW(2)  zd'(2) (1-—a)(A—B)r
1—Br §§R(h(z) _g(z)>S 1+ Br ’
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Rewriting inequality (5) yields

—(1—-a)(A—B) 0
< _
1— Br - 0r10g

h(z)
9(z)

(1—a)(A-B)
1+ Br

<

which leads to the desire result.

For B =0, (1) yields

1-(1-@mg%<@> <14(1—a)Ar

and the proof is completed similarly.

Corollary 2.8 [4] If f(z) = zh(2)g(z) € S;;,(A, B), then

(1-Br)"7* < |@ <(1+Br)“F*  for B#£0
9(z)
and
e AT < M < eAr for B=0.
9(z)

Corollary 2.9 If f(z) = zh(2)g(z) € S}, (a), then

(14+7r)*2 < }% <(1—r)* 2

Corollary 2.10 If f(z) = zh(2)g(z) € S}, then

1
(1—=r)*

<

References

[1] Z. Abdulhadi and Y. Abu Muhanna, Starlike log-harmonic mappings of
order «, J. Inequal. Pure Appl. Math. 7 (2006), no. 4, Article 123, 6 pp.
(electronic).

[2] Z. Abdulhadi and D. Bshouty, Univalent functions in H - H(D), Trans.
Amer. Math. Soc. 305 (1988), no. 2, 841-849.

[3] Z. Abdulhadi and W. Hengartner, Spirallike logharmonic mappings, Com-
plex Variables Theory Appl. 9 (1987), no. 2-3, 121-130.



On Generalized Janowski Starlike Logharmonic 515

[4] Y. Polatoglu and E. Deniz, Janowski starlike log-harmonic univalent func-
tions, Hacet. J. Math. Stat. 38 (2009), no. 1, 45-49.

[5] Y. Polatoglu, M. Bolcal, A. Sen, and E. Yavuz, A study on the generaliza-
tion of Janowski functions in the unit disc, Acta Math. Acad. Paedagog.
Nyhdzi. (N.S.) 22 (2006), no. 1, 27-31.

[6] Y. Polatoglu, E. Yavuz Duman, and H. Esra Ozkan, Growth Theorems for
Perturbated Starlike Logharmonic Mappings of Complex Order, General
Mathematics 17 (2009), no. 4, 185-193.

Received: October 28, 2011



