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1 Introduction

In 2007 Huang and Zhang [1] announced the notion of cone metric spaces
and obtained some fixed point theorems for different type of contractive mappings
using the normality of cone. On the other hand Kada et al [2] and Shioji et al [3]
introduced the concept of metric space with w-distance, gave some examples,
properties of w-distance and improved Caristi’s fixed point [6], Ekeland’s
variational principle [7] and the non —convex minimization theorem according to
Takahashi [8]. By the use of the concept of w-distance also proved a fixed point
theorem in complete metric space which generalized the fixed point theorems of
Subrahmanyan [9], Kanan [10] and Ciric [11]. Recently Lakijan and Arabyani [4]
combined these concepts together and introduced the concept of cone metric
spaces with w-distances and established some fixed point theorems. In the sequel
Dhanorkar and Salunke [5] proved some fixed point theorems on cone metric
space with w-distance.

In this paper we also obtained fixed point theorems on cone metric space with
w-distance. Our results generalize and extend the result of [4], [5].

2 General Framework

Definition 2.1 Let £ always be real Banach space and P a subset of E. P is called
a cone if

(1) P is closed, non-empty and P#0.

(i) ax+by e P forall x,ye P and non-negative real numbers a, b.

(i)  PN(-P)=0.

For a given cone P c E, we can define a partial ordering < with respect to P
by x<y if any only if y—x<P, x<y will stand for x<y and x#y,
while x <y will stand for y—xeint P, where intP denotes the interior of P.

Definition 2.2 The cone P is called normal if there is a number M > 0 such that
forall x,yeE, 0<x<y implies
[l < ]l
The least positive number satisfying above is called the normal constant of

P((1]).

Definition 2.3 The cone P is called regular if every increasing sequence which is
bounded form above is convergent. That is, if {x } ., is a sequence such that

nx1

x, <x,<..<yforsome yeF,thenthereis xe Esuchthat lim

xn—x”:O.

n—0
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Equivalently the cone P is regular if and only if every decreasing sequence
which is bounded from below is convergent. It has been mentioned that every
regular cone is normal.

Lemma 2.4 Every regular cone is normal.

In the following we always suppose that £ is a Banach space, P is a cone in £
with int P#0 and < is partial ordering with respect to P.

Definition 2.5 Let X be a non-empty set. Suppose the mapping d: X xX — E
satisfies :
(a) 0<d(x,y) forall x,yeX and d(x,y)=0 ifandonlyif x=y,
(b) d(x,y)=d(y,x)forall x,ye X,
(¢) d(x,y)<d(x,z)+d(z,y)for all x,y,ze X . Thend is called a cone metric
on X and (X,d)is called a cone metric space.

Example 2.6 Let E=R*, P={(x,y)€E:x,y>0}, X=Rand d:XxX > E
defined by d(x,y)= Qx—y ), where o >0 is constant. Then (X,d) is

a cone metric space [1].

,alx—y

Definition 2.7 Let X be a cone metric space with metric d. Then a mapping
p: X xX — Eis called w-distance on X if the following satisfy :

(a) 0< p(x,y)forall x,yeX.

) p(x,2) < p(x,y)+p(y,z), forall x,y,ze X.

(¢) p(x,z)— Eis lower semi-continuous for all xe X .

(d) for any 0<«, there exists 0< f such that p(z,x)<f and p(z,y)<pf
imply d(x,y)<a,where a,f<€kE.

Lemma 2.8 Let X be a cone metric space with metric d, let p be a w-distance on X
and let /' be a function from X into E that 0< f(x) for any xe X . Then a into

function ¢g:XxX—>FE given by q(x,y)=f(x)+p(x,y) for each
(x,y)e X x X isalso a w-distance.

Example 2.9 (i) Let (X,d) be a metric space. Then p=d is a w-distance on
X.

(i) Let X be norm linear space with Euclidean norm. Then the mapping

p:XxX —>[0,00) defined by p(x,y) :||x||+||y

, for all x,yeXis a

w-distance on X.
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(i) Let X be norm linear space with Euclidean norm. Then the mapping
p:XxX —][0,0) defined by p(x,y)=||y

w-distance on X.

, for all x,yeX is a

Definition 2.10 Let X be a cone metric space with metric d, let p be a w-distance
onX, xe X and {x,} asequence inX, then

(a) {x,} is called a p-Cauchy sequence whenever for every aeE, 0<«,

there is a positive integer N such that, forall m,n> N, p(x, ,x )<a .

m?

(b) A sequence {x,} in X is called a p-convergent to a point xe X

whenever for every o€ £, 0<a , there is a positive integer N such that,
forall n> N, p(x,x,)<ea. Note that by lower semi-continuous p, for all

n—>»0 n

n>N, p(x,x)<a .Wedenotethisby lim,  _x =x or x, > x.

(¢) (X,d)is a complete cone metric space with w-distance if every Cauchy
sequence is  p-convergent.

Finally, note that the relations intP+intPeint? and Aint PcCint P
(X >0).

Lemma 2.11 There is not normal cone with normal constant M <1.

Example 2.12 Let E=[', P={{x,} . €E:x, >0, for all n}, (X,p) a metric

space and d:XxX — E defined by d(x,y)= p(;’y)} . Then (X,d)is a

cone metric space if set p=d then (X,d) is cone metric space with

w-distance p and the normal constant of P is equal to M =1. For each & >1,
there is a normal cone with normal constant M > k.

3 Main Results

Theorem 3.1 Let (X,d) be a complete cone metric space with w-distance p, P

be a normal cone on X. Suppose a mapping 7 :X — X satisfy the contractive
condition.

p(Tx, Ty) < ap(x, y) + BLp(x, Tx) + p(y,Ty)]
+71p(x,Ty) + p(y, Tx)] (3.1
for all x,yeX. «a,f,y are non negative reals such that a+2£+2y<1.
Then T has a unique fixed point in X. For each x e X the iterative sequence
{T"(x),,,} converges the fixed point.

Proof: Let x, € X be arbitrary. Define a sequence {x, }in X such that
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X, =Txy, X, =T%, =T X;eeooverm... x, =T"x,.

By condition 3.1, we have,

P(Txy, T7x,) = plTx,, T(Tx,)] < op(x,, T, )
+,B[p(x0,Tx0)+p(Tx0,T2x0)]
+7[p(x0,T2x0)+p(Tx0,Tx0)]

this implies
<(a+ B+7)pl(xe, Tx)] + (B+ 1) p(Tx,, Tx,)]
2 a+p+y
p(TxO’T xO)S —1 “ ) plx,, T(x,)]
< Kplx,,T(x,)]
a+pf+y <1

1-(B+7y)

where K =

again

P(T?x,,T°x,) < Kp(Tx,), T°x,) < K> p(X0, TX)) S oo,
continue in this way, we get

p(T"x,,T"'x,) < K" p(x,, Tx,)
where

0<K«<l1
Let mne N and m>n, we have,

p(T"x,,T"x,)

<[p(T"x, T"' %) + (T x4, T"X,y) + v, +p(T" ", T"x,
S(K"+K"™ o, +K" Y p(x,,Tx,)
< 1—K Dp(xy,Tx,)

47

Since 0<K <1 and n—>o, then K" —0. Therefore {T"x,}is a Cauchy
sequence in X. Since X is complete cone metric space then their exists u e X,

such that x, >u as n—o.
Hence
p(Tu,u) < p(Tu,Tx,)+ p(Tx,,u)
<ap(u,x,)
+ plp(u,Tu)+ p(x,,Tx,)]
+7p(u,Tx,) + p(Tx,, Tu)] + p(Tx, ,u).

p(Tu,u) <{ ﬁp(u,xnﬂﬁp(mﬂn
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¥ y+1
+—L p(Ix,,Tu)+2—— p(Tx, u) } >0 as n—w»
1_ﬂp( wo 1) 1_ﬂp( u) §
Therefore Tu =u. Hence u is a fixed point of 7.

Uniqueness: Let v be another fixed point of 7'1.e. Tv=v.
p(Tu,Tv) = p(u,v)
<op(u,v) + plpu,Tu) + p(v,Tv)] + y{ p(u,Tv) + p(v,Tu)]
<ap(u,v) + flpu,u) + p(v,V)] + 7 pu,v) + p(v,u)]
p(u,v) < (a+2y)pu,v)
since a+2y<l1
Therefore
p(u,v)=0 >u=v
This shows that fixed point is unique.
This completes the proof.

4 Remarks

1. Intheorem 3.1 ifweput f=y=0 we get theorem 3.6 of [4].
2. Intheorem 3.1 if we put a =y =0, we get theorem 3.2 of [5].

Ifwe put a = £ =0we get the following result —

Corollary 4.1 : Let (X,d)be a complete cone metric space with w-distance. P be
a normal cone on X. suppose a mapping 7:X — X  satisfy the condition-
p(Tx, Ty) < y[ p(x, Ty) + p(y, Tx)]
forall x,ye X and y€[0,)) is a constant. Then 7 has a unique fixed point
X, for each xe X, the iterative sequence {7 (x)}n=>1converges to the fixed

point.
If we put p=d in theorem 3.1 we obtain the following result

Corollary 4.2 : Let (X,d) be a complete cone metric space, P be a normal cone
on X. Suppose a mapping 7 : X — X satisfy the contractive condition.
d(Tx,Ty)<ad(x,y) + Bld(x,Tx)+d(y,Ty] +y[d(x,Ty)+d(x,Tx]
for all x,yeX. «a,f,y are non negative reals such that a+2£+2y<1.
Then T has a unique fixed point in X. for each x e X the iterative sequence
{T"(x),,,} converges the fixed point.
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