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Abstract

In this paper, we define several interesting subordination results for
some subclasses containing generalized differential and integral opera-
tors defined on the class of analytic functions in the unit disc involving
k-th Hadamard product.
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1 Introduction

Let H be the class of functions analytic in U = {z € C : |z| < 1} and H[a, n]
be the subclass of H consisting of functions of the form f(z) = a + a,2z" +
anp12"T. ... Let A be the subclass of H consisting of functions of the form

f(2) :z+Zanz", zeU. (1)
n=2
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Given the functions f,g € A, f(z) = z+> ", a,z" and g(z) = z+> o, b, 2",
their convolution or Hadamard product f(z) x g(z) is defined by

(f*g)(z):f(z)*g(z):z+2anbnz” ,2eU.
n=2
And for several functions f1,..., f, € A
(fix...x f)(2) = fi(2) * ... % f(2) :z+Z(a1n...amn)z" ,z2 € U.
n=2

In [2], Darus and Ibrahim used the Hadamard product of k-ht order and defined
the following generalized differential operator. For f € A,a > 0,A > 0 and
k € Ng = NU {0} with Df , f(0) =0,

D°f(z) = f(2)

Doaf(z) = (a=Nf(2) + (A —a+1)zf'(2)

D}, f(2) = Di\(DES f(2) = 2+ ) _[(n = 1)(A = @) + nffan2".
n=2
Also, the authors in [2] defined the following generalized integral operator. Let

A=)z (A—o)z z
e =g 1= tam e

and

F(z) = ¢f(2)x ... x 9 f(2)

J

-~

k — times
=2+ [(n—1)(A—a) +n]"".

The integral operator I¥, such that I}, = [F(z)]™" * f(2),(z € U) where
feAand

F(2)«[F(2)] " = 1; =2+ 2"

implies

-1 _ o 1 n
PO =2 2 =it —a)

n=2
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thus they have

—z—l—z — o) T 2",

Then they defined the following subclasses of A involving the above general-
ized differential operator in [2]. Let M ,(x) be the subclass of the class A
consisting of functions f(z) which satisfy the inequality

D))
R {W} < U, WAS U

for some p(p > 1). And let N¥,(p) be the subclass of the class A consisting
of functions f(z) which satisfy the inequality

2[Dg s f(2)]"
R ——— > < L, ,2elU
{wmﬂM/
for some p(p > 1). Furthermore, in the same paper, they defined the following

subclasses of A involving the above generalized integral operator. Let 82 RO
be the subclass of the class A consisting of functions f(z) which satisfy the

inequality
z[1 Zi M)
%{ (B

for some pu(p > 1). And let IC'; (1) be the subclass of the class A consisting
of functions f(z) which satisfy the inequality

%{?@J@W}<% e

}<u, ,2€U

LafR))
for some p(p > 1).

2 Preliminaries

To prove our main results, we need the following definitions and lemmas.

Definition 2.1 (Hadamard Product) Given two functions f and g in the
class A where [ is given by (1) and g is given by g(z) = z+ >, b,2", the
Hadamard product (or convolution) f * g is defined as

(fx9g)(z _z+Zanbz
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Definition 2.2 (Subordination Principle) For analytic functions f and g
in U, we say that f is subordinate to g, written f(z) < g(z), if there exists an
analytic function w with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(2)).
In particular, if g is univalent in U, then the subordinate is equivalent to f(0) =

9(0) and f(U) C g(U).

Definition 2.3 [5/(Subordinating factor sequences) A sequence {c,}5°, of
complex numbers is called a subordinating factor sequence if, whenever f is
analytic, univalent and conver in U, we have the subordination is given by

Z%ann =< f(2) zelU, a =1.

Lemma 2.4 [5] The sequence {c,}5°, is a subordinating factor sequence if

and only if
%{1+2chz"} >0 z2€eU.
n=1

We begin by recalling each of the following coefficient inequalities associated
with the function classes M (1) N\ (1), Sk \ (1) and KE (1), respectively.

Theorem 2.5 [2] Let f € A. Then f € Mk (1) if

DMl = DA = a) + 0 [{(n = &)+ In+ & = 2|} |an| < 2(u — 1)

for some 0 < k <1 and u > 1.

Theorem 2.6 Let f € A. Then f € N¥,(n) if

[e.e]

Y nlltn =D = a) + 0" {(n = &) +|n+ & = 2u[} |an| < 2(n—1)

for some 0 <k <1 and p > 1.

Theorem 2.7 [2] Let f € A. Then f € SF,(n) if

{(n—r)+ |n+ff 2p[}
Z D0 =) tap] S22

for some 0 < k <1 and u > 1.
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Theorem 2.8 Let f € A. Then f € KE,(n) if

—n{(n— k) + [0+ K — 2}
Z; |[(n = 1)(A = a) + nj*|

for some 0 < k <1 and u > 1.

|an| < 2(u—1)

In the present paper,we obtain the several subordination results associ-
ated with the classes ME (1), N, (1), Sk (1) and KF (1) by employing the
tecnique used earlier by Attiya [1], Srivastava and Attiya [4].

3 Main Results

Theorem 3.1 Let the function f defined by (1) be in the class M ().
Also let C denote the familiar class of functions f € A which are univalent
and convex in U. Then

2+ A=) [{(2—r)+[2(—1) — [}
f*x9)(z) <g(z) (2
20— 1 @+ Al (@ n) T 20— 1) w9 H9E )

for every function g in C, and

D+ 12+A—a)*{(2— k) +[2(k— 1) — &} (3)
[+ A=) {2 =r)+[2(n—1) - &} ’

|2 A—a)*|{(2—R) H12(u—1) 1}
The constant Jactor o G A {2l 1)—]

Rf(2)) > — 2T

18 the best estimate.

Proof. Let f € ME ,(u) and let g(z) = 24+ > ", byz" € C. Then we have

[+ A=) [{2—r) +]2(n—1) — x|} .« Vs
20— D+ 1@+ A—al {2 —r) 12— 1wy P
L e -0 @0 RE-D k) NS
22— D) ]2+ A= ) {2 w) +[2(n — 1) — K[}] +§:"b
Thus, by Definition 2.3, the assertion of the theorem will holds 1f the sequence
{ [+ A=) [{(2—r) +]2(n—1) — &} a}w ()
220 =D+ 12+ A —a)f[{2—r)+ 12— =&} "),

is a subordinating factor sequence with a; = 1. In view of Lemma 2.4, this is
equivalent to the inequality.

[(24+ X —a)*{(2—k)+[2(u—1) — K|} :
{1_'_2 _1+|2+)\—Oé)|{(2—fi)—|—‘2( _1)_K|}anz}>0.
(5)
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Now
2+ A=) [{(2 - k) +[2(x — 1) _,<L|}
§R{1+2( T2 A - F {2 — k) + 2 _H‘}Zan }

B 124X —)*[{(2— k) + |2 — 1) — K|} ;
= D F B A= @ —r) + R(r— 1) — AT}
1

T D) T2 A (@R T 2 1) —Al}

Y12+ A =) {2 r) + [2(n = 1) = sl}anz"}

n=2

SR (R NV (¢ Bt Rl el S
ST A )[R A {2 =R+ 2= 1) — A}
1

T2(u— D) @A ) {2 R) F R0 - 1) —Al}

Z| (n—=1A=a)+n)*{(n—r)+ 24 r — 2u|}a,2"}

2+ A —a)*[{(2— k) +|2(n—1) — &[}

Z1_QW—1%H@+A—QVH@—H%H%M—U—HHT
3 2(p—1) .
2p =1+ 2+ A=) {2 —r)+|2(n— 1) — &}
=1—7r>0.

So, (5) holds true in U. This proves the inequality (2). The inequality (3)
follows from (5) by taking the convex function g(z) = £ =2+ ", 2" To
prove the sharpness of the constant

2+ A —a)*[{(2— k) +|2(n—1) — k[}
22(p =) + {2+ A=) {2 = 5) + [2(n = 1) — &[}]’

we consider the function fj € /\/l]; (1) given by

=z— 2= ) 3
fo(z) = 2+ X—a)F[2—r)+ 20— 1) — x|’

thus from (2), we have

[+ A=) [{(2—r) +[2(n— 1) — Kl}

220 =D+ 12+ A=) {2 —r) + [2(p — 1) — &[}] el

1—=z

fo(z) <
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it can be easily verified that

| 24 A — o) {2~ x) + 200 — 1) — #]} o
ﬁﬂ{%(ﬂ%u—n+w@+x—awH@—K»Hmu—n—Km““ﬂ}"2'

This shows that the constant

[+ A=) {2 —r) +2(n—1) — K[}
22(p =D+ 12+ A=) {(2 = r) + [2(p — 1) — &[}]

is the best possible and so this completes the proof of the theorem. m

The proofs of the following Theorems 3.2, 3.3 and 3.4 are much akin to
that of Theorem 3.1.

Theorem 3.2 Let the function f defined by (1) be in the class NJ ().
Also let C denote the familiar class of functions f € A which are univalent
and convez in U. Then

2+ A —a)*[{(2— k) + [2(n—1) — &[}
20p =1 +2[C+ A=) {2 = r) +[2(n - 1) = &l}

(fx9)(z) <g(z) (6)
for every function g in C, and

20— 1) +212+ A —a)* {2 k) +[2(n—1) — K[}]
202+ A =P {2 = k) + [2(u = 1) — &[}

R{F(2)} > - (7)

|24 A—0)*[{2—m)+[2(u—1)—r]}
2= )22 A—a)F{(2—r) +12(u—1)

The constant factor = is the best estimate.

Theorem 3.3 Let the function f defined by (1) be in the class Sfj,k(,u).
Also let C denote the familiar class of functions f € A which are univalent
and conver in U. Then

(2-R)+[20u—1) — &
2201~ D@+ A— )| + 2~ #) + [2(a— 1) — #]

(fxg)(z) <g(z) (8)

for every function g in C, and

20— D2+ A= a)*+(2— k) +[2(n—1) — K|

@)+ 2~ 1)~ Al zel. 0)

R{f(2)) > -

@=r)+|2(u—1)—r|
2[2(u—1)|(2+A =)k [+(2—r)+[2(u—1)—~]]

The constant factor is the best estimate.
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Theorem 3.4 Let the function f defined by (1) be in the class K} ().
Also let C denote the familiar class of functions f € A which are univalent
and conver in U. Then

(2—r)+2(0—1) — K|

2p =D+ A=) +2{(2—r) + 2 —1) = &l}
for every function g in C, and
2 — D2+ A=) +2{2—r) +[2(p — 1) — [}

(2—r)+[2(n—1)— x|

(2=r)+2(p—1)—]|
p=D)|(2+A—a)*[+2{(2—r)+[2(u—1)—xl}

(f +9)(2) < g(z) (10)

R{f(2)} > - (11)

1s the best estimate.

The constant factor 57

For A\=a,k=0,k=1and pu > %,We have
Remark 3.5 [3] If f € M}, (u) then, (f * g)(z) < g(2), g € C and

Rf(z) > —g, z e U.

The constant % is the best estimate.
Remark 3.6 If f € N¥,(p) then, 2(f % g)(z) < g(2), g € C and

Rf(z) > —Z, zeU.

The constant % is the best estimate.
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