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Abstract

In this paper, we give relation between Bour’s theorem and confor-
mal map in FEuclidean 3—space. We prove that a spiral surface and a
helicoidal surface have a conformal relation. So, a helix on the helicoid
correspond to a spiral on the spiral surface. Moreover we obtain that
a spiral surface and a rotation surface have a conformal relation. So,
spirals on the spiral surface correspond to parallel circles on the rotation
surface. When the conformal map is an isometry we obtain the Bour’s
theorem .i.e, we obtain an isometric relation between the helisoidal sur-
face and the rotation surface, which was given by Bour in [1]. Thus this
paper is a generalization of Bour’s theorem.
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1 Introduction

Surface theory in Euclidean 3—space has been studied for a long time. In
classical differential geometry, rotation surfaces with constant curvature and
the right helicoid (resp catenoid) which is the only ruled minimal surface have
been known. Also, a pair of these two surfaces has interesting properties
namely, they are both members of a one parameter family of isometric minimal
surfaces, and if they have the same Gauss map then they are minimal surfaces.

Moreover, Bour [1] showed that a helicoidal surface and a rotation surface
are isometric in Euclidean 3—space. In this theory, orginal properties such as,
minimality and preservation of the Gauss map are generaly unmaintained. In
[11], Tkawa showed that a helicoidal surface and a rotation surface are isomet-
ric according to Bour’s theorem in Euclidean 3—space. He determined with
an additional condition that the pairs of surfaces have the same Gauss map
by Bour’s theorem. Also, in [10], [kawa gave a classification of the surfaces
by types of axis and the profile curves named as (axis’s type, profile curve’s
type)-type. For example, the (S, L)-type surface means that the surface has
a spacelike axis and a lightlike profile curve. After these studies, Giiler con-
sidered the null (lightlike) profile curves of helicoidal and rotation surfaces in
Bour’s theorem and he showed that Bour’s theorem is true in 3-dimensional
Minkowski space.

Carmo and Dajczer [3] found that there exist a two-parameter family of
helicoidal surfaces which is isometric to a given helicoidal surface by using a
result of Bour’s theorem. Furthermore, they characterized helicoidal surfaces
which have constant mean curvature with the help of this parametrization.

Spiral curves and surfaces are most fascinating objects. Because they have
important properties such as the size increases without altering the shape.
Their properties are seen on different objects around us in differential geometry,
in science and nature. Let us, we mention some phenomena seen curves which
are similar to the spirals. For examples, the approach of a hawk to its prey,
the approach of an insect to a light source (see for details [2]), the arms of a
spiral galaxy, the arms of the tropical cyclones, the nerves of the cornea and
several biological structures, e.g. Romanesco broccoli, Convallaria majalis,
some spiral roses, sunflower heads, Nautilus shells and so on because of the
fact that these curves are named also growth spirals.

In this paper, we give relation between Bour’s theorem and conformal map
in Euclidean 3—space. We prove that a spiral surface and a helicoidal surface
have a conformal relation. So, a helix on the helicoid correspond to a spiral
on the spiral surface. Moreover we obtain that a spiral surface and a rotation
surface have a conformal relation. So, spirals on the spiral surface correspond
to parallel circles on the rotation surface. When the conformal map is an
isometry we obtain the Bour’s theorem .i.e, we obtain an isometric relation
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between the helicoidal surface and the rotation surface, which was given by
Bour in [1]. Thus this paper is a generalization of Bour’s theorem.

2 Preliminaries

First of all, we recall elementary properties in E3. The inner product on the
Euclidean space [E? is given as

(T,y) = 2191 + T2y2 + T3Y3

where @ = (21,2, 23) ,y = (Y1, Y2, y3) € R,
The norm of the vector z € E? is defined by

]l =/ (x, )
and the Euclidean vector product is given by
T Xy = (Toys — YaT3,T3Y1 — Y3T1,T1Y2 — Y122) .

For a surface X (u,v), the coefficients of the first fundamental form E, F' and
G in the base (X,, X,) are defined as

F = <Xm Xv>
G = (X,,X,).

The coefficients of the second fundamental form L, M and N of X (u,v) are
given as

L = (Xu,e)
M = (Xu,e)
N = (Xy,e).

The Gauss map of the surface X (u,v) is given as

X, X X,
€= .
[ Xu > Xl

where {X,,, X, } is the natural bases.
The line element of the surface X (u,v) is defined as

ds® = Edu® + 2Fdudv + Gdv?.

Let v : I C R — 7 be a curve in a plane 7 in R? and [ be a straight line in
7 which dosen’t intersect the curve 7. A rotation surface in E? is obtained by
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rotating a curve « around line [ (they are called the profile curve and axis,
respectively).

Suppose that a profile curve v rotates around the axis [ and it simultane-
ously moves parallel to [ so that the speed of displacement is propertional to
the speed of rotation. Then the surface is called the generalized helicoid or
helicoidal surface with axis [ and pitch a.

Let [ be the rotation axis. Thus, there is an Euclidean transformation
which transformed the axis [ to the axis-z in R3. Parametric equation of the
profile curve ~ is given by

7 (u) = (¢ (u), 0,0 (u))

where 9 (u) : I C R — R differentiable functions for all u € I.
In this paper, we consider the parametric equation of the profile curve
for 1 (u) = w, that is,
7 (u) = (u,0,¢ (u)).
Therefore a helicoidal surface with the rotation axis z and the profile curve ~
then the parametric equation of the helicoidal surface is given by

H (u,v) = (ucosv,usinv, ¢ (u) + av) (1)

in E3. Where uw € I, 0 < v < 271, a € R/ {0}.

In the Eq. (1), if we consider that a is zero, then we obtain the parametric
equation of the rotation surface [11].

Also a spiral surface with the rotation axis z and the profile curve v then
the parametric equation of the helicoidal surface is given by

S (u,v) = (f (v)ucosv, f (v)usinv, f (v) ¢ (u))
where f : I C R — R differentiable functions for all v € I .

Definition 1 A mapping of surfaces f : X — Y s conformal provided there
exist a real-valued function X > 0 on X such that

[fevpll = A (0) l[opll

for all tangent vectors to X. The function X\ is called the scale factor of f.
) If X is constant function then we say f is homothetic,
i) If A =1 then we say f is isometry [9].

Definition 2 Let f : X — Y be a mapping. Then f is a conformal map if
and only if B ) B

E =X\E F=MNF G=)\G
where E, F, G and E, F', G are coefficients of the first fundamental forms of
the X and Y, respectively [12].



A Conformal Approach to Bour’s Theorem 705

3 A Conformal Approach to Bour’s Theorem

Theorem 1 (Bour’s theorem) A generalized helicoid is isometric to a rotation
surface so that helices on the helicoid correspond to parallel circles on the
rotation surface [1].

Theorem 2 A generalized helicoid and a spiral surface have a conformal re-
lation so that helices on the helicoid correspond to spiral on the spiral surface.

Proof. Let v(u) = (u,0,6(u)), I = (0,0,1) be the profile curve and the
rotation axis, respectively. Then a helicoidal surface H can be parametrized
by

H(ug,vy) = (uy cosvy, ug sinvy, ¢g(ug) + avy), a = constant.

If ¢(u) is a constant function, then the generalized helicoid is called the right
helicoid. Then,

H., (ug,vg) = (cosvy,sinvy, dy(ug))
H,, (ug,vg) = (—ugsinvy,uycosvy,a)
and coeflicients of first fundamental form of the helicoid is given as

Ey = (Huy Huy) =140

U

Fy = (H,,,H,,)=ady
Gy = (H,,,H,,)=u} +ad.

Then, the line element of generalized helicoid is
ds; = (1+ ¢f) duyy + 20y dupdoy + (uf; + a®) dv;. (2)

Now we investigate the line element of the spiral surface. The spiral surface
with the parametric equation is given as

S(ug,vs) = (eg/(”S)uS cosvg, €9 "ug sinvg, 9 v S)ps(ug))
where ¢”(vs) = b = constant. Then we have

’ ’ . ’
Sus(ug,vs) = (€78 cosug,e? ) sinvg, e ) ¢y (ug))
’ ’ . ’
Sys(us,vg) = (be? vs) g cos vg — €9 Sy, sinvg, be? USug cos vg

+e9' )y g sinvg, beg/(US)ﬁbS(US))

and the coefficients of first fundamental form of the spiral surface is given as
. 2
By = (Sus:Sus) = (¢/09) (14 63)
) 2
Fs = (SusSus) = (709)) (bug + borsoy)

, 2
Gs = (Sugs Sus) = (7)) (02} + 6%) + ud).
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Then, the line element of spiral surface is given by

L2
dsz = (eg (”S)) [(1+ ¢2) dug + 2(bug + bopsdls)dusdvs + (b*(ug + ¢3) + uz)dvg]

(3)
Comparing the line element of helicoidal surface in Eq. (2) and spiral surface
in Eq. (3) then we obtain the function ¢g of the spiral surface as

ab (b* + 1) ¢% £/ A
b 02 (b2 4+ 1) @2

Ps(u) =
where
A= a8 (B +1)° ¢+ (b + 07 (07 +1) ¢2) (bPu? + b2a® — a® (1 + 1) ¢2) .
So, we have the following equation:
/ 2 / 2 / 2
Ey = (69 (Us)> Es, Fy — (eg (”US)> Fs, Gy = (eg (Us)> Gs.

Since the function e?(¥s) is positive we have a conformal relation between
H(ug,vy) and S(ug,vs). Therefore a generalized helicoid

U COS v
H(u,v) = usinv
o(u) + av

O, a2+;)122;162¢§ cos(v)
S(u,v) = e?' @)y _a2+:22;1b—2¢2 sin(v) |- b7 0.

ed' )¢,

and the spiral surface

have a conformal relation.
If we consider that €9 (s) = constant, that is, b = 0 then the spiral surface
reduce to rotational surface then, we obtain

ds? = (69'(715))2 (14 ¢2) du’ + (u?) dvg] .
So, if we consider that

Ug = / \/ 1+ ¢ddus, fs(is) = us, vs = vs,

then the line element of the rotation surface is rewritten as

ast = (e09) " [dn} + fi(as)de?] . (@)
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On the other hand, a helix on the generalized helicoid has a constant uy.
Given curve is orthogonal to a helix, we have the following characterization
for the helix and its orthogonal curve

adyduy + (uf; + a*) dvy = 0.

If we solve the last equation, then we have

UH:—/ i 2du+c
H—i—

where c is constant. Hence if we consider vy is equal to following equation we
obtain a curve which is orthogonal to helix.

_ aQyr
Vg = v ——du.
H H+/UH+a2

If we differentiate the last equation we obtain

doy = d +—Hd
vH vH uH+a2u

Substituting this equation into the line element in Eq. (2), we have
2 ui o 2 2 2\ 7-2
dsy = 1—1—— duy; + (uH+a )de.
uf + a’

If we consider that

uH—/ 7 + 2ande() \/u? + a?

dsy, = dug; + f(u)5dvy. (5)
which is the line element of the helisoidal surface.

Comparing the line element of helicoidal surface in Eq (4) and the line
element of the rotation surface in Eq. (5) and using the foloowing equation

it follows that

Y_LS = ﬂg s v = Vs and f(Q_LH) = fs(ﬂs>

we obtain the function ¢g of the rotation surface as

/ a2—i—quz5 @’ +updp

u?, + a?
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So, we obtain a homothetic relation between the helicoidal surface

U CoS v
H(u,v) = usinv
o(u) + av

and the rotation surface

9 /a2 + u2 cos(v + / afjf;Q du)
S(u,v) = | e9®ya2 4 u?sin(v + / aff;Q du)
eg/(v) / / angqj_QadZ)/Q

If we consider that e¥ () = 1 then it is clearly seen that we obtain a generalized
helicoid

UCOSV
H(u,v) = usin v
B(u) + av

and the rotation surface

Vva? + u? cos(v + / aﬁf;Q du)
S(u,v) = | Va2 +u?sin(v + / azaf;Q du)
/ [ a2+u2¢'2

u2+a2

have an isometric relation,that is, we obtain the Bour’s theorem. W

Example 1 If we consider ¢(u) = u, a = 1 and b = 5 then we obtain following
figures which have a conformal relation

Figurel. A helicoidal surface and its images spiral surface.
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Corollary 3 A spiral surface and the rotation surface have a conformal rela-
tion. So, a spiral on the spiral surface is correspond to a circle on the rotation
surface.

Proof. Let
S(ug,vs) = (€7 "(v5)y6 cos vg, €7 Vyg sinvg, e ¢ ¢S(us))

be a spiral surface with parametric equation for ¢”(vg) = b = constant. Then,
differentiating the last equation, we get

Sus(ug,vg) = (e7) cosvg, e? V) sinvg, 9 v (bs(us))

Sys(us,vg) = (beg/(”S)ug cosvg — €9 ")y sinvg, bed "Sug cos vg

+e9' )y g sinvg, beg/(US)CbS(US))

and the coefficients of first fundamental form of the spiral surface is given as
) 2
Bs = (Sus:Sus) = (7)1 + 62)
) 2
Fs = (SusrSus) = (709 (bus + bosol)
! 290 2 2
Gs = (Sugs Sus) = (e709))" (020} + 6%) + ud).

Then, the line element of spiral surface is given by

) 2
ds?g = (eg (”S)) [(1 + ¢{§) du% + 2(bug + bopsds)dusdvs + (bQ(u?g + Qb%*) + u?g)dv?g]
(6)

a spiral on the spiral surface has a constant ug. Given curve is orthogonal to a
spiral, we have the following characterization for the spiral and its orthogonal
curve

(bus + bgbgd)’s)dus + (bz(u% + ¢§) + u%)dvs =0.
from this equation, we obtain
bus + bosd's
vg = / dus + ¢
(bZ(Us + ¢S> )

where ¢ is constant. Hence if we consider vg is equal to following equation we
obtain a curve which is orthogonal to helix.

bus + bpsdls
Vs = Vg + / dug.
(0 (uf + ¢%) + ug)
If we differentiate the last equation we obtain

bug + bpsdly
(02(uf + ¢%) + u?)

d@s = dUs + dus.
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Substituting the last equation into the line element of the spiral surface in Eq.
(6), we have

dS?g = (eg/(vs)) 2

<1 + 08 - ( (bus + bosds)

d 2+ b2 2+ 2 + 2 d72
bg(u%+¢%)+u%)> ug + (b°(ug + ¢g) + ug)dvg

Hence if we consider that

bug + bosds)?
) \/1 O G g gy 59 = PR )

then it follows that
ds? = (9@ Qdﬂz 4 (9@ 2f )2dv?
5= s(u) dv (7)

On the other hand, the parametric equation of the rotation surface given as
follows

R(ur,vr) = (ug cosvg, ugsinvg, pr(ug)).

If we differentiate the last equation we obtain

Ry, (ur,vg) = (cosvg,sinvg, ¢r(ug))

R,,(ug,vg) = (—ugrsinvg,ugcosuvg,0)
and coefficients of first fundamental form of the rotation surface is given as

ER = <RuR7 RuR> =1+ (bf?
FR - <RuR7 RvR> = a¢IR
GR - <RUR, RUR> == u%

Then, the line element of the rotation surface is given by
dsh, = (1 + ¢}) duf, + 2a¢pdurdvg + uhdvy,.

So, if we consider that

Ugp = / V91+ PRdur, fr(tur) =ug, Ur = vg,

then the line element of the rotation surface is rewritten as
dsy, = duy, + fF(iig)dv,. (8)

Comparing the line element of the spiral surface in Eq. (7) and the line element
of the rotation surface in Eq. (8) and if we consider that

g = Ug , Vs = vg and fg(tis) = fr(Ur)
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we get
Ug = Up (9)

bus + b gl ) /
1 12 — 1 /2
/\/ N Gl e R A s

_ / duR ’ d¢R oy

N duR duR R
dup dug dop dug ?

= _— duR
dug dug R dug dug

—/ (d“) (“R)Qd“—sd
N du dug ) dup Ur

and
fr(ur) = fs(us) (10)
up = (R0 + 6%) + ud)
dug _ bus + b*psdly + ug
dus V(O (uf + 0%) + uZ)

Using the Eq. (9) and Eq. (10) we obtain the function ¢g of the rotation
surface as follows

_ / Dudos 0 Sy rudtud g2 g0l (V) 2 D) usdsdls—b o508
b2 (ug+0%) + ug
So, we obtain a conformal relation between the spiral

/
ed' Wy cos v
! .
S(u,v) = | e?®uysinw

eg’(v)¢(u)

and the rotation surface
V(02 (u? + ¢2) + u?) cos(v + / %du)

R(u,v) = V(B2 (w2 + ¢%) + u?) sin(v + / %du)
Pr
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Example 2 If we consider ¢(u) =u,a =1 andb = % then we obtain following
figures which have a conformal relation.

Figure 2. A spiral surface and its images rotation surface.

Corollary 4 Consequently; helicoidal, rotation and spiral surface have follow-
ing diagram which s comutative.

Bour

HELICOIDAL SURFACE el ROTATiON SURFACE
Isometry

conformal conformal

Y

SPIRAL SURFACE

Figure 4: Relation among the helicoidal, rotational and spiral surface.
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