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Abstract

In this article we introduce the sequence spaces Vi, (m, €) and V! (m, ¢)
and study some of the properties and inclusion relations on these spaces.
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1 Introduction

Let , and be the sets of all natural,real and complex numbers respectively.
We write
w={x=(zg):xx € or},

the space of all real or complex sequences.

Let lo,c and ¢y denote the Banach spaces of bounded,convergent and nul
sequences respectively normed by

s = sup o
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Let v denote the space of sequences of bounded variation ,that is
v={xr=(xp): li)]xk — x| < 00,z_1 = 0}.
v is a Banach space normed by
|| = ;i) |1 — x| (See[5], [7], [12], [14]).

Let o be an injection of the set of positive integers into itself having no finite
orbits and T be the operator defined on Iy, by T'(zx) = (2o (r)).

A positive linear functional functional ®, with ||®|| = 1, is called a o-mean or
an invariant mean if ®(z) = ®(Tx) for all z € .

A sequence x is said to be g-convergent , denoted by = € V,, if ®(z) takes the
same value , called o — lim x, for all o-means ®. We have

Vo ={z = (2): Y_ tmx(z) = L uniformly in k, L = 0 — limz},
m=1

where for m > 0,k > 0

T+ Tk T + Tom(

ul ;and £y, =0
where 0™ (k) denotes the m'™ iterate of o at k.

In particular , if o is the translation, a o-mean is often called a Banach limit and
V, reduces to f, the set of almost convergent sequences.(See[6],[7],[8],[14]).For
certain kinds of mappings o,every invariant mean ® extends the limit func-
tional on the space c of real convergent sequences, in the sense that

O(z) =limx forall z €ec.

Consequently, ¢ C V, where V, is the set of bounded sequences all of whose
o-mean are equal.(cf.[1],[5],[6],[7],[8],[11],[12],[14],[15],[16]).

The notion of I-convergence was studied at the initial stage by Kostyrko[4],Salat[4]
and Wilezynski[4]. Later on it was studied by Saldt[9-10], Tripathy[9-10],
Ziman[9-10],Tripathy and Hazarika[13] and Demirci[2].Here we give some pre-
liminaries about the notion of ideal convergence.

Let X be a non empty set. Then a family of sets IC 2% (power set of X)is
said to be an ideal if I is additive i.e A,B€EI =AU Be€l and hereditary i.e A€l,
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BCA=Bel.

A non-empty family of sets £ C 2% is said to be filter on X if and only if
¢ ¢ £(I),for A,.Be £(I) we have ANBe £(I) and for each Ae £(I)and ACB
implies Be £(I).

An ideal IC 2% is called non-trivial if I 2%,
A non-trivial ideal IC 2% is called admissible if {{z} : z € X} CL

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J#I
containing I as a subset.

For each ideal I, there is a filter £(I) corresponding to I.
ie £(I) = {K C: K¢ € I},where K° = —K (See.[13]).

Definition.1.1 A sequence (zj) € w is said to be I-convergent to a number L if
for every € > 0. {k € N : |z, —L| > €} € I. In this case we write ] —lim z), = L.

The space ¢! of all I-convergent sequences to L is given by
' ={(z) €ew: {k € |z — L| > €} € I, for some Le}(See.[4],[9],[10]).

Definition.1.2 A sequence (z;) € w is said to be I-null if L = 0 .In this case
we write I — lim zj, = 0.The space ¢} of I-null sequences is given by

ch ={(w) €w: {k €: || > €} € I, }(See.[4],[9],[10]).

Definition.1.3 A sequence () € w is said to be I-Cauchy if for every ¢ > 0
there exists a number m = m(e) such that {k €: |z — x,,| > €} € 1.(See.[13]).

Definition.1.4 A sequence (xj) € w is said to be I-bounded if there exists
M >0 such that {k €: |zg| > M }(See.[13]).

Definition.1.5 A sequence space E is said to be solid or normal if (xj) €
E implies (agzr) € E for all sequence of scalars (ax) with |ay| < 1 for all

k €.(See.[13]).

Definition.1.6 A sequence space E is said to be monotone if it contains the
cannonical preimages of all its stepspaces.(See[13]).

The following result will be used for establishing some results of this article
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Lemma.1.7The sequence space E is solid implies that E is monotone.(See[3,p.53]).

The motivation for this paper comes from the study of [1-16] and here we gen-
eralise the notion of the c—mean using I-convegence.

2 Main Results
In this article we introduce the following classes of sequence spaces.
Let x = (xp) € w,

Vi (m,€) = {(zp) € w: (Ym)(3e > 0){k €: |tmr(z)] > €} € I},

VEim,e) = {(zx) € w: (Ym)(Fe > 0){k €: [tmr(x)—L| > €} € I, for some Le}.

Theorem 2.1.V!(m,¢) and Vi (m, €) are linear spaces.

Proof: Let (z1), (yx) € VI(m,¢) and a, B be two scalars. Then for a given
e >0,

we have .
A=Ak € [tmp(z) — L1 < 5} € I, for some L; €}
Ay = {k € [tmu(y) — La| < %} € I, for some Ly €}
Then .
Al =k e [tmp(x) — L] > 5} € I,for some L; €}
AS ={k € [tmr(y) — Lo| > g} € I, for some Ly €}
Now let,

Az = {k € |(atmn(x) + Btmi(y)) — (aLi + BLy)| < €}

2 {k € |alltmp(x) = Lo| < ep N {k € [Blltmr(y) — Lo <€}

Thus AS = AS N A € 1.

Hence(a(zy) + B(yx)) € V. (m,e).
Therefore V!(m, €) is a linear space.
The rest of the result follow similarly.
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Theorem 2.2.The spaces V. (m, €) and V! (m, €) are normed linear spaces,normed
by
||z« = sup [t k()] (A).

m,k

Proof: It is clear from from theorem 2.1 that Vi, (m, €) and VI(m, ¢) are linear
spaces.

It is easy to verify that (A) defines a norm on the spaces VL (m, €) and V.1 (m,€).
Theorem 2.3. V!(m,¢) is a closed subspace of .

Proof. Let (x,g")) be a cauchy sequence in V!(m, €) such that (™ — z.

We show that € V!(m,€). Since (x,(fn)) € VX(m,e), then there exists a, such
that
(k€ tmp(@™) —a,| > €} € 1.

We need to show that
(1)(a,) converges to a.
) U ={k €: |xx — a| < €}, then U € I.

(1) Since (z\™) is a cauchy sequence in V(m, €) then for a given € > 0, there
exists kg € such that

sSup ’tm,k(xl(cn)) - tm,k('rg)” < §7 for all Il,i > kO

m,k

For a given € > 0, we have
n 7 €
Bui = {k € [tma(a}”) = tme(@)| < 3}
B, = {k € [tmp(z) —ai] < =
i = 1k & ftmi(ey) —ai < 5}

n €
By, = {k € [tmu(z") —a,] < g}

Then B¢, Bf, BS € 1.
Let B¢ = B¢, N Bf N BS, where B = {k €: |a; — a,| < €}.
Then B¢ € I.

We choose kg € B¢ then for each n,i > ky, we have
{k € |a; — an] < €} D {k € |tmr(@?) — @] < g}
€

N {k € [tmp(z”) — tmr(z)] < 3}

n €
N {k € Jtma(al”) = aa| < 5}
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Then (a,) is a cauchy sequence of scalars in , so there exists a scalar a € such
that (a,) — a, as n — oco.

(2) Let 0 < 0 < 1 be given.Then we show that if U = {k €: |t,i(z) — a] <
d},then U¢ € I.
Since tmk(x(”)) — tyk (), then there exists gy € such that

)
P ={k € |tpp(z® —t, . (z)| < §} (1)

which implies that P¢ € [
The number ¢y can be so choosen that together with (1), we have

1)
Q=1{ke: |GQO_G|<§}

such that Q¢ € I
Since {k €: |tm7k(x,(€q°)) — aq,| > 0} € I.Then we have a subset S of such that
S¢ e I, where

)
8 = {k € ltmu(ai™) — ag| < 3}
LetU¢ = PN QNS¢ where U = {k €: |[tyr(x) —a| < 0}.
Therefore for each k € U¢, we have
)
{k € |tmr(x) —a|l <0} D{k e: |tm7k(m(q°) —tmi(2)| < 5}

)
Nk € ltmi(al™) = ag| < 5}

)
N{k €:]ag —al < g}

Then the result follows.
Since the inclusions Vi (m,€) C I, and V!(m,¢€) C I, are strict so in view of
Theorem 2.3 we have the following result.

Theorem 2.4. The spaces VL (m, €) and V!(m, €) are nowhere dense subsets
of l.

Theorem 2.5. The space V. (m,€) is solid and monotone.

Proof. Let (z;) € ViL(m, €) and a3 be a sequence of scalars with |a| < 1, for
all k e

Then we have |agtmk(z)| < |og||tmr(z)] < |tmi(2z)], for all k €

The space VL (m, ¢€) is solid follows from the following inclusion relation.

(K € [tpn(x)] = €} D {k € |antmp(@)] > €.
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Also a sequence space is solid implies monotone. Hence the space VL (m, €)is
monotone.

Theorem 2.6.The inclusions ¢} C V(. (m,¢) C I, are proper.

Proof. Let x = (1) € ). Then we have {k €: |1| > €} €[
Since ¢y C Vo, (m,€)
x = () € VgL implies {k €: [tpr(z)| > €} €1
Now let,
Ay ={ke |z <et el

Ag = {k € [tps(x)| < e} €1

be such that A{, AS € I.
As I = {z = (xy) : sup |zx| < oo}, taking supremum over k we get A C AS.
k

Hence ¢ C Vil (m,€) C L.
Theorem 2.7.The inclusions ¢! C V!(m,¢) C I, are proper.

Proof. Let x = (x3,) € ¢!. Then we have {k €: |z, — L| > ¢} €1
Since ¢ C V,(m,€) C ls
x = (z1) € VI(m,e) implies {k €: |tyr(z) — L| > €} €1
Now let,
By={ke|xy—Ll<e}el

By=Ak€: [tmp(z)—L| <e}el

be such that Bf, BS € I.
As I = {x = (xy) : sup |zx| < oo}, taking supremum over k we get Bf C BS.
k

Hence ¢! € VI(m,€) Cly.
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