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Abstract- Numerous theoretical studies on predator-prey
dynamics have been studied where the habitat is free of
complexity. But empirical and experimental results suggest that
habitat complexity plays significant role in the predator-prey
dynamics. On the other hand, most of the theoretical models in
ecology are studied under unvarying deterministic environment
though the characterizing parameters of real environments
exhibit random fluctuations. In this paper, we study a colour
noise-induced predator-prey system where the interaction
between prey and predator occurs in a habitat with structural
complexity. Spectral density analysis indicates that the system
is stochastically stable and lies within the tolerance interval at
the intermediate degree of habitat complexity. The qualitative
behaviors of the model system have been demonstrated with the
data of Paramecium aurelia (prey) and Didinium nasutum
(predator) interaction.
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I. INTRODUCTION

Theoretical works generally assume that interaction
between prey and predator occurs in a habitat where no
complexity is present ™. However, no natural habitat
(aquatic or terrestrial) is truly free of complexity. Aquatic
habitat, for example, becomes structurally complex in
presence of submerged vegetation or aquatic weeds. It is
well established that habitat complexity reduces the
predation rate *“ and the hypothesis is that there exists an
inverse relationship between predation rate and degree of
habitat complexity . Therefore, it is important to
incorporate the effect of habitat complexity when predator-
prey interaction is studied by means of theoretical models.
The most commonly mathematical expression used to
represent the interaction between a prey and predator
(known as predator’s response function) is Holling Type Il
1 It is shown in [7] that the Type Il response function,

a(l—c)x
1+a@—c)hx’

iven by %
g y 1+ ahx

, can be modified to
where x is the prey density, o is the attack coefficient, h is
the handling time and ¢ (0 < ¢ <1) measures the degree or
strength of habitat complexity. For example, ¢ = 0.30 implies
that predator-prey interaction will be reduced by 30% due to
the complexity of habitat. If c=0 then it will be the Holling
Type Il response function.

Most of the models proposed and studied in the
ecological literature work within the framework of an
unvarying deterministic environment. This means that
present state of a population is uniquely determined by
parameters in the model and by sets of previous states of
these populations. Therefore, deterministic models always
perform in the same way for a given set of initial conditions.
However, the parameters characterizing real environment
exhibit random fluctuations. That means, real environments
are uncertain or stochastic. Due to these reasons, most
natural phenomena do not follow strictly deterministic laws,
rather oscillate randomly about some average so that the
deterministic equilibrium is not an absolutely fixed state;
instead it is a ‘fuzzy’ value around which the biological
system fluctuates ®.. In models of biological systems,
fluctuations or an external random force is typically
approximated by delta-correlated random process or white
noise which has a finite radius of correlation ' > This is
explained by the comparative mathematical simplicity of
such processes. However, for most of the biological systems,
white noise is not an accurate approximation of the actual
fluctuations or randomness present in the system. In these
cases, colour noise provides a more accurate description. In
this paper, we study a colour noise-induced predator-prey
model with habitat complexity. To take into account the
effect of fluctuating environment, we consider perturbations
in the prey's reproductive factor and predator’s mortality
factor in the form of colour noises ***¥. The study is based
on the spectral density technique developed by Pugachev ™4,

The organization of this chapter is as follows. Section 1l
deals with the stochastic model formulation. Spectral density
functions are deduced in Section Ill. Section IV deals with
non-equilibrium fluctuations and stability. Solution of the
noise-induced linearized system is given in Section V.
Numerical study is performed in Section VI and a brief
discussion is presented in Section VII.

Il. THE STOCHASTIC MODEL

Assume that the prey population (x) grows logistically to
environmental carrying capacity k in absence of predator (y)
with intrinsic birth rate constant r. Let d be the food-
independent death rate and 8 be the conversion efficiency of
the predator. Assume that the interaction between prey and
predator occurs in a homogeneously complex habitat
following modified Type Il response function. Under these
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assumptions, the prey-predator dynamics can be represented
by the following couple of differential equations:
a(l—c)xy

dx ( xj

—=rx|l-— | -——————,
dt k) l+a(l-c)hx
dy _ Oa(l-c)xy

dt  1+ah(l-c)x

M

The coexistence equilibrium of the System (1) is given

by E"(x"y") with equilibrium prey and predator densities
* d &
X =
a(l-c)(@ - hd)
y = r(k=x)fi+ah@-c)x } respectively.  This
ak(1—c)
equilibrium will be biologically meaningful if
(i) c<c, &
(i) 0>hd+-5,
ak
where ¢ o4
ak (6 —hd)

The System (1) is locally asymptotically stable around
the equilibrium E (x",y") if ©

: 1 (1+ hdj

(i) a>— ,
kh\1-hd

(ii) M<Q<L )
akh-1

(iif) ¢, <c<c,
and unstable if ¢ < c,. A Hopf bifurcation exists at ¢ = ¢,
6+hd
akh(6—hd)
the environment will manifest mainly as fluctuations in the
birth rate of prey and in the mortality rate of predator. Under

these assumptions, the stochastic counterpart of the
deterministic model System (1) will take the following form:

dx rx
— = r t)——— |—
at ( +1,(t) K j
d_y: Ba(1-c)xy
dt 1+a(l-c)hx

where c,=1- . Assume that fluctuations in

a(l-c)xy
1+0l(1—C)hX’ (3)

+(=d+7,(1)y.

Here the perturbed terms 7, (t) (j=1, 2) are uncorrelated

colour noises and follow the Ornstein-Uhlenbeck process %!
which are more realistic noise than Gaussian white noise.

The mathematical expectation and correlation functions
of the process 7, (t) (=1, 2) are given by :
(n; () =0
&
<77] (t1)77] t,)= ‘c"jé‘j exp(_aj -t 0),(j=12)

(4)

where ej,5j‘1>0 are, respectively, the intensity and the
correlation time of the noise #;(t) and <> represents the
average over the ensemble of the stochastic process. #;(t) are
the solutions of the stochastic differential equation
an;
dt

where & (t) = dov;
It

(5)

do,

are independent standard zero mean

Gaussian white noises characterized by :

&@y=0
&
i)y =6t -t) j=1,2

where d(z) denotes the Dirac delta function ¢!,

(6)

I1l. DEDUCTION OF SPECTRAL DENSITY FUNCTION

Substituting X = logx and Y = logy in Equation (3) and
using the transformation u = X - X" and v =Y - Y, where
(X°.Y) = (logx’, logy’) and (x"y) is the coexistence
equilibrium of the System (1), we obtain the linearized
system as

du__ a

th— 7U =BV +m, (1), )

d*\,[/:ﬁzUJrﬂz(t),

where

~ rdh{ { 0 +hd H

n= c—11- )
0(1—c) akh(6—hd)

8

| o S
a-o)| | ak(@—nhd)

g p, = 40-d),

0

It is to be noted that y;, S, and S, are all positive
following the deterministic stability Conditions (2).

By eliminating v from the first equation of (7) and u from
the second equation of (7), we get

d?u du
d71;+71§+ﬁlﬂzu = F (1), )
d<v dv
F"'%E"‘ﬂlﬂzv = Fz(t)l
where,
Fl(t) = 1’71(t) + é‘1\) 2‘(;1 1(t) - 131772 ('[), (10)
Fz (t) = (71 - 52)772 (t) + 52 \/ 252 2 (t) + ﬁz’h(t)-
Here it is assumed that
1 <2YyBpB,. 1)

Since 5, and #, are independent, the correlation function
K. of the driving force F(t) is given by
1

JCET Vol. 3 Iss. 2 April 2013 PP. 76-83 www.ijcet.org (© American V-King Scientific Publishing

77



Journal of Control Engineering and Technology (JCET)

Kpl (t1 _tz) = ((F1(t1) - < F1(t1)>)(F1(tz) _<F1(t2)>)>
=(RLRE) (- (R)=0)
= 67 (m (Wm (L) + 267 (& (L)E (L))

+ B, (L), (1)) — 52 e L (L) & (1))
+ <’71 (tz)é:l(t’l»} .

From Equation (5),

(12)

d
% = =0 (t)

(G)=0 & (& ()& () =0t -t,).

Therefore, the correlation function Ky of the random

+0,4/26,&,(1),

function Y (t) = % is given by,
t

Ky (1) =Y ()Y () (Y (1)) =0)
= 5,60 " + 287 ¢,6 (1) (13)
- 512 \/27‘91{071 t)& ()

+( ()& )} (u=t -1,).
Again,
d 2
Ky (1) =-&0, Fexp(—él ),
U

d d
= 6,62exp(=6, | u )| — | | -6 uf) | 14
du du

= s57exp(~3, | ul) [26(1) - &,sign )],

where
1, foru>0
sign =10,  for u=0 (15)
-1, for u<0.
Combining (13) and (14), we get
J2e ()&M) +m )& )}
= &[5,exp(=5, | ) (16)
+26 (1) +exp(=6, | 1 {6, (sign p1)* =25 (u)}.

From Equations (4), (6), (12) and (16), we have
Ke, (1) = & 6:8xp(=6, | ) + 267 £,5 (1)
+ 6,6,exp(=6, | ) 1)
~ 526, [5,exp(=0, | )+ 26 (1)
+exp(=8, | 16, (sign )” — 25 (u)}1.
Similarly, the correlation function KF2 of the driving

force F,(t) is given by
Ke, (1) = (7,=6,)" 6,,8xp(=6, | )
+20,8,0(u) + Be,5,exp(=0, | p]) (18)

+ (1= 6,)6,6,[6,exp(=5, | 1))
+25(p) +exp(=5, | 11, (sign u)* - 26 (u)}1.

The spectral density function of F(t) is given by (after
some simplification) :

1 T —iou H
S (@)=~ [ K (e ™du (i=+-1)
T % (19)
_1[adte’  piote,
| @ +8F 0 +57|
Similarly, the spectral density function of F,(t) is given
by :

(i=+-1)

- - [ K e
(20)

SF2 (w) =

— ‘9252((0 +7/1) ﬂ25251
T

w +52 a) +52

IVV. NON-EQUILIBRIUM FLUCTUATION AND STABILITY

The mean square deviation of u and v at any arbitrary
instant t satisfying the stochastic differential Equation (9) are
given by

D,(t) = [Sg (@) | y(t @) fdw,

(21)
D, (1) = [Se, (@) | y(t,0) Pde,

where y(t,w) is the coordinate function which is given by the
solution of Equation (10) with Fi(t) = ", (j=1, 2), u(t) = v(t)
and y(0,w) = 0. Therefore,

iot

[
BB, + i}/la)—a)z (22)
(A,Z—m))eﬁ — (A4 —iw)e™
(ﬂl L)BB, +iro—o®)’

y(t o) =

where

(23)

Thus,
D, () = 8152{ [Ivt @ Fde

j|y(t ROl } 24)

| 2B!5%e, I'y(t o),
Y @ +52
and

DAt)-ﬁ{ﬂ y(t,) Fdo

(0] )I—' S } )

2,325281 J‘|Y(t o) |? de
® +6;
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231 it is obtained

After some simplification
D, (t) = —&6, A(t) + &5 B(t) + 2557 ,A(t), (26)
and
D,(1)= £,67 (% ~51) A1) n
+&,00B(t) + 25256, A(t) .

Here,
5 +7

A () = 2
71| 8885} + 118, + BB,

x{1+(7/1 SII’]}/H—COS]/IJ t}
2y

7

jl(ﬂlﬂz _7/1§j +5j2)*1

X(ﬂlﬁz +10; +5j2 )1{}/19(51t _ 2@

2( 71 sin n +cos;/tJ
2y

o \app-rt
xexp(—t BB, cos¢)sin (¢ ~ty/ BB, sin ¢)
22p,, -7 +5?)
AT
cerplt 7 cosg)slp—t Frsing) |

|n
—ie 2 (BB, -1, +5°) (B, 475, +57 ) sinst

) { o2,
VaBSB, -y 12

x exp(— tJ/B.5, cos¢) sin (¢ —t/B. 3, sin ¢)

N Z(Zﬂlﬂz _7/12 +5j)
VAR, -7
x exp(—tm COS¢)Sin (¢—t\/m sin ¢) }

e "'sin?yt 210 (28)
(ﬂ1ﬂ2+715j +5j2):|, U=t2

B(t) = ﬂy;z}/l {1+(2ysmyt +cos;/tj t}

)

xeXp(_tm\sn(¢+t@S,n¢)
(B.53,)q sin 2

N

— Z(ASin 7 +cos;xtje[
2y

n

ei[ﬂtsin 7 exp(-tB.4, cos¢)WﬁzSim¢)

_,31,327 sin2¢
Sin (t\/ﬂ sing) S ef[lesin 2
sin2¢ ny
(29)
and
cosap= 12" 2BLe 1T 40

2/,

Now as ¢ — o, Dy(t) — Dy(x) and Dy(t) — Dy(), (-.
y; > 0), where

51512
ACRTLRYYY (1)
. 2,6,,(8,+7,)
B (85 + 16, + B, )

DIJ (w) =

and

£,9, {7’12(52 +71)+ﬂ1ﬂ252}

ﬂ1ﬂ271(522 + 719, +ﬂ1ﬂ2) (32)
28,6,:6,(6, +7,)

+ 7 .
ﬂ171(51 +,0, + ﬂlﬂZ)

The convergence is rapid except when y; is very large.

DV (w) =

As the correlation times of the coloured noises
77j (t)! ,ujCOI’ = 51_1 - 0+ ' 77j (t) - 4/ 2‘9j é:j (t), (J = 112)! Wher

e &(t) are the independent zero mean standard Gaussian
white noises characterized by Equation (6). In this case,

D, (o) —» &1+ 2052
no bBn
and

D, () 22VE T BS) 2Bty
BB P
Therefore, for high amplitude random forces, D,() and
D,() are large and the system exhibits large fluctuations.
The interior equilibrium, which is stable in the absence of
these fluctuating environmental conditions, become unstable.

In the deterministic environment, the stability
determining quantity is y; and p; (given by (8)). If y; > 0 and
S1 > 0, then the deterministic stability Criteria (2) for the
coexisting equilibria are satisfied. In a rapidly fluctuating
environment, however, it is no longer enough for stability.
Here, in addition with y; and S, the intensity ¢; of the noise
#;(t) becomes a regulatory factor. We observe that if &p»; ,
populations exhibit abnormally large fluctuations which
rapidly lead to population extinction. In the intermediate
region, where & and y, are commensurate, the populations
are likely to undergo moderate fluctuations. If &<¢;, then
population fluctuations are relatively small and the
environment is effectively deterministic.
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V. SOLUTION OF THE NOISE INDUCED LINEARIZED SYSTEM

The solutions of the noise induced linearized System (8),
using the approach of Hoel et al. !, are

u(t) = u(0)¢, (t) +u ()¢, (t) +m (1)
+ﬂl|: 772 (t) Zgzwz(t)i| ’

v(t) = v(0)g, () +V (0)g, (t) (33)
_n B
+[ 5, an - 771 (t)

+|:7/1 282(02(t)+ﬁ2 Zgla)l(t):|'
Here

$(t) = fre

- ea{cosﬂ;t —%sin ﬂit} when ;' 44,5, <0,

=eT(1-rt) when y2-48, =0,

when y7 —

44,5, >0,

and
I’lt e
¢, (t) ‘f when y/ 45,5, >0,
1 1
=e“sinpBt, when y2>-48p, <0,
=et, when y2—-4p,4, =0,
with

1 1

n :E(_71+\/712_4ﬂ1ﬂ2)1r1 :E(_Vl_
1 -

:%1/81:_\/4/31ﬂ2_712’r1=%'

\ 712 485 )'

u(0) = x(O) :Hl_x@j_ a(1-c)y(0) }
k ) 1+ a(l-c)hx(0)

and v(0) =logY©, :[M_d}_
1+ a(l-c)hx

Solution without noise takes the following form

u(t) = U4 O +u' O, (3
& v(t) = v(0)4,(t) +Vv'(0) ¢, (1)
In this case, the ensemble average of the populations are
given by
(u(t) = U(0)(4, () + U (O)(, (1) (35)
& (V(t)) = v(0)(¢: (1)) +V'(0)(¢, (1))-
For t — oo, (4 (1)), (¢, (t)) — 0. Hence, we get w(1)> =
0 and «v(t)» = 0. Using the inverse transformations, we
obtain «x(z)» = X" and «y(#)» =y~ ; and also the variance of

both populations become zero, i.e., o,>= 0 and ¢,/ =0
when ¢ — o .

To determine the tolerance interval, we use the central
limit theorem. Thus, we have a pre-assigned small value g, >
0 for which [im,_., Prob(|1 - x| < &) = 1 (since o, = 0).
Hence, the distribution of prey population will lie inside the
tolerance interval (X" - ¢ x* + &) and predator population
will also lie inside the tolerance interval (y - & y* + &).
Now for the introduction of colour noise in the system,
Equation (33) becomes (by using inverse transformations)

X(t) = X exp[u(0), (1) +u'(0), (1) + 1, ()], (36)
y(t) =y exp[v(0)¢ (1) +V'(0)¢, () + 17, ()],

where,

m(t) = 771(t)+/31{ n,([t) - 2£2a)2(t)} and

7 (1) =( —?]m -2 50 (37)

+[ Zgza)z(t)+ﬂ2 26,0(1) |.

For t — oo, we have «(#)» = x and () =y, but the
deviations from the mean of two populations are

Oy = {5151 +fle, (i - 2)}(*2
%,

Oy = {‘92{52 (1_ﬁ)2 +2712}+51ﬂ22(2_1ﬂy*2-
o, )

From the above results we conclude that if the deviations
from means of both populations (¢ ,> and o ,?) become
greater than the pre-assigned value (&) for different choices
of parameters then both the populations will lie outside the
tolerance interval and hence the system becomes unstable
around the positive equilibrium. It is well known that the
populations will remain stable if the variances from the
equilibrium levels are minimum ™7, i.e. the probability of
the populations to lie inside the tolerance interval which is
described previously are maximum.

VI. AN IMPORTANT OBSERVATION

In the deterministic environment, the system exhibits a

Hopf-bifurcation near E'(xy), if ¢ :1_ﬂ .
akh(6—hd)
From (8), one can observe that when
c— 1_—€+hd —0", then y; — 0" . After some
akh(6 —hd)
calculations, we have
t sin2 t
i DL (0) = 2_ YA
3o b o AR5
ot o2
+2651><{1cos P51
2\ S
(,Blﬁz +0; ) 1
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1. 51(1+00521/,81,82t)
+—=sin/B, Bt — 5

JB.S, } (.8, +57)

513sin 2 BBt : } N 2,81282522
BB, \B.f5, +57)

t
|:ﬂlﬂ2 (BB, +63)
sin 2\/ BBt 2e 2

3
2

s 07) BherO)
X{alc"s Pt +—m—msin ﬁlﬂzt}

VBB

_(l+0052 ﬂ1ﬂ2t)_ 5238"'!2 BBt
5,(85, 432 BS(BS+62)
(38)

lim D)= £20; {ﬂlﬂ; 5% 2 /::222 (ﬂi’fi 57)
+ ﬁx {5%005 YR
S e

%25 Vot }2/3;5155
5,5, + 62 )

) t i NYR
BB, (ﬁlﬁZ + 512 ) Z(ﬂlﬂz )g (ﬁlﬂz + 512 )
2e

ot 1
— (Igﬂ—+5z) X {5(:05 ﬂlﬂzt
172 1 1

1 ) 1
sin./ B, f3,t X{_COS Ppot
JB.S } %
1 .
sin/ 3, B,t
Gy
(1+cos2 /5’1,82'()_ 5sin? B, Syt

5(8B+02)  PB(BS+5E)
(39)

+

+

It is easy to see that
df;| d? f,

ot dt?
t=0

3
i

=0and >0,

i ‘1:0

dt®

t=0 t=0

where
f;= lim D, (t)(j=12).
;/:I_—>OJr !
From the above result, it follows that if C is very close
01 é+hd
akh(6 —hd)
periodic background noise shows abnormally large
fluctuations with increasing time. As the correlation time of

nO, 4" =57 >0, n;t) >, [26,& (1), where & (t)

are independent zero mean standard Gaussian white noises,
so we have

} (so that, y, — 07), the system with

lim lim D,(t) >« forall t>0and

5 i —0 n N

lim lim D,(t) > forall t>0.
‘sj_”’yl%O*

Therefore, the system is always unstable in this case.

VIIl. QUANTITATIVE RESULTS

For quantitative study of the system, we consider the
parameter values of much studied predator-prey system

Paramecium aurelia (prey) and Didinium nasutum (predator)
18]

TABLE | DETERMINISTIC PARAMETER VALUES

Default
values
2.65
898
0.045

Parameter

OIP|T|IO IR |R|=
o
o
Ny
w
&N

A single didinium may consume 12 to 48 (1% %
paramecium per day. Thus, the handling time (h) for each
prey captured varies from 0.0208 to 0.0833. We set 0.0437
as the default value for the parameter h ( see Table 1). Butzel
and Bolten Y estimated that 3 to 10 paramecium are
required for a binary fission of didinium. This indicates that
the conversion factor & may vary from 0.1 to 0.33. We set
the average value 0.215 as the default value of 6. Harrison
and Jost and Ellener ! estimated the values of r (specific
growth rate of paramecium) as 3.3 and 2 per day,
respectively. We consider the average value 2.65 as the
default value of r. The attack coefficient () and the per
capita death rate of didinium (d) were taken as 0.045 and
1.06 per day, respectively . To explore the effects of
habitat complexity on the system dynamics, we consider ¢ as
a variable parameter. For the parameter values as in the
Table 1, we observe that when ¢ = 0.45 then both the
populations lie within the tolerance interval indicating the
stable coexistence of both prey and predator populations (see
Fig. 1). If the strength of the habitat complexity decreases
from ¢ = 045 to ¢ = 0.13, it is observed that both
populations deviate from the tolerance interval, which
indicates the unstable situation of the system (see Fig. 2).
These observations also resemble with the results obtained
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by spectral density analysis where the deviations of both the
populations decrease with increasing c (see Fig. 3).

Stability determining quantity for the coexistence
equilibrium in deterministic environment is y;. If y; > 0 then
the deterministic stability criteria is satisfied. However, it is
no longer enough for a fluctuating environment. In addition
to y1, the intensity ¢; of the noise #; is a very important factor
to be considered in the later case. If &>y, then populations
exhibit abnormally large fluctuations which lead population
to extinction (see Fig. 4(a-b)). In the intermediate region,
where ¢; and y, are commensurate, the populations are likely
to undergo moderate fluctuations (see Fig. 4(c-d)). Finally, if
gj<¢1 then populations fluctuations are relatively small and
the environment is effectively deterministic (see Fig. 4(e-f)).
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Fig. 1 Numerical solutions of equation (36) show that the maximum number
of populations lie within the tolerance interval when ¢ = 0.45, depicting the
stable coexistence of system populations. Other parameters are as in the
Table 1
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Fig. 2 Numerical solutions of the equation (36) show that the maximum
number of populations lie outside the tolerance interval for ¢ = 0.13,
depicting instability of the coexistence equilibrium. Other parameters are as
in the Table 1
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Fig. 3 Cumulative root mean square fluctuations for the prey and predator
populations are evaluated by using equations (26) and (27) for different
degree of habitat complexity. Figs. (a)-(b) are the cumulative root mean

square fluctuations when ¢=0.13 and Figs. (c)-(d) are the same for ¢=0.45.

Other parameters are as in the Table 1

VII11.DISCUSSION
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Fig. 4 Fluctuations of prey and predator populations. Figs. (a) — (b) show
abnormally large fluctuations when &>> y,, Figs. (c) — (d) show moderate
fluctuations when & and y, are commensurate. Figs. (e) — (f) show very
small fluctuations when & <<y,. Rest of the parameters are as in the Table 1

In this paper, we have studied a stochastic version of a
deterministic predator-prey system that incorporates the
effect of habitat complexity. To take into account the effect
of fluctuating environment, we have considered random
perturbations in the form of colour noise in the growth rate
of prey and in the death rate of predator population. It is
observed that the deterministic criteria of stability is no
longer enough to guarantee the stability of the coexisting
equilibrium point E'(x",y"). Spectral density analysis
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indicates that the system shows stochastically stable or
unstable dynamics depending on the strength or degree of
habitat complexity. If it is intermediate then the system is
stochastically stable and lies within the tolerance interval. If
the degree of habitat complexity is very low then the system
is stochastically unstable and most of the solutions lie
outside of the tolerance interval. This study also implies that
the fluctuations of the system populations depend on the
relative value of ¢; , the intensity of the noise #; with respect
to y;, the stability determining quantity in the deterministic
environment. If g is very high in comparison to y; then
system of populations fluctuate abnormally. If ¢ is
commensurate to y; then fluctuations are moderate. On the
other hand, if ¢ is very low in comparison to y, then
fluctuation is minimum.

REFERENCES

M. L. Rosenzweig, R. H. MacArthur, “Graphical
representation and stability conditions of predator-prey
interactions”, American Naturalist, 47, 1963, pp. 209-223.

D. Alstad, “Basic Populas Models of Ecology”, Prentice Hall,
Inc., NJ, 2001.

J. Manatunge, T. Asaeda, and T. Priyadarshana, “The
influence of structural complexity on fish-zooplankton
interactions: a study using artificial submerged macrophytes”,
Environmental Biology of Fishes, 58, 2000, pp. 425-438.

J.H. Grabowski, Habitat complexity disrupts predator-prey
interactions but not the trophic cascade on oyster reefs,
Ecology, 85(4), 2004, pp. 995-1004.

J.F. Savino, R. A. Stein, “Predator-prey interaction between
largemouth bass and bluegills as influenced by simulated,
submersed Vegetation”, Trans American Fisheries Society,
111, 1982, pp. 255-266.

C.S. Holling, “Some characteristics of simple types of
predation and parasitism”, Canadian Entomologist, 91, 1959,
pp. 385-398.

N. Bairagi, D. Jana, “On the stability of Hopf-bifurcation of
predator-prey system with habitat complexity”. Applied Math.
Modeling 35, 2011, pp. 3255-3267.

E. Renshaw, “Modelling biological populations in space and
time”, Cambridge University Press, Cambridge, 1995.

R.Z. Khasminskii, F.C. Klebaner, “Long term behavior of
solutions of the Lotka-Volterra systems under small random
perturbations”, Ann. Appl. Probab., 11, 2001, pp. 952-963.

X. Mao, S. Sabanis, E. Renshaw, “Asymptotic behaviour of
stochastic Lotka-Volterra model”, J. Math. Anal. Appl., 287,
2003, pp. 141-156.

T.K. Soboleva, A.B. Pleasants, “Population growth as a
nonlinear stochastic process”, Math. Comput. Model, 38, 2003,
pp. 1437-1442.

R. Sarkar, J. Chattopadhayay and N. Bairagi, “Effects of
Environmental Fluctuation on an Eco-epidemiological Model
of Salton Sea”. Environmetrics, 12, 2001, pp. 289-300.

[1]

[2]

[3]

(4]

[5]

[6]

[71

(8]

[9]

[10]

[11]

[12]

[13] P. Samanta, A. Maiti, “Stochastic Gomatam model of
interacting species: non-equilibrium fluuctuation and stability”.
Syst. Anal. Mod. Simul., 43, 2003, pp. 683-692.

[14] V.F. Pugachev, “On an optimisation criterion for an economy
(Russian). Veinstein A. L., ed.: National Economic Models.
Theoretical Problems of Consumption.”, Moscow, 1963.

[15] G.E. Uhlenbeck, L.S. Ornstein, “Stochastic Process”, New
York: Dover, 1954.

P.G. Hoel, S.C. Port and C.J. Stone, “Introduction to
Stochastic Process”, Houghton Miffin Company, Boston, U. S.
A, 1993.

R.M. May, “Stability and Complexity in Model Ecosystems”.
Princeton University Press, Princeton, NJ, 1973.

L.S. Luckinbill, “Coexistence in Laboratory Populations of
Paramecium aurelia and its predator Didinium nasutum”.
Ecology 54, 1973, pp. 1320-1327.

G.W. Salt, “Predator and prey densities as controls of the rate
of capture by the predator Didinium nasutum”. Ecology 55,
1974, pp. 434-439.

E. Reukauf, “Zur biologie von Didinium nasutum”. Zeitschrift
fur vergleichende Physiologie 11, 1930, pp. 689-701.

H.M. Butzel, A.B. Bolten, “The relationship of the nutritive
state of the prey organism Paramecium aurelia to the growth
and encystment of Didinium nasutum”. J. Protozool 15, 1968,
pp. 256-258.

G.W. Harrison, “Comparing predator-prey models to
Luckinbill’s experiment with Didinium and Paramecium”.
Ecology 76(2), 1995, pp. 357-374.

C. Jost, S. P. Ellner, “Testing for predator dependence in
predator-prey dynamics: a non-parametric approach”. Proc. R.
Soc. Lond. B. 267, 2000, pp. 1611-1620.

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

Debaldev Jana was born at Tamluk on 13
January, 1984. He received his B.Sc and
M.Sc degree in Mathematics from
Jadavpur University, Kolkata in 2006 and
2008 respectively and got his Ph.D. in 2012
under the supervision of Dr. N. Bairagi.
His research interests include mathematical
ecology, pattern formation, fractional
differential equation etc.

Nandadulal Bairagi (1967) got his M.Sc.
and Ph.D. from Jadavpur University,
Kolkata, India. He joined as a faculty of
Mathematics Department of Jadavpur
University in 2001. He is now an Associate
Professor and Coordinator of the Centre for
Mathematical Biology and Ecology. He is
the Founder Secretary of Biomathematical
Society of India. He has published many
papers in different fields of biomathematics.

His research interests include ecology, epidemiology, bioeconomic
harvesting and system biology.

JCET Vol. 3 Iss. 2 April 2013 PP. 76-83 www.ijcet.org (© American V-King Scientific Publishing

83



