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Primary Decomposition in Lattice Modules
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Abstract. In this paper, we study primary decomposition of elements in lattice modules. A neces-
sary and sufficient condition for a prime element p of a multiplicative lattice L to be equal to some
associated prime of an element in a lattice module having primary decomposition is obtained.
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1. Introduction

A multiplicative lattice L is a complete lattice provided with commutative, associative and
join distributive multiplication in which the largest element 1 acts as a multiplicative identity.
An element a € L is called proper if a < 1. A proper element p of L is said to be prime if
ab<pimpliesa<porb <p.IfaeL,belL,(a:b)isthejoin of all elements ¢ in L such that
cb < a. A proper element p of L is said to be primary if ab < p implies a < p or b" < p for
some positive integer n. If a € L, the radical of a denoted by v/a=V{xeL|x"<a,neZ, }.
An element a € L is called compact if a < Xba implies a < by V byy V...V b, for some

finite subset {a;, a,,...,a,}. Throughout this paper, L denotes a multiplicative lattice which
satisfies the ACC so that each element of L is compact. If g is a primary element of L then

pq =Vi{x € L | x" < g, for some integer n}

is a prime element containing q. It is easily verified that, p, is a minimal prime containing
q [2]. The prime p, which is same as ./q is called the prime associated with q and has the
properties, pé‘ < ¢ < pg for some integer k and ab < g implies a < q or b < p,.

An element a is said to have a primary decomposition if there exist primary elements
q1,92,---,q, such that a = q; Aqy A ... Aq,. If some g; contains the meet of remaining ones
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then this g; can be dropped from the primary decomposition. After deleting such primary com-
ponents and combining the primary components with same associated prime we get a reduced
primary decomposition in which distinct primaries are associated with distinct primes.Such a
primary decomposition is also called an irredundant primary decomposition, reduced primary
decomposition or normal primary decomposition. Let a = q; Ag, ...Aq, be a reduced primary
decomposition of a and let p;,ps,...,p, denotes the associated primes of q,q5,...,q, re-
spectively,which are also called associated primes of a. A subset C of {py,p,,...,p,} is called
isolated if p; € C implies p; € C whenever p; < p;.

Let M be a complete lattice and L be a multiplicative lattice. Then M is called L-module or
module over L if there is a multiplication between elements of I and M written as aB where
a € L and B € M which satisfies the following properties,

i) (Xaa)A: XaaA Va,€L,Ae M
ii) a(XAa) = XaAa VYVael,A,eM
iii) (ab)A=a(bA)Va,beL,Ae M
iv) IB=B
v) OB =0y, foralla,a,,b€ L and A,A, €M,

where I is the supremum of L and O is the infimum of L. We denote by 0,, and I, the
least element and the greatest element of M. The elements of L will generally be denoted by
a,b,c,... and elements of M will generally be denoted by A, B, C.....

Let M be a L-module. f N e M anda€ Lthen (N :a)=V{X €M | aX <N} If
ABe M,then(A:B)=V{x €L | xB < A}. An L-module M is called a multiplication
L-module if for every element N € M there exists an element a € L such that N = al, [4].

A proper element N of M is said to be prime if aX < N implies X < N or al,; < N that
isa< (N :Iy)foreveryae L, X € M. An element N < [;; in M is said to be primary if
aX < N implies X < N or a"I); < N that is a” < (N : I;) for some integer n. An element
N of M is called a radical element if (N : I,;) = /(N : I;). Noether lattice is a modular
multiplicative lattice satisfying ascending chain condition in which every element is the join
of principal elements. Let N be an element of a lattice module M. Then N is said to have a
primary decomposition if there exist primary element Q,Q,,...,Q,, such that
N =Q; AQy A...Q,. If some Q; contains the meet of remaining ones then this Q; can be
dropped from the primary decomposition. Similarly, any other primary components which
contains the meet of remaining ones can be dropped from the primary decomposition. If no
Q; can be dropped further we get a reduced primary decomposition of N. Such a primary
decomposition is also called an irredundant primary decomposition. If Q is primary then

\/6 = 4/(Q : 1);) is prime. We note that, /(N : I;;) may also be denoted by +/N.

2. Primary Decomposition of Elements

The following result gives the relation between a primary element Q and 1/(Q : I;).
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Theorem 1. If Q is a primary element of a lattice module M then 1/(Q : I;) is a prime element
of L. If a is an element of L and if a < p where p is a prime element of L then /a < p.

Proof. Let ab < 4/(Q : I;) and suppose b £ 1/(Q : I};). Then (ab)" = a"b" < (Q : Iy) for
some positive integer n. Now b £ 1/(Q : I);) implies b™ £ (Q : I),) for any positive integer m.
In particular b" £ (Q : I,;). As Q is primary, (a™)* < (Q : I;) for some positive integer k. That

is a’ <(Q: I,) for some positive integer t and a < 1/(Q : I;). Therefore 4/(Q : I,) is prime.
Let a < p. Take any x < y/a. Then x" < a < p for some positive integer n. As p is prime,
x < p and hence va < p. O

The following theorem gives the relation between meet of primary elements and their
equal associated primes.

Theorem 2. IfQ,,Q,,...,Q; are p-primary elements of a lattice module M then Q; AQA...AQy
is p-primary.

Proof. By hypothesis 1/(Q; : Iy) =p,i=1,2,...,k. Let Q =Q; AQy A ... AQj. We have,
\//\Qi = \/((/\Qi):IM) = \/(Ql ) A \/(Qz L) A ... A (Qg:Iy) = p. We show that

AQ; is primary, where i = 1,2,...,k. Let aX < Q = AQ; where a € L, X € M. Suppose,
X £ Q. Then X £ Q; for some i (1 <i < k). As Q; is primary, aX < Q; and X £ Q; implies
a < +/(Q; :Iyy) =p. Thatis a < 4/(Q : I};). Therefore, Q is primary. O

It is shown by Thakare and Manjarekar [6] that the radical of any element a of a multi-

plicative lattice satisfing the ACC can be written as the meet of minimal prime divisors of a.
Hence, we have the following result.

Theorem 3. Let L be a multiplicative lattice satisfing the ACC and N be an element of M then
v/ (N : I;) = A{p | p is minimal prime containing (N : I;;)}.

An element N of a lattice module M is said to be meet irreducible if for any two elements
A; and A, of M, N = A; AA, implies either Ay =N or A, =N.

Theorem 4. If a lattice module M satisfies ACC the chain A; < Ay < ... implies there exist
positive integer m such that A, = A,, for all n > m. Then every element of M can be written as
the meet of a finite number of meet irreducible elements of M.

Proof. Let T be the set of all elements of M which can not be written as a meet of a
finite number of meet irreducible elements of M. If T is empty we have nothing to prove.
Suppose 7T is not empty. As M satifies ACC, 7 has a maximal element say N. AsN € 7, N
is not irreducible. So there exists elements A; and A, of M such that N = A; A A, where
N #A;, N #A,. So, N <A;,N < A,. This shows that both A; and A, can be written as the
meet of a finite number of meet irreducible elements of M. So there are irreducible elements
K1,Ky, ..., Ky and Ky, Ko, ..., K, of M such that A; = K; AKy A ... AK,, and
Ay =K, AK,A...AK,. But then N = K; AKy... AKy AK; AK, A...K,. That is N is the meet
of a finite number of meet irreducible elements. This contradicts the fact that N € 7. Hence,
T is empty. O
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The study of primary elements and their associated primes for modules is carried out by
P J Mc Carthy and Larsen [5]. We give eqivalent formulation in the next theorems for lattice
modules.

Theorem 5. Let Q be a p-primary element of lattice module M and N be an element of M. If
N £ Q then (Q : N) is a p-primary element.

Proof. First we show that (Q : N) is a p-primary element. Let a,b € L, ab < (Q : N) and
suppose, a £ (Q:N). Asa £ (Q:N),aN £ Q. Also as ab < (Q:N), abN <Q. ButaN £Q
and Q is a primary element implies that b" < (Q : Ij,) for some integer n. But b"I); < Q
implies b"N < Q. Hence, b < 1/(Q : N). Therefore, (Q : N) is a primary element of L. Now
since N £ Q, there exists A€ M and A < N such that A€ Q. Leta < 1/(Q: N). Then a"N <Q.
Hence, a"A < Q. But A £ Q and Q is primary implies that (@ =a"<(Q: I,;) for some
integer m. Thatis a < 1/(Q:Iy) =p and 1/(Q: N) < p. Conversely, let a < /(Q: I};) = p.

Hence, a"I,; < Q for some integer n. So a"N < Q for some integer n. Thus a" < (Q : N) and

a < 4/(Q: N). This shows that p < 4/(Q : N) and we have 1/(Q : N) = p. Therefore,(Q : N)

is a p-primary element. O

Theorem 6. Let M be a lattice module and a be an element of L, p be a prime element of L and
Q be p-primary element of M. If a € p then (Q : a) = Q.

Proof. Suppose a £ p where p = 1/(Q : I;). Since, a £ p there is some b < a such that
b£p. Let X <(Q: a). Then aX < Q and hence bX < Q where b £ /(Q:Iy) =p. AsQ
is a p-primary, X < Q. Hence, (Q : a) < Q. Conversely let X < Q. Sincea <1, aX < Q. So
X <(Q:a)and hence Q < (Q : a). Therefore,Q =(Q : a). O

The following theorem gives the characterisation of a prime element p of L to be equal to
some associated prime of an element which has a primary decomposition.

Theorem 7. Let N # I, be an element of a lattice module M and assume that N has a primary
decomposition. Let N = Q; AQy A ... AQy be a reduced primary decomposition of N and p be
prime element of L. Then p = 4/Q; for some i if and only if (N : X) is a p-primary element of L
for some X £ N.

Proof. Let N =Q; AQy A... AQj be a reduced primary decomposition of N. First suppose
that, p = 1/Q; for some i. Without loss of generality we can assume that p = 1/(Qq : I};)
where p; = 1/(Q; : I;) i =1,2,...,k. We prove that, (N : X) is a p-primary element of L for
some X £ N. Since the decomposition is reduced Q; X Q; AQa A ... AQi_1 AQiz1 A... AQg

fori=1,2,...,k. In particulaQ; X Q3 AQs A ... AQy. So there exists X < Q3 AQ3 A ... AQx
such that X £ Q; and hence X £ N =Q; AQy A... A Q. Also

(N:X)=(Q1AQ3A...AQ1) : X =(Q1 : X)AN(Qq: XA ... AN (Qp : X).

Fori=2,3,...,k we show that (Q; : X) = 1. Since X < Q,AQ3...AQ;, we have X < Q; for all
i=2,...,k. ThenaX <Q; foralla €L and for all i = 2,3,...,k. Thatis a < (Q; : X) for all
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i=2,3,...,k.S01<(Q;:X). But (Q; : X) < 1 implies (Q; : X) =1 fori=2,3,...,k. Hence,
(N:X)=(Q;:X)A1A...A1=(Q; : X). So by above result, (Q; : X) is p-primary element
implies (N : X) is a p-primary element of L where X % N. Conversely assume that (N : X) is a
p-primary element of L for some X £ N, X € M. We prove that \/al = p for some i. We have,
p=vVWON:X)=/[(QAQA...AQE) : X] = /(Q1 : X) A /(Qs : XD A ... A/(Qr : X). We
claim that for each i, 1/(Q; : X) = p; or 1 and equal to p; for at least one i. We have
XEN=Q,AQyA...AQ implies X £ Q; for at least one i (1 <i < k). Suppose

X£Q, (1<r<k)andX <QAQuA...AQ,_1AQ 41 A...Q; thatis X < AQ;, where (i #T).
We have, aX < Q; foralli # r and a € L. Hence, a < 4/(Q; : X) for all a € L. In particular,

1< 4/(Q;:X)foralli##r. But, 1/(Q;:X) <1 for all i # r. Therefore, 1/(Q; :X) =1 for

alli #r. Fori =r,X £ Q,. Leta < 4/(Q, : X). Hence,a"X < Q,, for some positive integer

n, where X £ Q,. As Q, is primary, a" < /(Q, : Iy;) = p,. Thus, a < p,, since p, is prime

and we have, 1/(Q, : X) < p,. On the other hand, let a < p, = +/Q, = 1/(Q, : I;). Hence,
a™ < (Q, : I);) for some positive integer n. That is a"I; < Q, and therefore, a"X < Q,, for

some positive integer n. Consequently, a” < (Q, : X) and hence a < 1/(Q, : X). This gives

pr < 4/(Q, :X). Hence, 1/(Q, :X) = p, where X £ Q,. We have shown that for each i,
(Q; : X)=p; or 1 and is equal to p; for at least one i, since X £ N. Then,

p=VIN:X)=/(Q : X)A... A (Q: X)

is the meet of some of the prime elements p;,p,,...,p; (1 <I < k). Thatis

p=+vV(N:X)=piApsA...Ap;.

We show that p = p; for some i. We have, p < p; i = 1,2,...,1. If for each i, p # p; then
pi £ p foralli =1,2,...,1. This implies that there exist x; < p; such that x; £ p for all
i=1,2,...,l Then,x;x5...x; < p; ApyA... Ap; = p. This shows that x; < p for at least one
i (1 <i < k) a contradiction. Hence, p = p; for at least one i. O

This leads us to the following result.

Theorem 8. Let N # I,; be an element of a lattice module M and assume that N has a primary
decomposition. I N = Q1 AQyA...AQ,;; =S1 ASy A ...AS, are two reduced primary decom-
positions of N then n = m and the Q; and S; can be so numbered that \/(Qi 2Iy) = \/(Si 2 Iy)
fori=1,2,...,n

The above theorem proves the uniqueness of associated primes in reduced primary decom-
position. The next result gives the relation between zero divisors of I and associated primes
of zero.

Theorem 9. Let L be a Noetherian lattice and pq, ps, - - ., Px be the prime divisors of the element
0 that is associated prime elements of element 0. Then every zero divisors of L is contained in

P1 VpZV...Vpk.
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Proof. Let 0 =q; Agqy A ... A gy be a reduced primary decomposition of 0 and p; = ,/q;
i=1,2,...,k. Suppose a is a zero divisor. Then if a = 0 obviously a < p; Vpy V...V pi.
Suppose, a is a proper zero divisor that is a # 0 and let ab = 0 where b # 0. Now,
ab=0<q,AqyA...Aq; = {0}. Hence, ab < g; for all i and b £ g; for at least one i. Because,
b < q; for all i implies b < g; A ga A... Aqr = {0} and hence b = 0, a contradiction. Let
b £ q;- Then, ab < q;,b £ q; and q; is a primary element. Therefore, a < \/q_] = pj, which
shows thata < p; Vpy V...V py. O

Theorem 10. Let M be a lattice module and N # I,; be an element of M which has a reduced
primary decomposition N =Q, AQy A ... AQ,,. If every Q; (1 <i < m) is a prime element then

(N : I;) = 4/ (N : I;) and the converse holds if (Q; : I;) are prime elements.

Proof. Suppose each Q; is a prime element. Let a < /(N : I};). Then
a'ly SN=Q; AQaA...AQ,,

for some positive integer n. This implies that, a"I;; < Q; for each i. As Q; is a prime element,
aly < Q; ora™ I, <Q;. Ifaly; < Q; then a < (Q; : I;). Otherwise a™ '), < Q; implies
aly; < Q; or a2, < Q;. Continuing in this way we obtain, a < (Q; : I)) for each i.
Therefore a < (Qq : i) A(Qy : Iiy)A... A(Q, : Iyy). That is a < (N : Ij;) and hence

(N : Iy) = 4/(N : I);). Conversely assume that, (N : I;) = 4/ (N : I;). We show that
(Qi:Iy)=p;. Lety <p; = /(Q; : I1). As Klpi is irredundant(reduced) there exists z < Ap;
i=

such that z £ p; in L. Now yz < vim\lpi = &m = '&(Qi : I)y) implies yzI; < Q; for
each i. Since Q; is primary, z £ pli_gives }l/_$ (Q; : Iyp). Hel1;ce, p; < (Q; : I;). Consequently,
pi = (Qi : Iyy)- O

Now we obtain a characterization of a prime element p of L containing some associated

prime p; of N # I;; in a lattice module M.

Theorem 11. Let N # I,; have a reduced primary decomposition N = Q; AQ, A ... AQ,, and
pi = v/ (Q; : I,,) be the associated primes of N. For a prime element p of L to contain (N : I;) it
is necessary and sufficient that p contains p; for some i.

Proof. Suppose p; < p for some i. Then (N : I;) = Kl(Qi : I;) implies (N : ;) < p.
=
Conversely assume that (N : I;) < p. Then (Qq : Iy ) A(Qq : I ) A ... A(Qyy : Ijy) < p implies

(Q; : I)y) < p for some i. But 4/(Q;: I;;) = p; is the smallest prime containing (Q; : I,;).
Hence, p; < p for some i. O

In our next result we show that those Qlis can be uniquely determined which are isolated
primary components of N # I,;.

Theorem 12. Let N # I, have a reduced primary decomposition N = Q; AQy A ... AQ,, and
D1,D2,---,Pm be the associated primes of Q1,Qo, ..., Q,, respectively. The element

Q=ViXeM|(N:X) £p;}
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is an element of M which is contained in Q;. If Q; is an isolated primary component of N then
/

Qi = Qi'

Proof. Take any elementA € {X € M | (N : X) £ p;}. Then (N : A) £ p;. So there exists
a € L such that aA < N and a £ p; = v/(Q; : Iy). Hence, a"I); £ Q; for any integer n. Now
aA < Q;, a"I; £ Q; and Q; is primary gives A < Q;. Hence Qi/ < Q; and the first part is proved.
If p; is a minimal associated primes of N it follows that p; £ p; for i # j. Then there exists

b; < p; in L such that b; £ p;. We have b;<p;j=4/(Qj:Iy)=Vi{a; €L ajjIM < Q; for some
integer s;}. Since each element of L is compact, we have b; < p; = _\r}l{aj | ajj Iy < Q; for
J:
some integer s;}. Puts; +s3+... +s, = k(j). Then bjk(j)IM <(a;VayVv... Van)k(j)IM <Q;.
Clearly b = ,I;él.bjk(j) £ p; as p; is prime. However, bl; < ./;'Qj. Next take any X < Q;. Then
J7t J#£L
Xbly < _%1Qi =N. So b < (N :X) £ p;. This implies that X € {X € M | (N : X) # p;}. Hence
1=
X<VIXeM|(N:X)£p;i}= Qi/ and we have Q; < Qi/. Consequently, Q; = Qi/. O

We now relate the radical of N with the isolated primes of N € M. In that direction we
have:

Theorem 13. Let M be a lattice module and N # I,; have an irredudent(reduced) primary

decomposition N =Q; AQy A ... AQ, then /(N : I;) is the meet of isolated prime elements of
N.

Proof. We have

VIN L) =v/(QuAQe A Q) i Iy = V(Q1 1 Iy) AV ( Qs In) - AV (Qu 2 Iy)
=p1 AP2A...ADp,

where p; = 4/(Q; : I;) are associated primes of N. If some p,, is not isolated then p; > p; for
some p; and hence we can delete such elements from the above primary decomposition and
we are through. O

We note that an element A = al); of M where a € L is said to be nilpotent if a"I; = 0y,
for some positive integer n. If a lattice module M satisfies the ACC and if every element of
L is the join of meet prncipal elements then every element of M can be written as a meet of
finite number of primary elements [1].

Theorem 14. Let M be a lattice module satisfying the ACC over a multiplicative lattice L in
which every element is the join of meet principal elements. Then the join of the set of all elements
a € L such that al,; is nilpotent is the meet of the isolated primes of 0y;.

Proof. Let 0y = ./n\lQi be a reduced primary decomposition of 0,; and p; = /(Q; : Ij;) be
1=
an associated prime of Q;,i =1,2,...n. We have

v/ 0y : Iy) = Vvia € L | a"I,; = 0y, for some positive integer n}
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and 1/(0y; : Iny) = p; Apa A...Api Where py,po,...,Ppx are the isolated primes of 0,,. Hence,
v/ (0y : I}) is the meet of isolated primes of 0. O

The primeness of the radical of A € M is characterized in the following result.

Theorem 15. For A€ M, /(A I;) is prime if and only if A has a single isolated prime element.

Proof. Let A=Q; AQy A...AQ, be primary decomposition of A. If A has a single iso-

lated prime element p then 4/(A: I,;) = p. Conversely, assume that /(A : I;) is prime and
(A:1Iy) = py A py Where pq,p, are isolated primes of A. Then there are x,y € L such that

x<pj, x £pyandy < p,, ¥y £ p;. Hence xy < 4/(A: I);) which is prime. But then x < p,
or y < p; which is a contradiction. Thus A has a single isolated prime element. O

In the remaining part we assume that a lattice module M satisfies the ACC over a multi-
plicative lattice L in which every element is the join of meet principal elements. This condition
assures that any element M has a reduced primary decomposition.

Theorem 16. Let A be any element of M and b € L be such that A# I,;. Then A= (A: b) if and
only if b is contained in no associated prime element of A.

Proof. Let A=Q; AQy A... AQ,, be an irredundant primary decomposition of A and let

pi = v/ (Q; : I ;). Suppose b £ p; for any i = 1,2,...,m. This leads us to the fact b" £ p; for
any positive integer n. We know that (A: b)b < A [3] and thus (A: b)b < Q; for all i. Since

Q; is primary and b £ p; we have (A: b) < Q;. Thatis (A: b) < 'RlQi =A ButA<(A:Db)
1=
gives (A : b) = A. Conversely, suppose (A : b) = A and if possible without loss of generality
assume that b < p;. Then (Q : b*) = I, for some integer s. We have (A: b): b=A: b? [3].
Continuing in thisway A: b =A: b°. But A: b =A implies A : b°* = A. Finally,
A=A:D)=((QAQA...AQy): b’ )=((Q1 : B)A(Qy: D) A ... A(Qp : b*)
= o bS) > >
o Q) = h =4

Thatis A= _QlQ ;- This contradicts the fact that A= lei is a reduced primary decomposition
j i=
of A. O

The above theorem can be restated in the following form.

Theorem 17. Let N # I,; have a reduced primary decomposition Q; A Qy A ... A Q,, and
P1,D2,---,Pm be the associated primes of Q. For an element b of L to be contained in some
associated prime element of N it is necessary and sufficient that (N : b) # N.

Direct application of the above theorem gives the following result.

Theorem 18. For an element b of L to be contained in some associated prime element of N, it is
necessary and sufficient that there is an element Y £ N such that bY < N.
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An element X € M is called a zero divisor if (0, : X) # 0 so there exists a # 0 in L such
that aX = 0y,.

Theorem 19. Let M be a lattice module where M satisfies the ACC and every element of M is the
join of meet principal elements. If X € M then the join of all a € L such that a # 0 and aX = 0y,
is contained in the join of all associated prime elements of 0y.

Proof. Let X be a zero divisor of M. Then 0,, : X # 0 that is there exists a # 0 in L such
that aX = 0,,. We know that for an element b of L (b # 0, bX = 0,,) to be contained in some
associated prime of 0, it is necessary and sufficient that

(04 : b) = VI{X € M | bX =0y} # 0y

Hence the join of all elements a of L such that a # 0 and aX = 0y, is contained in the join of
all associated prime elements of 0,;, by Theorem 16.
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