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Abstract. This paper is concerned with the oscillatory behavior of all solutions of

nonlinear second order damped dynamic equation
(r(®) U (a®() + p(t)¥(x2 (1) + q(t) f(27(t) = 0, t € T,

where ¥, f, p, ¢ and r are rd-continuous functions. By using a generalized Ric-
cati transformation and integral averaging technique, we give some new sufficient

conditions which ensure that every solution of this equation oscillates.
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1 Introduction
In present paper, we study second order dynamic equation
(r(0) (22 () + p(6) ¥ (x> (1)) + () f(27 (1)) = 0, (1.1)

where ¥, f. p, ¢ and r are rd-continuous functions.
We will give new oscillation criteria for this equation which has not been previously discussed
in the literature.

We assume that:
(Hl) D, q S Crd(Ra RJr)a
(Hz) V¥ :T — R is such that ¥2(v) < kv¥(v) for k > 0, v # 0,

(H3) f:"JI‘—>Rissuchthat@2>\>O,andvf(v)>0, u #£ 0,
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oo

(H4) re Crld([th OO)’RJr)’ f(%e;P(t’tO))At = 0.

to :
In the sequel, we suppose that solutions to equation (1.1) exist for all ¢ € [tg, 0o)r and a solution
of (1.1) is called oscillatory if it has arbitrarily large zeros on [tg, 00)T; otherwise, it is said to
be nonoscillatory. Equation (1.1) is termed oscillatory if all its solutions oscillate. The equation

itself is called oscillatory if all its solutions are oscillatory.

The theory of time scales, which has recently received a lot of attention, was introduced
by Stefan Hilger in his PhD thesis in 1988 in order to unify continuous and discrete analysis
(see [1]). Since Stefan Hilger formed the definition of derivatives and integrals on time scales,
several authors have expounded on various aspects of the new theory, see the paper by Agar-
wal, Bohner, O’Regan, and Peterson [2], Saker, Agarwal, O’Regan [3]. The book on the subject

of time scales, by Bohner and Peterson [4] summarizes and organizes much of time scale calculus.

The increasing interest in oscillation of solutions to different classes of dynamic equations is

motivated by their applications in the natural sciences, we refer the reader to [3, 5-11].

In [3], Saker, Agarwal, O’Regan considered the non-linear dynamic equation
(a()z®(£)> +p(t)z™" (1) + q(t) f(27 () = 0,

where a, p, ¢ are positive functions. They established some sufficient conditions for oscillation.
The authors supposed that wf(u) > 0, f(u)/u > K > 0 and f'(u) > k for u # 0.

Senel [11] studied the second order damped dynamic equation

(r(O)W(® () + p(t) P (2 (1) + a(t)2” (t) = 0.

W (u)
Ju

He assumed that ¥ : T — R, > k for Kk > 0, u # 0. In this paper, we have dealt with more
general equation. The purpose of this paper is to extend related results reported in [3,11] to a
nonlinear dynamic equation (1.1).

Note that, in special case T = R, o(t) = t, u(t) =0, 22(t) = 2/(t), V(z2(t)) = ¥(2'(t)). In

this case, (1.1) involves the non-linear second order differential equation

(r(®)@('(1))) + p(O)T (2 (1)) + q(t)f (x()) = 0.

168



M. Tamer Senel

2 Main results

Theorem 2.1 Assume that (Hy) — (Hy) hold and there exists a positive real rd-continuous

differentiable function p(t) such that

lim sup/ [(Ao(s)q(s) — 5(3)52(5)] As = 00, (2.1)

t—o00 to

where §(t) = Z;g;, () = [pA(t) — %} . Then, (1.1) is oscillatory.

Proof. Let x be an eventually positive solution of (1.1) for ¢ > T7 > t3. Now, we assert that
22 (t) is either positive or negative sign on the interval [Ty, 00) for some Ty > T;. From (1.1),

since q(t) > 0 and f(z(t)) > 0 it follows that
(r(O)W (@)% + p(t) ¥ (z2(t)) = —q(t).f (27 () <O,
ie.,
(r(6)W(z2 ()2 + p(t)¥(z2(t)) <0

Let

then we have

which implies that

Then,

is decreasing and thus y(t) is eventually negative or positive. Then, (¢ has fixed sign for all
sufficiently large ¢ and we have one of the following:

First, we consider 2 (t) > 0 on [Tz, 00) for some Ty > Ty. From (1.1) we have

z(t) > 0,z2(t) >0, (r(t) U (z® ()™ < 0,t > To. (2.2)
We now define N
w(t) = p(t)r(t)‘l;((g;) @) 4>, (2.3)
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Then, w(t) > 0, and satisfies

A
wA<t>=[r<t>w<xA<t>>]"[;’m 2O L wa o)

(
In view of (1.1) and (2.2), we see that for ¢t > T5 = o(7%)
)

- pg ()T (> (1)) + a(0) £ (= (1))] (2.4)

However, from (2.2) it follows that

()W (z2 (1) > (r(t) ¥ (2 (1)7, 27 (t) = x(t). (2.5)

Using (2.5), (Hz2) and (H3) in (2.4), we have

()W (2 (t))) (2.6)

w’ r N -
A p"((f)) - xo((tZ)P(t)( (t)qj:(t ®) — Ap(t)q(t)
PR 0) w0
- (p(t)r(t) T (zA(t)))7)2 (2.7)
w? r A -
<o) P"((f)) - P(:)(?)(t)( (t)q;g(t)(t))) — Ap(t)q(t)
_ (w(#))?
A K(p7())?r(t) (2.8)
< PO - e 0
_ p(t),i(sflr)(t()t)z)r(t) (2.9)
- Ay PPE)] wo(t)
< —Ap(t)g(t) + { -2 ]p"(t)
_ (w7 (#))?
p(t) Kk(p7 (1))2r(t)
< ~Aelt)a(t) + 5(t)w:((tt)) B p(tm(;q::t()??)r(t) (2.10)
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where

_ | ag - pp®)
&0 = |20 - 2000,

Then,

Integrating from T35 to t, we obtain
t

w(t) —w(Ty) < - / Ao(s)a(s) — 8(5)€%(s)] As

Ts

which yields

/T Do(s)a(s) — 6()€3(s)] As < w(Ty) — w(t) < w(Ts),t > Ty

for all large t. This is contrary to (2.1).
Next, we consider 22(t) < 0 for t > Ty, > T .

Now we define z(t) = —r(t)¥ (22 (t)). Then, by using (1.1) and (Hs), (Hy), we have
pt)

22+ Tt 2(t) > 0= 2(t) > 2(T)e= (t,Ty).

Thus,

By (Hz) there is a x > 0, so that
1

kaB(t) < —2(Th) (r(t)

ep(t,T2)> . (2.11)
Integrating (2.11) from T% to t, we have

o(0) - o(my) < "IV, [ (semetota)) s

K r(s)

or

z(t) < z(T) + r(1o)W((T2)) /Tt (167‘11(87112)) As.

K r(s)
Thus, condition (H4) implies that x(t) is eventually negative. This contradiction completes the

proof. m
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Corollary 2.2 Suppose that (Hy) — (Hy4) hold. If

t 2
lim sup/ [)\q(s) _bp (5)} As = o0,
to T

t—o00

then (1.1) is oscillatory.

Corollary 2.3 Suppose that (Hy) — (Hy) hold. If

s /t: [Suq(s) B n(r(S)(SVZj(S—) 8719(8))2&57} As = oo, (2.12)

then (1.1) is oscillatory.
Example 2.1 Consider a second order non-linear dynamic equation

()3 ) ) - o

where r(t) = t%’ p(t) = %7 q(t) = %, \I}(;)jA) = %' All conditions Of Corollary 2.2 are

satisfied. Hence, it is oscillatory.

Corollary 2.4 Assume that (Hy) — (Hy) hold. If
t 7 2
limsup/ Z(s,to)N\q(s) — _rr(s) <(Z(5,t0))A - (s,to)p(s)> ] As = oo,
t—o00 to

42(8, t())
where Z(t,tg) = f:o %As, then every solution of (1.1) is oscillatory.

Now, let us introduce the class of functions R which will be extensively used in the sequel. Let
Do={(t,s) €T?:t>s>tg}and D= {(t,5) € T?: ¢t > s > to}. The function H € C,.4(D,R)
belongs to the class R, if

(i) H(t,t) =0, t > to, H(t,s) >0, on Dy,

(ii) H has a continuous A-partial derivative H2 (¢, s) on Dy with respect to the second variable.

(H is rd-continuous function if H is rd-continuous function in ¢ and s.)

Theorem 2.5 Assume that (Hy) — (Hy) hold. Let p(t) be a positive real rd-continuous differ-
entiable function and let H : D — R be rd-continuous function such that H belongs to the class

R where

li?i)igp Hitto) /to [H(t, $)Ap(s)gq(s) — (w As = 00, (2.13)
where
3(0) = g 9(t:5) = 7 (VHE(0,5) + H(t,5)8().

Then, (1.1) is oscillatory.
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Proof. Let = be an eventually positive solution of (1.1) for ¢ > T} > t,. In view of Theorem 2.1,
we see that 2 () is positive or negative sign. If z2(t) < 0, from the second case of Theorem 2.1,
we get a contradiction. If 2 (t) is eventually positive, there exists T5 > T such that z2(¢) > 0

and proceed as in the proof of first part of Theorem 2.1 and get (2.10). From (2.10) it follows

that
w? (t) (w7 (1))
wi () < =Ap(t)q(t) + (1) OO0 (2.14)
Multiplying (2.14) by H(t,s), we get
H(t.sJus(0) < ~H(EMoltat) + H(ts)50)" 0
ey (@70
) o ey
H(t.Io(0)a(t) < ~H(ts)o(0) + H(ts)50" 0
o (@)
0 oy
Using the integration by parts formula, we have
; H(t,s)A\p(s)q(s)As < — H(t,t)w(t) + H(t, To)w(Tz) + T/ HA(t,5)w’ (s)As
' w(s)
+ . H(t, s)&(s) 7 (5) As
e (@)
P o)

Since H (t,t) = 0, we obtain

. H{(t, s)Ap(s)q(s)As

A
=
5
g
5

IN
x
o
5
£
5
+
\H-
5
&
g
q
©
P>
»
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Therefore, from the proof of Theorem 2.1, we obtain

t t

H(t, ) p(s)q(s)As < H(t, To)w(Ts) + / “r(s) 2(t, 5)As

T2 410 7

H(t,s)p (s) 1 kr(
= o(t, s)
T2 kr(S) (s) 2 ts

H(t,s)/\p(s)q(s)AsgH(t,TQ)w(TQ)Jr/T }f((:)s)

T>

As.

Hence, we obtain

t
©*(t,s)As,

Ts

where §(t) = £ Then, for all t > Ty, we have

[ [t oo - o] as < e

T>

and this implies that

K s)2(t, s
h?isong(tsz)/ [ (t,s))\p(s)q(s)—%} As < w(Ty)

which contradicts (2.13). This contradiction completes the proof. m

Corollary 2.6 Suppose that the assumptions of Theorem 2.5 hold. If

t A S S 2

then (1.1) is oscillatory.

Corollary 2.7 Let assumption (2.13) in Theorem 2.5 be replaced by

t
limsup —— H(t,s)Ap(s)q(s) = oo,
mSUP T t0) s, (t, s)Ap(s)a(s)

t—o0 t,s)

. 1 ¢ r(s) - A 2
lim sup Tt o) /to [ SVH (H(t,s)E(s) + p7(s)H2(t,8))" | As < oo,
Then, (1) is oscillatory.

Lemma 2.8 ([3, Remark 2.3]) Let H(t,s) = (t — s)" , (t,s) € D with n > 1, we see that H
belongs to the class R. Hence,

((t =)™ < —n(t —o(s))" .
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Corollary 2.9 Assume that (Hy) — (Hy) hold. Let p(t) be a positive real rd-continuous differ-
entiable function and let H : D — R be an rd-continuous function such that H belongs to the

class R . If

i sup - / (= 9ran(s)ats) - D

t—o0 tr
where
Ot 5) = (t = )"€(s) + np” (D)t — o))"t = 5 > to,

then equation (1.1) is oscillatory on [tg, 00).

3 The oscillation in case of p(t) =0
We will give some sufficient conditions for oscillation of equation (1.1) with p(t) = 0.

Theorem 3.1 Assume that (Hy) — (H4) hold and there exists a positive real rd-continuous

function p(t) such that

timsup [ Po(s)a(s) ~ 8(5)(p%(5))2] As = ox,

t—00 to

where §(t) = Z;gg Then, (1.1) is oscillatory.

Proof. Let x be an eventually positive solution of (1.1) for ¢ > Ty > to. From the proof of
Theorem 2.1, we see that 2 () is positive or negative sign. If 2 (t) is eventually negative, from
the second case of Theorem 2.1 we get a contradiction. If z2(t) is eventually positive, then
there exists T, > Ty such that 22(t) > 0. From the proof of first part of Theorem 2.1, we get
(2.10). By (2.10), we have

w7 (t) 1

w(t) < —Ap(t)g(t) + p° (t)m

The proof is similar to that of Theorem 2.1 and hence is omitted. m

Corollary 3.2 Assume that (Hy) — (Hy) hold. If

t
limsup/ Aq(s)As = oo,

t—o00 to

equation (1.1) is oscillatory.
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Theorem 3.3 Assume that (Hy) — (Hy) hold. Let p(t) be a positive real rd-continuous differ-
entiable function and let H : D — R be rd-continuous function such that H belongs to the class

R. If

. t 5(s)C2(t, s) B
fmsup s | s o(s)a(s) - D | as— o,
where
3(0) = gl Clt:5) = (VHE(0,5) + H(t.5)0%(5)

equation (1.1) is oscillatory.
Corollary 3.4 Assume that (Hy) — (Hy) hold. Let p(t) = 1. If

H?iigp m /t(,l (MH (L, 8)q(s) — rr(s)(HE (¢, 5))%) As = oo,

(1.1) is oscillatory.

4 The oscillation in case of f'(u) > k >0

In this section, we assume that f : R — R is such that f’(u) > k for u # 0 and some k > 0.

Theorem 4.1 Assume (H1) — (H4) hold and there exists a positive real rd-continuous function

p(t) such that
t 2
lim sup/t [p(s)q(s) _6)E%) As = 00,

t—o0 v

where §(t), £(t) are as defined in Theorem 2.1. Then, (1.1) is oscillatory.

Proof. Let = be an eventually positive solution of (1.1) for ¢ > 77 > ty9. From the proof of
Theorem 2.1, we see that 2 (t) is positive or negative sign. If z2(t) is eventually negative, we
get a contradiction. If 2 (t) is eventually positive, there exists T, > T} such that 22 (t) > 0.

We now define

T 0EE D)
w(t) := p(t) @) > T,
Then, w(t) satisfies
WA () = (r A0 p(t) 1% pt) , A A))A
(0= Ot )” | Fa0| + L et )
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In view of (1.1) and (2.5), we have

f@(8))f (7 (1))

Since f is nondecreasing, we have f(z7) > f(z). Using chain rule [4]

FA (1) = f'(a(n)2?(t) > va (), 7 € [t 0(t)],

we have

p(t)ue (1)

(r()W(a?(t))”

p(t)r(t) ¥ (=2 (t))

[ (1))

From (Hs) it follows that

where

Then, we obtain
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Integrating from T3 to t, we get contradiction for all large t. The proof is complete. m

Corollary 4.2 Assume that (Hy) — (Hy) hold. If

lim sup /t t {q(s) - “pi(s)] As = oo,

t—o0

then every solution of (1.1) is oscillatory.

Theorem 4.3 Assume that (Hy) — (Hy4) hold. Let p(t) be positive real differentiable function

and let H : D — R be an rd-continuous function such that H belongs to the class R and

lim sup m /to {H(t7 s)p(s)q(s) — UH(s((ff,)s)BQ(t’ s)| A(s) = oo,

where
B(t,s) = H(t,s)E(t) + HA (t, 5)

and §(t), &(t) are same as Theorem 4.1. Then, (1.1) is oscillatory.

The proof is similar to that of Theorem 2.5 and hence is omitted.
As an immediate consequence of Theorem 4.3 using p(t) = 1, H(t, s) = (t—s)™ and m = n—1,

we get the following results respectively.
Corollary 4.4 Assume that (H1) — (Hs) hold. If for n > 2

1 t
lim sup tn—_l/ (t—s)""1q(s)As = oo,
to

t—o00
and . ,

tm sup - / Zl(é)csﬁi’i As < oo,
where

C(t,s) = (t—s)" ! (fi;) +(n—=1)(t—o(s)"" 2t >s>tg,

then (1.1) is oscillatory on [tg, 00).

Corollary 4.5 Suppose that (H1) — (Hy) hold. Let be p(t) =1 . If the condition in Theorem
4.3 is replaced by

1 t
lim su H(t,s)q(s)As = oo,
mswp s | (st
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and

,8)p(s))”

t A B
lim sup / (r(s) Hy (2, 5) — HA As < 00,

t
t—o0 H(t, tO) to H(ta S)T(S)

then every solution of (1.1) is oscillatory on [tg, 00).
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