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A multigrid scheme is applied to accelerate the convergence of numerical solution of two dimensional Euler
equations to steady state. Cell-centered finite volume method with central differencing scheme is used for
discretization. Explicit multistage time-stepping algorithm is used to advance the solution in time. Acceleration
techniques including local time stepping and implicit residual smoothing are used as well. Attention is directed
towards the accuracy, convergence, and computational performance of the V-cycle and W-cycle multigrid
strategies together with piece-wise constant and bilinear interpolations on two grid and three grid levels.
Subsonic and transonic inviscid flows past NACA 0012 airfoil are computed as test cases.

Keywords: Euler Equations, Central Differencing Scheme, Explicit Time-stepping, Multigrid Acceleration.

1. INTRODUCTION:

In parallel to increase in computational speed,
numerical solution of equations governing the fluid
flow (Computational Fluid Dynamics) has been
regarded as an efficient tool in engineering
community. Navier-Stokes equations govern the flows
of viscous, heat-conducting fluids [1]. In the limit of
vanishing dissipation terms (Re—x), Euler equations
governing the flows of inviscid, adiabatic fluids are
covered. Due to exclusion of the diffusive effects, the
applicability of the Euler equations for flow
simulations is limited; the dominating convective
character of fluid flows is included though. However,
Euler solvers are widely used in a variety of
applications for flows past complex geometries.

Time stepping schemes efficiently damp high-
frequency error components of the solution but hardly
damp low-frequency ones. This degrades the
convergence rate considerably. In multigrid method,
the convergence is accelerated by damping the low-
frequency error components of fine grid solution by
means of time stepping on coarser grids. In addition,
use of coarse grids allows larger time steps and less
computational effort. The early work for the multigrid
method is done by Fedorenko [2] and Bakhvalov [3],
and later by Brandt [4]. The theory for multigrid is
first developed for elliptic problems. However, it is
effectively used for hyperbolic problems as well.
Brandt surveyed the application of multigrid strategy
to computations in fluid dynamics [5]. Ni developed a
multigrid scheme for Euler equations [6]. He used

cell-vertex formulation and Lax-Wendroff type time-
stepping algorithm. Jameson used a multigrid
technique in  conjunction with cell-centered
formulation and multistage time-stepping scheme [7].
Other multigrid techniques were proposed as well [8,
9].

In the current work, a multigrid method based on Full
Approximation Storage (FAS) scheme [7, 10, 11] is
implemented together with Full Multigrid Algorithm
(FMG) [12] to accelerate convergence of numerical
solution of two dimensional Euler equations to steady
state. A multigrid method on the coarse grid level,
which is used to yield a good initial solution for the
fine grid level, is called FMG. Cell-centered finite
volume discretization  technique is adopted.
Convective terms are evaluated using central
differencing scheme [13]. The flux vectors at the
midpoint of a cell face are computed by arithmetic
averaging of flow variables at two neighboring cells.
Euler equations are integrated in time with multistage
explicit Runge-Kutta scheme. The flow solution is
advanced at the local maximum speed by using local
time stepping [14]. Larger time steps are allowed due
to implicit residual smoothing [15-17]. Figure 1
presents the schematic of the full multigrid for four
grids. This procedure is known as V (saw-tooth)
cycle. The procedure with more cycles on the coarse
grids is termed W-cycle (figure 2).

Both V- and W-cycle procedures are used to execute
the multigrid strategy. One Runge-Kutta time step
before the restriction and no Runge-Kutta time step
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after prolongation are done. Residuals and flow

variables are restricted from fine to coarse grid by a

weighted average. A forcing function is introduced
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into the time-stepping scheme. Solution corrections
are prolongated from coarse to fine grid by piece-wise
constant and bilinear interpolations.
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Figure 1. Schematic of the Full Multigrid for four grid levels — V cycle [18]
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Figure 2. Schematic of the Full Multigrid for four grid levels — W cycle [18]

Implicit smoothing of solution corrections with
constant coefficients is used in order to damp the high
frequency errors, which are introduced by
interpolation of the solution corrections. In case of
computations on three grid levels, the FMG method is
applied to provide an initial solution for the fine grid.
The artificial dissipation model with constant
coefficient, second-order differences is used on the
coarse grids to reduce computational effort. The same
Courant-Friedrichs-Lewy (CFL) number is used on all
grids so that larger time steps are used on coarser
grids.

Details regarding the formulation, methodology and
validation are presented. Subsonic (M=0.63, o=2
deg.) and transonic (M=0.8, a=1.25 deg.) inviscid
flows past NACA 0012 are computed as test cases to
indicate the effectiveness of the multigrid technique.
Computed results are compared to numerical results
[19, 20].

2. GOVERNING EQUATIONS:

Euler equations can be cast into integral form as

oW -

- A — 1
ﬁg - dQ+|]lQFndS 0, (1)
where Q denotes for the control volume surrounded

by the control surface O0Q. W is the vector of

conservative variables, F is the convective flux

vector. fi=ni+ nyT is the outer normal vector. W

and F are defined as
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The variables x —y, t, p, p, T, u—v are cartesian
coordinates, time, pressure, density, temperature and
velocity components respectively. | —] are unit
vectors associated with the cartesian coordinates. E
and H denote total energy and total enthalpy.
V =ui +Vj is the velocity vector. Assuming air as an

ideal gas, the equation of state is used to calculate the
pressure and temperature;

p=(y—1)p{E—”2;V2} T=2> €)

_ﬁ
Y is the ratio of specific heats and R is the gas
constant.

3. SPATIAL DISCRETIZATION:

Integral form of the Euler equations is solved using
cell-centered finite volume method. Computational
domain is divided into quadrilateral control volumes
(cells). In the cell-centered scheme, flow quantities are
associated with the center of a control volume. Finite
volume method requires an evaluation of the
convective fluxes, which are assumed to be constant
along the individual cell face. In this work, convective
fluxes are evaluated by means of central differencing
scheme [13].
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Inviscid flows lack viscous effects. Then, physical
diffusion is not adequate to prevent odd-even
decoupling of the cell-centered schemes. In order to
avoid odd-even decoupling of the solution and
oscillations near shocks, stagnation points and
boundary layer edges, finite volume scheme requires

the addition of artificial dissipation term D. Then, eq.
) is written as

H dQ+[]l [ Fids-D =0, 4)

After wrltmg eq. (4) for all cells and employing
method of lines, where spatial and temporal terms are
discretized separately, a system of first order ODE is
obtained [13]. Approximating the integrals with the
mean value theorem, eq. (4) for a particular non-
moving cell becomes

o,
QLJT:_R(WLJ)’ (5)
where ﬁ(vvl J) is called the “residual” and is defined
as
R(W,,)= 2 [Fias-5,,], ©

I and J locate the particular cell and ncf identifies cell
faces. AS denotes the area of the cell face.

Dissipation vector D, ,, which is a blend of adaptive

1,37
second and fourth order differences, is defined as [13]
Dy, (W)=0/,(W)+D}, (W) o
= (am/z J dl -1/2,3 ) (dl,.]+l/2 - al,.]—l/z)
Dissipation flux at the cell face is defined as

(1 (4) GAAT
d|+1/23 =0, |:5|+1/235 WIJ ‘9|+1/2J5 )Wu]’ ®)

where 60 and 5@ are 1% and 3™ order difference

operators, which are defined as

5|(1W|,J =W|+1,J _Wl,J
5I(3WI,J :V\_]HZ,J _3VVI+1,J +3VVI,J _VVH»J

a is a scaling factor, which is written for | direction

)

as [21]
_ I I
X429 _[(AC)I,J +(A°)|+1,J }/2’ (10)
where
= (Vn[+c)as". (11
A, is the spectral radii of the convective flux

Jacobian. ¢ is the local speed of sound. The

coefficients are computed as

(2) (2)
Eipg =K maX(Vl AR )

(12)
5:1)1/2 = max|:0 ( @ - gﬁ)l/z J )}
with the pressure sensor given as
ﬁl—l,J B zﬁI,J + ﬁIH,J . (13)

Via =

ﬁm,a + 2@,3 + ﬁm,a

Pressure sensor activates the second-difference

dissipation in regions of large pressure gradients and
switches it off in smooth regions of flow. x'* ~ 1/ 2
and x“ ~1/96 are typical constants as dissipation

coefficients. Dissipation flux is of first order in
regions of large pressure gradients and is of third
order in smooth regions of flow.

4. TIME INTEGRATION:

After employing explicit Euler scheme, eq. (5)
becomes
Wml _Wn 1 -, -

W - R(W)) (14)

At Q,,

Time stepping in eq. (14) is done using M-stage
Runge-Kutta scheme, which is defined as

(15)

where m=1,2,....M and Q(WI(TI)) contains the

discretization of the convective and dissipation fluxes
in (m-1)" stage. Table 1 presents optimized Runge-
Kutta coefficients for maximum stability of a centrally
discretized scheme.

Table 1. Optimized Stage Coefficients.

Central Differencing Scheme
m 1 2 3 4 5
o 1/4 1/6  3/8 12 1

Convergence rate of the explicit time-stepping scheme
is accelerated using local time stepping, implicit
residual smoothing and multigrid.

Local Time Stepping:

The use of local time steps allows the signals
propagate at speeds in proportion to cell sizes. Local
time step At, ; for a particular control volume is

computed accounting for convective contributions
such that [14]

( At ) —CFLL
Clig — I J

(Ae+A2 )u
Subscripts 1 and J locate particular control volume.

Superscripts I and J denote the coordinate directions.
A}; is the spectral radii of the convective flux

(16)

Jacobian matrix:

Ag =|Vii+cas' (17)
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c is the speed of sound. The normal vectors and face
areas are obtained by averaging the values at two
opposite sides of the control volume in associated
coordinate direction.

Implicit Residual Smoothing:

This technique was first introduced by Lerat [22] and
later implemented on the Runge-Kutta Stepping
scheme by Jameson et.al. [15] in order to extend the
stability limit of the scheme. CFL number is increased
by replacing the residual at each cell by a weighted
average of residuals at neighboring cells. This is done
at each stage of the Runge-Kutta Stepping scheme
before the solution is updated. In two-dimensional
case, residual is smoothed as products of the
respective one-dimensional smoothing [16]:

—g'lil_u +(1+2.9')|§,’J —g'liM,J =

Ris . (18)

—gJIQLH +(1+2¢9J)IQLJ —&:JIQLJ+I =R,

where R, , and Iil 3 denote the smoothed residuals in

19
I and J directions. ﬁl ; is the unsmoothed residual.
The average is calculated solving the implicit system

in eq. (18). The variable smoothing coefficients are
defined in two-dimensional case as [17]

* | 2
&' = max L[ CFL % -11,0
4|\ CFL AL + oAl .
1(cFrr Al Y
&’ =max{— ——=— | -1/[,0
4|\ CFL oAl + A2

@ is taken as 0.125. CFL" and CFL are Courant-
Friedrichs-Lewy numbers of the smoothed and
unsmoothed schemes such that

CFL <J1+4€

CFL
When & =0.8 is used, the value of the ratio becomes

19

(20)

about 2 and it means that CFL number can be raised
by a factor of 2.

Multigrid Acceleration:

FAS scheme for two grid levels with multigrid V-
cycle is described as follows. Eq. (5) on a fine grid,
which is denoted by the subscript h, is written as
dw, __ A

a Q"
Coarse grid is obtained by deleting every 2™ line in
each coordinate directions and it is denoted by the
subscript 2h. With explicit Euler scheme, eq. (21)
becomes
Whn+1 _V\‘]hn 1 = (_’ )

At Q,

€2y

(22)

Calculate the solution on fine grid:
After one time step using explicit multistage scheme,
the solution is updated as

(W), = ()

where (m:5) is the last stage in Runge-Kutta

(23)

s
1,J

scheme. A new residual ﬁh (VVh”“) is evaluated with

this solution.

Restrict flow variables from fine to the coarse grid:
The solution on the fine grid (h) is injected into the
coarse grid (2h) by using a volume weighted average
as

~ 4 ~ 4

Wz(r?) = z (QhWhn+l) /Z (Qh )ncv ’ (24)

ncv=1 nev ncv=1

where the summation is over the four fine grid (h)
cells, which build one coarse grid (2h) cell. A new

residual R, (W) is evaluated with the injected

solution.

Restrict residuals from fine to the coarse grid:

In order to smooth the low-frequency error
components, the fine grid (h) residuals are restricted to
coarse grid (2h) by using a conservative (full-
weighting) transfer operator:

2hp AN+l : S A7 N+l
1R, (W, )_Zl[Rh(wh )]

ncv

(25)

where the summation is over the four fine grid cells,
which build one coarse grid cell.

Calculate solution on the coarse grid:

After one time step using multistage Runge-Kutta
time stepping scheme, the solution on the coarse grid
(2h) is calculated as

i) -y
Vi 2
Wz(hm) :Wz(r?) — Uy a Ligs (RHS)Zh (26)
2h
Wz(r? . zvvz(r:vl )
where m=1,2,...,M and
(RHS) =R, (Wi )+ £, 27)

L rs denotes implicit residual smoothing operator. In
order to keep the solution accuracy of the fine grid on
the coarse grid (2h), a forcing function f2h is

calculated in the first stage of R-K scheme and is
frozen for a specified grid level throughout a multigrid
cycle. Forcing function is defined as the difference
between the residual that is restricted to coarse grid
(2h) and the coarse grid residual evaluated using the

solution Wz(r? ) that is injected to coarse grid.

]?zh = Ir?hﬁh (Vvhn+l)_ Iizh (sz(r?))' (28)
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Using the restriction operator defined in eq. (25),
forcing function reads

— 4 — —

fzh = Z |:Rh (Whn+1 ):|
nev=1

On the following coarse grid (4h) for three grid levels,

the residuals on grid levels 2h and 4h together with

forcing function on grid level 2h form the forcing
function as follows

F4h = Ijr? (R—HS) - Ii4h (Vv4(r?)) >

2h
4 — — —

fan = Z |:R2h (Wznh+l)+ fzh]

ncv=1
This process is repeated until the coarsest grid is
reached.
Calculate solution correction on the coarse grid:
After one or several iterations, the solution on the
coarse grid is updated. Then, the solution correction at
the coarse grid (2h) cell is calculated as

YRRV ERYVIO)
Ath _th _th >

— Ry, (W) (29)

ncv

(30)

- ﬁz&h (VV4(r?))' G

ncv

(32)

where Wz(f? ) is the solution restricted to coarse grid
(2h) before any iterations are performed (eq. 24) and
Wzr;:rl is the solution calculated on the coarse grid (eq.

26). Solution corrections are smoothed by using
constant coefficient implicit smoothing in order to
damp the high frequency errors, which are introduced
by interpolation of the solution corrections. Optimum
smoothing coefficient can be determined through
numerical experiment.

Update solution on the fine grid:

In order to update the solution on the fine grid (h),
solution corrections are prolongated to there as
follows

)

where Wh(m) is the solution before the restriction to

- (Whm))u +(|2hh AVVZh) (33)

1,J 1,J

coarse grid (2h) and is calculated using eq. (23). |2hh

is an interpolation operator.

The simplest definition of the prolongation operator is
piece-wise constant interpolation, which is defined for
2-D case (figure 3) as

W o
(154W,,) = (aW,,) .
Another definition of prolongation operator is bilinear

interpolation, which is defined for 2-D case (figure 4)
as

(34)

(1AW, ) | =%[9(szh)l,3 +3(AW,,)

1+1,J

T 39)

3<AW2h)I,J+l +(AW”‘ )I+1,J+l:|

Accuracy of Transfer Operators

Orders of prolongation and restriction operators
depend on the order of governing system of equations
to be solved. In order to damp low frequency errors, it
should be satisfied that [18, 23]

m,.+m

Res >m

(36)

where Mpes and Mo denote the order of restriction

Pro Eqn

and prolongation operators. The order of piece-wise
constant interpolation (eq. 34) is zero. Both bilinear
interpolation (eq. 35) and full-weighting restriction
(eq. 24) have orders of two. Mg denotes the order of

governing equations and Mg, =1 for Euler equations
and Mg =2 for Navier-Stokes equations. If Euler

equations are solved, prolongation operator with
piece-wise constant interpolation satisfies the
condition. In case of viscous flows, prolongation
operator with bilinear interpolation is required to
satisfy the condition.

]
(|,J+1N;M1,J+1)h
(|r:),,/L\‘(|.+1,J]h

Figure 3. Schematic for the piece-wise constant

prolongation
[ | [ | u u
(1,Jp1 )zn (1+1,0+1)2
2 gt
[ | [ | [ | [ |
1/4 114
3/4 114
[ | E’ V u \f-/. [ |
3/4 (e 314
1 [+
[|,J)zn [|+1,J}2h
[ | [ | [ | [ |

Figure 4. Schematic for the bilinear prolongation
5. BOUNDARY CONDITIONS:

Boundary conditions on all grid levels are treated in
the same way. Two layers of ghost cells are utilized.
At the solid wall, flow tangency is maintained and the
normal derivative of temperature is zero (adiabatic
wall). The wall pressure is obtained by extrapolation
from the interior domain. A continuity condition is
enforced along the wake cut in the C-type grid.
Characteristic boundary condition is applied to the
farfield boundaries. Boundary conditions are frozen
on the coarse grids and updated on the fine grid only
after each smoothing step.
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6. COMPUTATIONAL RESULTS:

The numerical results given here demonstrate the
accuracy and computational efficiency of the
multigrid method for inviscid flows. For all
computations, C-type computational grid including
224x48 cells with 128 cells on the airfoil, and 48 cells
in the wake is used (figure 5). The outer boundary is
located 15 chords away from the airfoil. The grid
spacing next to the wall is 5x10~ chord lengths. Both
V- and W-cycle procedures with piece-wise constant
and bilinear interpolations on two grid levels and three
grid levels with FMG are used to execute the
multigrid strategy. One Runge-Kutta time step before
the restriction and no Runge-Kutta time step after
prolongation are done. Residuals and flow variables
are restricted from fine to coarse grid by a weighted
average. A forcing function is introduced into the
time-stepping scheme. Solution corrections are
prolongated from coarse to fine grid by piece-wise
constant and bilinear interpolations. Implicit
smoothing of solution corrections with constant
coefficients is used in order to damp the high
frequency errors, which are introduced by
interpolation of the solution corrections. In case of
computations on three grid levels, the FMG method is
applied to provide an initial solution for the fine grid.
The artificial dissipation model with constant
coefficient, second-order differences is used on the
coarse grids to reduce computational effort. The CFL
number of 7.5 is used on all grids so that larger time
steps are used on coarser grids. Convergence is
monitored using L, norm of density residual. All
computations were performed on a PC including 512
Mb memory and two GHz CPU running Windows
XP.

[T
[T

T
Tt

Figure 5. Computational grid around NACA 0012

First test case involves subsonic flow past NACA
0012 airfoil at free stream Mach number of 0.63 and
incidence angle of 2 degrees [19]. Figure 6a compares
the convergence rates between a single grid level, two
grid levels and three grid levels with FMG
computations. Multigrid computations are performed
using V-cycle procedure and piece-wise constant
interpolation.
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Convergence rate is increased by a factor of about 2.6
on using the two grid levels and by a factor of about
3.7 on using the three grid levels with FMG. Figure 6b
compares the convergence rates between piece-wise
constant and bilinear interpolations on three grid
levels with FMG. Convergence rate is further
increased by a factor of 1.3 due to bilinear
interpolation. Figure 6¢ compares the convergence
rates between V-cycle and W-cycle procedures with
bilinear interpolation on three grid levels with FMG.
There is no noticeable difference between computed
convergence rates. Figure 6d indicates the lift and
drag histories computed using V-cycle procedure and
bilinear interpolation on three grid levels with FMG.

Figure 7 and 8 indicate the pressure distribution and
pressure losses on the airfoil surface, respectively.
The results for a single grid level and three grid levels
are compared. There is no noticeable difference
between computed results.

Single grid
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0 02 ‘ 06 08 1
x/c

Figure 7. Pressure distribution
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Figure 8. Total pressure losses
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Figure 9. Convergence and lift-drag histories
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Figure 10. Pressure distribution

0.2

0 06 08

Second test case involves transonic flow past a NACA
0012 airfoil at free stream Mach number of 0.8 and
incidence angle of 1.25 degrees [20]. The convergence
and lift-drag histories are shown in figure 9.
Computed results are obtained using V-cycle
procedure and bilinear interpolation on three grid
levels with FMG. The pressure distribution and total
pressure losses are shown in figure 10 and figure 11.
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Results computed on single grid and three grid levels
agree with each other as well as with those presented
in ref. [20]. Iso-Mach contours with AM=0.05 are
shown in figure 12. Computed iso-Mach contours are
similar to those presented in reference [20].

0.08

0.06

0.04+
o
O

0.024

0, ?
Single grid
o 3 grid level - FMG
-0.02 T T T T T T
0 0.2 0.4 0.6 0.8 1
x/c

Figure 11. Total pressure losses

Figure 12. Iso-Mach contours with AM=0.05
7. CONCLUSIONS:

A multigrid scheme is implemented into an existing
two dimensional Euler solver in order to accelerate
convergence to steady state. Subsonic and transonic
inviscid flows past NACA 0012 airfoil are computed
as test cases. Convergence down to machine zero is
attained in the computations. Computed results agree
well with those available in the literature and they
indicate that multigrid scheme is successfully applied.
When the multigrid scheme with bilinear interpolation
on three grid level with FMG is used, convergence
rate is increased by a factor of about 5. No significant
difference between convergence rates of V-cycle and
W-cycle computations is observed.

In the case of bilinear prolongation on non-uniform
grids, it will be better grid-weighted averages are
taken into account due to uneven distances between
cell centers.
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