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A Uniqueness the Theorem for Singular Sturm-Liouville Problem
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Abstract. In this paper, we show that If g(x) is prescribed on the (n / 2,1t] then the one spectrum

suffices to determine g(x) on the interval (0,7t / 2) .The potential function g(x) in a Sturm Liouville

problem is uniquely determined with one spectra by using the Hochstadt and Lieberman’s method [2].
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Singiiler Sturm-Liouville Problemi icin Teklik Teoremi

Ozet: Bu makalede gosterdi ki g(x) (Tc / 2 ,Tc] araliginda tanimlanmug ise (O,TE / 2) araligi lizerinde g(x)

fonksiyonunu belirlemek i¢in bir spektrum yeterlidir. Sturm-Liouville probleminde g(x) potansiyel
fonksiyonu Hochstadt ve Lieberman metodu kullanilarak bir spektruma gore tek olarak belirlenir.

Anahtar Kelimeler: Sturm-Liouville problem, Spectrum

Introduction.
In this paper, we shall be concerned with an inverse Sturm-Liouville operator.

We consider the operator

) vi-1/4
Ly=-y +{q(X)+x—2}y =Ay (1)
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with the boundary conditions

TTPACID N S (2)
0 x" 2T +1)
y(@, )cosP + )y (m,A)sin B =0. 3)

The operator L is Self-Adjoint on the L,[0,m] and with (2)~(3) boundary
conditions has a discret spectrum {7»,1 } If condition (3) is replaced by
y(m,A)cosy + y'(m,A)siny =0. 4)
So, we obtain a new spectrum {A, }.

In this paper, we will consider a variation of the above inverse problem in that

we will not require any information about a second spectrum but rather suppose g(x) is

known almost everywhere on (% ,n} .

This information together with the spectrum {7»”} of the problem (1)—(3) will be
shown to determine ¢(x) uniquely on (0,7 ].
Theorem : We get the operator (1) with the boundary conditions (2) and (3). Let {Kn}

be the spectrum of L with (2) and (3). Consider a second operator

~ y |~ vi-1/4
Ly=-y +{q(X)+x—2}y =Ay (5)

where §(x) is summable on the interval (0,n] and
q(x) = (x) (©)
on the interval (%,n] Suppose that the spectrum of L with the (2)—(3) is also {Kn}.

Then ¢(x) = §(x) almost everywhere on (0,7 ].

Proof : Before proving the theorem we will first mention some results which will be

need later. We take the following problems

) vi-1/4
Ly=-y +{61(36) +x—2}y =\y (7)

TR LN
=0 x" 2'T(v +1)

(8)

and



vi-1/4
}yﬂy )

B0

. Y(x,0) 1
1 2
=0 xV 2'T'(v +1)

(10)

As known [6], the Bessel’s functions of the first kind of order v is following

J, (x) = n%{cos[x—%—%}oej}, (11)
J!(x) = —\/g{sin{x —%“ - ﬂ + 0(1)} . (12)

It addition , It can be shown [5] that there exist a kernel H(x,f) continuous on

asymptotic relations:

[0,7 ]x[0,7 | such that every solution of (7) and (8) can be expressed in the form

y(x,k)z%%(ﬁx)—i—]C‘H(x,t)%‘fv (Vi o) (13)

Where the kernel H(x,) is solution of following problem

OH(x,p) v:-1/4

2 2
Hxn) = 0 H(x,t)_{v 1/4

7 +Q(f)}H(xaf),

ox? x? ot*
dH (x,t
2 () _ q(x),
dx
H(x,0)=0.

Analogous results to (13) hold for 7(x,A) in terms of a kernel H (x, t) which has

similar properties of the H (x, t). Using equation (13) and Its for y(x,A) we find that

yy= (\/xx)z J? (\/Tx)+j: [H(x,t)+ﬁ(x,t)](\/\/;—)tzv J, (N x)J, (Jne)de+

(14)

;‘:‘H(x,t)(\/\/g)v J, (\/Xt)dtx_:[l:l(x,s)(\/%v J, (\/XS)ds.

If the range of H(x,¢) and H (x,¢) is extended respect to the second argument

and some straightforward computations , we rewrite (14) as



yy=tl = {1+c052( Hjﬁlxr cosZ( x«:—v—“—ljdr . (15)
2 (x)z . 2 4

where

~ x—2t
H( ) [H(x x— 21:)+H(x x—21)+ J‘H(x S)H(x s — 217)ds+ '[H(x S)H(x s+21:)d}
—x+2t -X
.(16)
Now, we define the function
Q) =y(r,A)cosP +y'(m,A)sin . (17)
The zeros of Q(X) are the eigenvalues of L or L subject to (2)-(3) and if the

asymptotic results of y and y'are considered the Q (k) is a entire function of order % of

A
If we multiply (7) by »" and (9) by y and subtract we obtain , after integration ,

X

+[(@ - q)yydx=0. (18)
0

5y =»¥);

Using (6) - (8) - (10) , we obtain

.2 )y' (e n) - v )5 (@ A)]5 + |G —g)x=0.  (19)

o'.—.[\)\?-l

Now ,

(20)

©
I

Y
|

=

and

T

K\ = [0(x)y5dx . (21)

If the properties of y and ) are considered , the function K (k) is a entire function and
for A = A, since the first term of (19) is zero ,

K(%,)=0. (22)
In addition using (13) and (21) for 0 <x <7 ,

1
(\/I)Zv ’

(KM <M (23)



where M is constant. Now ,

)= % 24)

Y (k) is a entire function. Asymptotic form of Q (A) and with (23)

|\P(7‘)|_O[ 1 1 ]
2

So , From the Liouville Theorem for all A

¥ (L)=0 (25)

K(\)=0. (26)

From now on , substituting (15) into (21)

%_ZQ(’C){L [l + C0S2(\/Ix —\% - %H + Ifl(x,r )COS2( AT —\% - %)dr }dx =0

W)

This can be written as

. (27)

(f; P fQ(x)d“( x) fcosz(m ‘VTR‘%] 06+ oo is e 0.

Letting A — oo for real A , we see from Riemann -Lebesque Lemma that we must have

O(x)dx =0 (29)

S 0 [ A

and

j.Cos?_( AT —% — TEZ] Or)+ .Z[Q(x)l-zl(x,r )dx |[dt =0 (30)

But from the completeness of the functions Cos , we see that

T

Q(T)+TQ(x)]§(x,r )dx =0, 0<t <’TE 31)

Since equation (31) is a Volterra integral equations, it has only the zero solution. Hence



q(x) =q(x)

almost everywhere.
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