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On the Solvability of an Inverse Problem for the Kinetic Equation
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Abstract: In this study, the solvability conditions of an inverse problem for the stationary kinetic
equation is investigated. Also, a symbolic algorithm based on the Galerkin method is developed for
computing the approximate solution of the problem.
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Kinetik Denklem icin bir Ters Problemin Cozilebilirligi Uzerine

Ozet: Bu calismada, duragan kinetik denklem icin bir ters problemin ¢oziilebilirlik sartlar: arastirilmastir.
Ayrica, bu problemin yaklasik ¢dzimini hesaplamak i¢in Galerkin metoduna dayanan bir sembolik
algoritma gelistirilmistir.

Anahtar Kelimeler : Kinetik denklem, ters problem, sembolik hesaplama

1. Introduction
Kinetic equations (KE) are widely used for qualitative and quantitative
description of physical, chemical, biological, and other kinds of processes on a

microscopic scale. They are often referred to as master equations since they play an
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important role in the theory of substance motion under the action of forces, in particular,
irreversible processes, [1,2].

An inverse problem for KE is a problem of simultaneous determining the
distribution function of a quantity and some functions entering the equations for given
additional information. As a rule, the additional information is the trace of the
distribution function on some manifolds of variables. Inverse problems for KE are
important both from theoretical and practical points of view. The physical interpretation
of these problems consists in finding particle interaction forces, scattering indicatrices,
radiation sources and other physical parameters. Interesting results in this field are
presented in [3-10].

In this paper, the existence, uniqueness and stability of the solution of an inverse
problem for the stationary kinetic equation is proven in the case where the values of the
solution are known on the boundary of a domain. A symbolic computation approach
based on the Galerkin method is developed to obtain the approximate solution of the
problem. A comparison between the computed approximate solution and the exact
solution of the problem is presented.

We consider the kinetic equation

n ou(Xx, ou(Xx,
[v ), V)jw(x), @

in the domain Q {(x,ﬂd):XEDcR”,VchR”,nzl} where dD, dG eC?,

0Q EUl:, T, =0DxG, T Dx6G and TIi, I, are the closures of T,, T,

respectively.
Equation 1 is extensively used in plasma physics and astrophysics, [1,2]. In
applications, u represents the number (or the mass) of particles in the unit volume

element of the phase space in the neighbourhood of the point (x,v), and

f =(f,f,,... f,) is the force acting on a particle.

2. Formulation of the Problem

Problem 1. Determine the functions u(x,v) and o(x)defined in Q from equation (1),

provided that the function f is given and the trace of u is known on the boundary.
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The main difficulty in studying the solvability of problem 1 is overdeterminacy.
In the theory of inverse problems, usually "overdeterminacy" means that the number of

free variables in the data exceeds the number of free variables in the unknown

coefficient or right hand side of the equation (o(x)), and this is not the case for

n=21here, whereas for dimension n>2 Problem 1 is overdetermined in the last sense.
It is important to note here that inverse problems for KE and integral geometry
problems are closely interrelated. And the underlying operator of the related IGP is
compact and its inverse operator is unbounded. Therefore, it is impossible to prove
general existence results. This is the true reason for why we use the term
"overdeterminacy" in this sense here.

In the paper, using some extension of the class of unknown functions, the
overdetermined inverse problem is replaced by a related determined one, which is a new
and interesting technique of investigating the solvability of overdetermined problems.
This method was firstly proposed by Amirov (1986) for the transport equation.

Problem 2. Find a pair of functions (u,o) defined in Q that satisfies the relations:

Lu=o(x,V), (2)
Ul o= U, 3
~ ~ &P

Lo =0, ngaXia\Ii, 4)

provided that the function f is given.

~

Here equation (4) is satisfied in generalized functions sense, i.e., <0', L n>:0

forany neCy (Q).

3. Solvability of the Problem
To formulate the solvability theorem for Problem 2, we need the following

notation:

I'(A) denotes the set of functions u(x,v) with the following properties

i) For ue'(A), AuelL,(Q)in the generalized sense, where Au=LLu;
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ii) There exists a sequence {u,} = Co {p:19eC*(Q),9|,, =0} such that u —>u in
L, (Q) and (Au,,u, ) — (Au,u) as k —>oo.

The condition AueL,(Q) in the generalized sense means that there exists a
function JeL,(Q) such that for all eC;(Q), <u,A*(p>:<S,(p> and Au=3,

where A”is the differential operator conjugate to A in the sense of Lagrange.

The standard spaces C" (Q), L,(€) and H* () are described in detail, for example,
in [11,12].
Theorem 1. Suppose that f e C*(Q)and the inequality

I;a' E& > a e (5)
holds for all £ eR", where ¢, is a positive number. Then Problem 2 has at most one
solution (u,o) suchthat ueI'(A) and o € L,(Q).

Proof. Let (u,0) be a solution to Problem 2 such that u=0 on 8Q.and ueT'(A).

Equation 1 and condition (4) imply Au=0. Since ueI'(A), there exists a sequence

u.t = Co such that u, —u in L,(Q) and (Au,,u )—>0 as k —oo. Observing that
k k 2

u, =0 on 0Q, we get

—wMﬁﬂ%me- ©

i=1

The right-hand side of (6) can be estimated as follows:
2
zzauk ) Z ou, +Za_fi%%+ 0|, Oy Oy
OX; av AT\ OX 710X OV, ov; {T10v, ' OX, OX;
b3 0 [ A ) 0, A A ) 0 f g Ay Ay
Gaox | ov; ox; ) Ghox | X ovy ) {FEox | oy ov,

2
+Zi vV, Ny +Zi fi%% N2 fi%% . )
i1 OV, X, i £0V, ov, 0x; | {Teov, oV. OX.

Taking into account the geometry of Q and the condition u, =0 on 6Q, from (7)
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—(Au,u ) =J(u,) (8)

is obtained, where

2
19 $0L 20
4)=3 J[ j PR ®)
i=l ' j=1

Since Q is bounded and u, |.,=0, from (9) and Steklov inequality it follows that

J(uk)>ij|vxuk|2dQZCj|uk|2dQ, (10)
2Q Q

where ¢>0, V.,u, =(ule,ukX2,...,ukx ) Using definition of TI'(A), we have
j|u|2dQ§0and u=0 in Q. Then (2) implies o (x,v)=0. Hence uniqueness of the
Q

solution of the problem is proven.

Since u, €C*(0Q), 0D € C®, G e C* then from Theorem 2, Sec. 4.2., Chapter
[11'in [12], Problem 2 can be reduced to the following problem.
Problem 3. Determine the pair (u,o) from the equation
Lu=o(x,v)+F
provided that F e H?(Q) is given, the trace of the solution uon the boundary Q) is
zero and o satisfies equation (4).
Theorem 2. Under the assumptions of Theorem 1, suppose that F € H?(Q) . Then there
exists a solution (u,o’) of Problem 3 such that ue I'(A)NH*(Q), o e L,(Q).
Proof. We consider the following auxiliary problem
Au=3, (11)
=0, (12)

where J=LF . We select a set W, W,,...} < Co, which is a complete and orthonormal
set in L,(€). We may assume here that the linear span of this set is everywhere dense
in H,(Q). Hy,(Q) is the set of all real-valued functions u(x,v)eL,(Q) that have
generalized derivatives u,,u,,U,, ,U,, ,(i, j=1..n), belong to L, () and whose trace

on 6Q is zero.

82



For problem (11)-(12), an approximate solution
N
Uy =ZO£NiWi oy =(ay,ay,,-ay, ) eR, (13)
i=1
is defined as a solution to the following problem:
Find the vector o, from the system of linear algebraic equations
(Auy -3,w)=0,i=12,...,N. (14)

We shall prove that under the hypotheses of Theorem 2, system (14) has a unique

solution ¢, for any function F eHZ(Q). For this purpose, ith equation of the
homogeneous system (3 =0) is multiplied by —2a, and sum from 1 to N with

respect to i. Hence —2(Au,,u, ) =0 is obtained. From (5) and (8), we obtain Vu, =0,

where Vu, =(uN peen Uy Uy e Uy )
X Xn VL Vn

So, u, =0 in Q as a result of the conditions uy, =0 on 0Q, uy eég(Q). Since the
system {w} is linearly independent, we get «y =0, i=12,.,N. Thus the

homogeneous version of system (14) has only a trivial solution and therefore the

original inhomogeneous system (14) has a unique solution «,, :(O‘Ni ) i=12,..,N for
any function F e H?(Q).
Now we estimate u,, in terms of F. We multiply the ith equation of the system by
—2a,, and sum from 1 to N with respect to i. Since 3= LF , we obtain

—2{ Auy,uy,) —2<EF,uN>. (15)

Observing that u,, =0 on 0Q, the right-hand side of (15) can be estimated as follows

~ = OF ou -
-2(tF,uy) ziéa 540 S,B£|VVF|2dQ+,B1£|VXyN|2dQ, (16)

where B <a;, V,F =(F,,...F, ). From (8), we have
2J(uN)S,B'HVVFFdQ+ﬁ’1j|nyN|2dQ, (17)
Q Q

and since € is bounded and u, =0 on 0Q, from (17), we have

Junlliso) < CIVVFlL 0 (18)
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where the constant C > 0does not depend on N .

Thus, the set of functions uy, N =1,2,...,is bounded in H'(Q). Since H*(Q)

is a Hilbert space, there exists a subsequence in this set that is denoted again by {uN}
converging weakly in H*(Q) to a certain function ueH*(Q). From inequality (18)

and weak convergence of {u,} to ueH*(Q), it follows that

Ju Hi) S L'L';”“ Hi) S CH v.F L@ (19)
From estimate (18), it is easy to prove that there exists a subsequence of {u} and
<LuN—F,En>=o. (20)

Since the linear span of the functions w,, i=1,2,..., is everywhere dense in |z|1,2(Q),
passing to the limit as N — oo in (20), yields to

Lu, —F,Ln)=0 (21)
( )

for any n e |z|1,2(Q). If we set o =Lu—F, from (21) we see that the function o

satisfies the condition (4) and from (18) the following estimate is valid:

ol @ < C IV Fluey +1Fl e (22)

Thus we have found a solution (u,c’) to Problem 3, where ue H'(Q), o eL,(Q).

Now we will show that ueI'(A). Since uel,(Q) and Fe H?(Q), it follows that

0

3 Adel,(Q)in the generalized sense. Indeed, for any 17 eCy (Q)c H ,,(Q), the

following equalities hold:

<u,A*n>=<u,L=*E77> <Lu,/lln> <F,£77> <S77> (23)
Now, we have to show that (Auy,u,)—>(Au,u) as N —>o. Let’s denote the
orthogonal projector of LZ(Q) onto M, by P,, where M, is the linear span of the set
{W,W,,....w,} . We have P Au, =P, 3 from (14) and P, 3 strongly converges to J in

L,(Q)as N —o. Then we have (P,Auy,u,)—>({Au,u) as N —o because {uy}
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weakly converges to u and {P,Au} strongly converges to Au in L,(Q) as N — .
Since P, is self adjoint in L, (), we obtain

(Auy,uy ) =(Auy,Pyuy)=(P,Auyg,uy) (24)
Consequently, we obtain the convergence (Au,,uy,)—>(Au,u) as N — oo, which

completes the proof.

4. Solution Algorithm and Some Computational Experiments
An approximate solution to Problem 3 will be sought in the form

N-1

Uy = Z N — ‘jnWil,iz,...,i,,,jl,jz,...,jnn(X),u(V) (25)

Wip e J1s J2 e Jn =0

for the domains, for example, D ={x:|x| <1} = R", G={v:[|<1} = R",

where  w L= XxgLxivivl vl and  the  systems {x}xg...x:;}

i ey B J20eens

{vleVZjZ...vrf" }z _____ , _, are complete in L,(D) and L,(G), respectively. The functions n(x)

and u(v) are defined as follows

~ 1—|x|2, |x|<1 ~ 1—|v|2, v|<1
”(X)‘{ o . et MU0 st
In expression (25), unknown coefficients o, iy iy By By = 0,0 N1 A€

i1,02 oin 1,02 0 dn

determined from the following system of linear algebraic equations (SLAE):

N-1

2 _ (A(O‘Nh,iz,ﬂ_,ﬁn,h‘jz‘ ‘J-nWii,iz,...,in,il,jz,...,jn)W’Wil',ig,...,i;,jf,jz',...,ja”“)

i1'i2""'invj1vj21'"vJn =0 LZ(Q)

(FWei i )L (26)

Algorithm 1.

Input: N, F(x,v), f (x,v)

Output: uy (x,v),o(x,V)

{The following procedure computes left side of each equation in (26)}

Procedure LeftSLAE (i}, ij,...,1}, J{, Jprees b1 )

Left :=0

85



For i =0,..,N-1do,fori,=0,.,N-1do,..,fori =0,..,N-1do
For j,=0,..,N-1do, for j,=0,..,N-1do,.., for j,=0,..,N-1do

begin

Left .= Left + (A(athizv---vin,jl‘jz‘ Wi e )77 (X) H (V) Wi it it e i1 ( X) H (V))

L(Q)
end;

{The following procedure constructs system (26)}

Procedure SLAE

Set:={ }, 3=LF

For i/ =0,..,N -1 do, for i, =0,...,N -1 do,..., for i; =0,..,N -1 do
For j, =0,..,N-1do, for j,=0,..,N-1do,..., for j, =0,..,N-1do
Begin

Set=Setu{geftSLAE(i;,i;,...,i;,, i i) (S s (%) “(V))Lz(m}
end; {Principle part}

Solve (SLAE, o, ... })

For i, =0,..,N-1do, for i, =0,..,N -1 do,..., for i, =0,..,N -1 do
For j,=0,..,N-1do, for j,=0,..,N-1do,.. for j, =0,..,N-1do
Begin Uy =y +(en, Wy |1 (X)u(v) end
o(xVv)=L(uy)-F(xv)

end of the algorithm.

The algorithm has been implemented in the computer algebra system Maple and tested

for several inverse problems. Two examples are presented below. In the examples, U,
shows the computed solution at N, and N is the approximation level in (26).

Example 1. Let us consider Problem 3 on the domain Q  {(x¥)|xe(-11),ve(2,3)},
with the given functions  F(x,v)=(10-3v)x"v+(-15v+15v* —3v’ —10)x°v,

f(x,v)=x. Then, at N=2 the algorittm gives the result:

86



U, =(x-x")(6v—5v’ +V*) , o, =6v*-5v°+Vv* +6x°~6x" and this is also the exact
solution of the problem.

Example 2. Consider Problem 3 on Q 2{(X,V)‘Xe(—l,l),VE(—l,l)}, then according
to the given functions F(x,v)=(-v+v*)(3x*(v+2)+6x—2xe™(v,+2)) and

f (x,v)=0, computed approximate solution and exact solution u(x,v) of the problem

at N=2 and N =4 is presented on Figure 1:(a),(b), respectively. Here, the exact
solution of the problem is
(—v+v3)(6x—v2 —2v)

V42 '

U(X,V)=(1—X2)(1—v2)(xv+i—ezvj, o(x,V) =

V+2

1 05 0 05 1
m Y

(a)

Figure 1. A comparison of the approximate (dotted, yellow graph) and exact solution
(solid, blue graph) u of the problem (a) N=2,(b) N=4.
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Figure 2. 1-d cross-section comparison of approximate and exact solution (cross) u at

x =0.7 for different approximation levels.

In example 1, computed approximate solution at N =2 coincides with the exact
solution of the problem and in example 2, as it can be seen from Figure 1-(b) and Figure
2 computed solution at N =4 is very closed to the exact solution. Consequently, the
computational experiments show that the proposed algorithm gives efficient and reliable

results.
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