Journal of Engineering and Natural Sciences

Miihendislik ve Fen Bilimleri Dergisi Sigma

2005/2

PROPOSAL OF A SOLUTION TO MULTI OBJECTIVE LINEAR
FRACTIONAL PROGRAMMING PROBLEM

Nuran GUZEL*, Mustafa SIVRI

! Yildiz Teknik Universitesi, Fen-Edebiyat Fakiiltesi, Matematik Béliimii, Esenler-ISTANBUL
? Yildiz Teknik Universitesi, Kimya-Metalurji Fakiiltesi, Matematik Miihendisligi Boliimii, Esenler-ISTANBUL

Gelis/Received: 18.11.2004 Kabul/Accepted: 09.03.2005

ABSTRACT

In this paper, we have proposed a solution algorithm for solving Multi Objective Linear Fractional
Programming Problem (MOLFPP). We have positive objective functions for all X € X by translating

objective functions that are negative for some X € X . Then, we have a single objective function as
minimization of the deviations from maximum values of objective functions in the feasible region . So,
MOLFPP transformed to goal programming problem. The proposed algorithm to solving MOLFPP always
yields efficient solutions.

Using the proposed solution to MOLFPP have been given three numerical examples and solved them using
computer packet program WinQSB.

Keywords: Multi Objective Linear Fractional Programming Problem (MOLFPP), Goal Programming
Method, WinQSB.

COK AMACLI LINEER KESiRLi PROGRAMLAMA PROBLEMINE BiR COZUM ONERiSi
OZET

Bu makalede, Cok Amagh Lineer Kesirli Programlama Problemine bir ¢6ziim algoritmasi onerdik. Uygun

¢oziim bolgesindeki baz1 X € X degerleri igin negatif degerlere sahip amag¢ fonksiyonlarina doniigiim
uygulayarak tim amag¢ fonksiyonlarmi uygun bolgede pozitif yaptik. Daha sonra, amag fonksiyonlarinin
uygun bolgedeki maksimum degerlerinden sapmalarini minimize ederek, ayni uygun bolgede Cok Amagh
Lineer Kesirli Programlama Problemini tek amagli lineer programlama problemine, yani, hedef
programlamaya doniistiirdiik. Elde edilen hedef programlama probleminin optimal ¢dziimii daima Cok
Amagl Lineer Kesirli Programlama Probleminin etkin ¢oziimlerini vermektedir.

Onerdigimiz ¢éziim algoritmasini kullanarak ii¢ farkli sayisal 6rnek verilmistir.Verilen érnekler WinQSB
paket programiyla ¢oziilmistir..

Anahtar Sozciikler: Cok Amagli Lineer Kesirli Programlama Problemi, Hedef Programlama, WinQSB.
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1. INTRODUCTION

In real word applications like financial and corporate planning, production planning, marketing
and media selection, university planning and student admissions, health care and hospital
planning, ore blending problems, court system, air force maintenance units, bank branches, etc.
frequently may be faced up with decision to optimise dept/equity ratio, profit/cost,
inventory/sales, actual cost/standard cost, output/employee, student/cost, nurse/patient ratio etc.
respect to some constraints [1].

In literature, different approaches appear to solve different models of linear fractional
programming problem (LFPP). Because, fractional programming solves more efficiently the
above problems respect to Linear Programming (LP).

When some of the studies have achieved solution methods [1-3, 7-9], others have
concentrated on applications [1, 4-7]. In these studies are discussed in details LFP. It is showed
that a linear fractional programming problem (LFPP) can be optimised easily. But, in the great
scale decision problems, there is more than one objective, which must be satisfied at the same
time as possible. However, most of these are linear fractional objectives. It is difficult to talk
about the optimal solutions of these problems. The solutions searched for these problems are
weak efficient or strong efficient. If required one compromise solution can be reached by the
affection of the models with the decision makers (DMs).

There exist several methodologies to solve multi objectives linear fractional
programming problem (MOLFPP) in the literature. Most of these methodologies are
computationally burdensome [7]. Kornbluth and Steuer, Y.J.Lai and C.L.Hwang have developed
an algorithm for solving the MOLFPP for all weak-efficient vertices of the feasible region [1,11].
I. Nykowski, Z.Zolkiewski have proposed a compromise procedure for MOLFPP[12]. Choo and
Atkins have given an analysis of the bicriteria LFP [10].

M.K.Luhandjula solved MOLFPP using a fuzzy approach [1,13]. He used linguistic
approach to solve MOLFPP by introducing linguistic variables to represent linguistic aspirations
of the DM. Dutta et. modified the linguistic approach of Luhandjula to solve MOLFPP [13,14].

In this paper, we have proposed an algorithm solution for solving Multi Objective
Linear Fractional Programming Problem (MOLFPP). We have positive objective functions for all

Xx € X by translating objective functions that are negative for some X € X . Then, we have a
single objective function as minimization of the deviations from maximum values of objective
functions in the feasible region. So, MOLFPP transformed to goal programming problem. The
proposed algorithm solution to MOLFPP always yields efficient solutions.

2. LINEAR FRACTIONAL PROGRAMMING (LFP)

The general format of Linear Fractional Programming may be written as

Iy ch+a
axde+ﬂ
st Ax=5,
x20, x,cT,dT eR" (1)

AeRmxn,a,BeR,de+ﬁ>O.

or
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N(x)
D(x)
s.t. Ax < b,
x>0 and xeX:{x:Abe, xZO}éD(x)>O.

Definition 1. (Craven):

The two Mathematical programming problems

(i) Max F(x) subjectto x € X,

(if) Max G(x), subject to x € X, will be said to be equivalent if only if is a one one map q(.) of
the feasible set of (i), onto the feasible set of (ii), such that F(x)=G(q(x)) for all x € X [7].

3. A PROPOSED SOLUTION ALGORITHM OF THE MULTIPLE OBJECTIVE
LINEAR FRACTIONAL PROGRAMMING PROBLEM (MOLFPP)

A MOLFPP may be written following as;

Max Z(x) = {Zl(x), Zz(x),..‘, Zk (x)} 2)
xeXz{xeRn; Ax < b, xZO},

with beR", AeR™"
X +a; _ Nl.(x)
dx+p;  Di(x)’

and Z,(x) = ¢ d; eRnandal.,,Bl. eR. 3)

Cl'x + al

*
Let X; be a global maximum point of Max Z;(x) = ,Vi.

The solution algorithm for MOLFPP is shown below.

* * * *
Step 1. Find values of objective functions, Z = {Z1 ,Zz,...,Z k} , that maximizes objective

Cl'x + al . . .
, for all i at feasible region,

functions Max Z;(x)=

xeX:{xeR";Abe,xZO,beR,AeRmxn}.

Min . ex + Ocl- * . .
Step 2. Calculate toZ;""" = Minc—=,, If Z. <0, for some i and do positive
! dix+p; !

*

(x) for some i which is Z. <0 and then

Min
z i i

Z;(x) 2 0 using transformation Z;(x) = Z;(x) -

* * / k
calculate new maximum objective values, Z ;=4 - Zl.Mm for some i which is Z ; <0.

*
Cl'x + al Cl'xi + al .
Step 3. Get to < = fori=1,2,....k. 4)

dix+f;  dix; +

*
X +a;
where —-———L is quantitative value of the ith linear fractional objective function.

dl.x + ﬂi
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*

cx +a.:
Step 4. Write as cl.x+al.—%( dl.x+[)’l.)S0 since d;x+ f; > 0.
dl.x +,6'l-

Step 5. In order to satisfy these targets in step (4), the goal programming model for MOLFPP is

proposed as follows:
%k

X +a; _ )
(er+a)——5—L(dx+p)+h =0 fori=12.. .k, (5)
dx +p:
i i
*
_. . . . X +a;
where h[ is a negative deviation from the ith goal +——L(d X+ ;).
dx +p:
i i

Since the linear fractional objectives in problem (1) should be maximized, total

k

> hl_ . Then, model
i=1

with a single objective function for MOLFPP may be written as the minimization of the total
deviations from the above stated goals as follow:

k
negativedeviation from goals, > hl_ > ( is should be minimized. Let s =
i=1

ko _
s=Min_ 2% h
xeX i=1
Subject to
c-x* +a; _ )
(cl.x+al.)—%(dl.x+ﬂl.)+hi =0 fori=1,2...k. (6)
dl-x +p;

Step 6. Find optimal solution of the above linear programming problem (6)
In Problem (6), set X is non-empty convex set having feasible points. In fact; the
solution of problem (6) gives the efficient solution of problem (1).

5. NUMERICAL EXAMPLES

Example 1. Let us consider a MOLFPP with two objectives as follows:

M) Z —3’x1 + 2x2 2 7x1 + Xy
ax X)=——""-%=, X)=——"-—"=“"—
1() X, + X +3 2() S5x; +2x, +1

1 2
s.t. x|~ Xy >1
2x1 + 3x2 <15
X >3
x> %y >0
It is observed that Z1 <0, Z2 > (, for each x in the feasible region [ 7].
s _, o4 139105
7 7123 121772777
—3x1 + 2x2 —6x1 + 29)52 +45
Z1 (¥) = ———= becomes Z1 x)=——"= by transformation
X+ X, +3 7(x; + x5 +3)
1772 1772
Zi(x)_Zi(x)_Zi (x) and OSZISE .
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—6x1 + 29x2 +45 - 247
7(x1+x2+3) 161
7x1 + Xy S g ’

5x + 2x2 +1 77

Thus, we have

16.739x; —18.26xy — by =12.78

0.1818x) —1.7272x5 + hy =1.3636

The given MOLFP reduces to following goal programming problem,
s =Min (h +hy)
s.t
16.739x; —18.26x, —h =12.78
0.1818x —1.7272x, +hy =1.3636
x| =Xy >1
2x1 + 3x2 <15
X >3
Xp5 Xy >0.
The solution to the above goal program is obtained as
=3, xy =2, hl_ =0.917, h2_ =4.2726, mins = 5.1896. The original problem is obtained as
-5 23

Xy =3, X0 =2, Zy=—, ZH=—.
1 2 1 3 2 20

Example 2. Let us consider a MOLFPP with three objectives as follows:

—3x1 +2x

X, +4x
Max {Zl(x)zz,z2 X :12723(x):12}
x1+x2+3 5x1+2x2+1 2x1+3x2+2

s.t.ox =X, 21
2x1 + 3x2 <15
X+ 9x2 29
x 2 3
Xp5 Xy > 0.
It is observed that Z1 <0, 22 >0, Z3 > (0 for each x in the feasible region [7].

ﬁsz<_l4 @< <§ Ssz <E

26 17237 1217 2717 1737177
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—25x, +105x, +159
1 2 and 0< Z, < @ .
26x; +26x, +78 17 508

Because of Z1 <0, Zl(x) becomes Zl(x) =

—3x; +2x ~14
B I

xl+x2+3 23

Tx; +x 23
1 2 <

Sy +2xy +1 17

x; + 4x 14

_AtAn 14

le +3x2 +2 17
—25x1+105x2+159 855
< =

26x, +26x, +78 T 598°

7x1+x2 SE
5x1+2x2+1 17

s

x +4x2 - 14
23 +3x, +2 17’
Thus, we have
2.3917x) =2.60824x, >1.82612,
0.2354x1 - 1.7059x2 <1.3529,
—0.647x; +1.5294x, <1.647.
The given MOLFP problem is written as
s = Min(hy +hy +hy)
s.t.
2.3917x) —2.60824x, — hl_ =1.82612,
0.2354x —1.7059x, + hz_ =1.3529,

—0.647x, +1.529%4x

1 2+h

3 =1.647.
XXy >1
2x

The solution to the above LP is obtained as
Mins = 4.7204, x, =3, Xy = 2, hl_ =0.1327, hz_ =4.0585, h3_ =0.5292. The solution for original

problem is obtained as
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-5 23 11
xl :3,x2 :2,21 :§,22 :%, 3 :ﬁ'
Example 3. Let us consider a MOLFPP with three objectives that all objectives are negative as
follows:
—X, +x5 —4 X, —Xp—5 3x, +x, —17
Max 1 Z,(x) = 12 Zy(x) = i,zjx) =12
6x, + x5 +3 X, +1 -3x, +16
1772 2 1
S.t.
x <4
Xy <4
) <7
=X X, <3
x| =Xy <3
Xps Xy >0.

It is observed that Z1 <0, 22 <0, Z3 < 0 for each x in the feasible region.
jszs_—l, —5<Z7,<-1, Bz <L
377113 2 7737 2

Since all objective functions , Z1 <0, 22 <0, Z3 < 0 for each x in the feasible region,

o ) 21x1 + 7x2 X+ 4)c2
These new  objective function are Z1 xX)=——"—"—=—, 22 (x)=——=,
3(6x; +x, +3) X +1
1772 2
—3x1 + 7x2 +9 ) 49 9
Zl(x) =——=——= and these maximum values are 0 < Z1 <—,0< 22 <4,0< Z3 <—.
7(=3x, +16) 39 14

Hence —3x1 +6x2 <21, X <4, 21x1 + 14x2 <126
The given MOLFP problem is written as
s = Min(h +hy +h3)

s.t.

“3x) +6xy + 1y =21,

X +hy =4

21x) +1dxy +hy =126

X <4

X, <4

XXy <7

=X Xy < 3

XXy <3

S, X]> %y >0.
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The solution to the above LP is obtained as Min s=13,
xp =3, xy =4,h =6hy =03 =7.

. . . . -3 6 4
The solution for original problem is obtained as x = 3,x2 =4, Z1 = E’ZZ = —5,23 = —7.

6. CONCLUSION

In this paper, we have proposed an algorithm for solving Multi Objective Linear Fractional
Programming Problem (MOLFPP). We have positive objective functions for all x € X by
translating objective functions that are negative for some x € X . Then, we have a single
objective function as minimization of the deviations from maximum values of objective functions
in the feasible region. So, MOLFPP transformed to goal programming problem. The proposed
solution algorithm to MOLFPP always yields efficient solutions.

Using the proposed solution algorithm to MOLFPP have been given three numerical
examples and solved them using computer packet program WinQSB.
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